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VA CHAM CUA HAI THANH DAN HOI V1
THANH THU HAI CHIU LUC CAN DAN NHGT
O MAT BEN VA TUA TREN NEN CONG
NGUYEN THUC AN NGUYEN DANG TO,
NGUYEN HUNG sON
1. DXT VAN bR
Theo {1] Céc tac gid d3 giki ba.1 todn va cham cda hai thanh dan hdi véi thanh thi hai bén
vd han va chju lirc cdn dian nhét & mit bén.
Trong bai né,y cac tdc gid xét bai todn trén v&i thanh thé haj him han va dau thanh khéng

bi va cham twa trén nén cing
so Bd BAI TOAN

|

.
i 7, A 4,
0 | ‘ X
~ - ~ ,
2. THIET LAP BAI TOAN
a. Phwong trinh chuyén déng cda thanh
8%y 3%y .
atzl_“fazl véi 0<z<4; t>0 (2.1)
8%us Suy 9%y ..
35 T A5, +huz=aj 3:1:22 véi L Ss< i+l >0 (2:2)
b. Dicu ki¢n d4u cla bdi todn: Trude khi va cham khi t =0 thi:
Uy = 0; !}-1 = V1 (2.33.}
g =0; dy=0 {(2.3b)
¢. Ditu kign bién cda bai todn:
Tal z = 0 thi:
3u1
—a';" - 0 (2‘431)
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Tai z = £ + & thi:
- u2=0

Tai z = £, thi:
Bul

duz
3z —EgFg—a—x—- Vi w=ug

E:Fy

3. CACH GIAI BAI TOAN

DZ giii bai todn bién trén ta dwa vE giki 2 bii to4n saw:
Bai toan 1
Bai todn nay dwoc bidu thi & (2.1) (2,3a), (2.42) va:

. Ouy
khiz=2¢ B\ Fy — = —-Q(t
iz=4 1Fi— Q(t)
Ap dung phép bién d3i Laplace ui(z, t) + ui(z, p) va Q(¢) + Qo(p).
Theo 1] ta c6 him anh:

O a9 Qolp) chipz/ai) Vi
u; (2, p) BF p slghja) 5

ra nghi€ém cda bii todn thi nhat la:

m t—[{2n+1)ly-x]/a;s e t—[(2n+1)e1+3]/ay
wed)=vr25={Y. [ emer+X
n=0 0 n=0 0
irong 46
_ alt-£1+$ ] _ a.lt—ﬁ,_—x
m=|Tg = =t

Bai todn 2
Bii todn nay dwoc bifu thi & (2.2), (2.3b), (2.4b) va

EQFB%% =-Q(t) khi c=¢

Him &nh cda nghidm phwong trinh (2.2} ¢4 dang:

Qofp) 16[2::,—(4;-31}]{5 _ eﬁ(m-'z,)]
Ezeﬂ(l + 62'383) ‘

u’éo} (ﬂf, P) =

trong d6:

B=+"p?+dp+kfaz=+/(p+2/2)2 - (A2 — 4k)[4/as
Pit A; = Rev/A7 — k.

Trudmg hop 1: Néu A2 — 4k > 0. Nghiém cda bai todn 2 cb dang:

i

(2.4b)

(2.4¢)

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

N, .
ug(z,t) = 2}2 Z(«—l)" / Qt ~ r]e""'mIg[%g\/fz —{z-4 + 2n22)2/a§]d1'
n=0 .

E
[(.1:—"81 )+2n£g]/ag

t

Ng
+ 5w D f Qe - e B[ F /- (ks — 5 + )2 ) dr
k=1

E.F;

[2kes —(z—21)] /a2

(3.6)




trong 44

t—z+¢
Ny = Ez___ii'_lu

24;

& cdc bidu thire (3.3) vi (3.6) thi (¢} 13 hiam chwa biét, né dwge xic dinh dya vio digu kién bién
(2.4c) tal 2= £

a.gt-f-x—iil“

N, =|
2 24,

uz(ly,t) = uy{ly, ¢}

hay
ut?(21.p) = w41, p)

Tir (3.2) va (3.5) ta cé

(ptr/a1) e26% — 1 _n
Qo(?){alcth (B Fy) + BRA( +82‘M3)} =2 (3.7
Dyt '
e?Bl 1

_ pd) ()7 plifay
RO(P) =Ry (p} + By (p) a1CthpE1F1 + EZFZﬁ(l + 32,3&)

Ro(p) + R(t) = RV (&) + R (p).
Theo {3] ta c6 néu
RO(p) + B () = (a1/ B Fy) 2llont /2] + 1) (3.8)

Ta ¢6 thé vidt

@)y 1— 3282 B 1 1 co _ ne—-2n,3£g
Ry {p} = BRA1T 75 ~ BT, [ﬁ +2§( 1) 5 ] (3.9)
Mit khie: . :
l _ Go . as
B eP+dp+k p+A/2)2 - (02 —4k)/4
Viy:
-;- + age™ 2L (Az/2)
e—2nhl

5 + age™ M2, [i\;‘\/ 2 - (2”152/“2]2] [t — (2nfz/az)]. I

Thay cic k&t qui trén vio (3.9) ta cb:
(2 gy 2 B () = 22 _[ -Mt/2
R )+ RO = 5 {7 (at2)

+ 2 Y (e[ 2 Enta [l - (2nta/ea)]}.
n>1

Dt N = |jagt/26 ]| v Imu § agt/26, 2 N — t > 2Nty /ag > 2ndy/as. Tir d6 ta cé thé viét

N
RD(1) = ;:;,2{ Y (=yre, {)‘2—2\&2- @nljaa] — (3D h(t/2)}.  (3.10)

n=0



Tir (3.7) ta ¢6
Qolp)Rofp) = V1/p?

Vy/p? + Vit
Theo dinh Iy him nhin ta cé:
-3 . : |
/Q(f)R“’(t—f)dr+/Q(f)R(2)(t-f}df:V'lt N (R ) M
o 0

Ky higu
t : X t
HML(8 =/Q(T)R(1](t—f)dr, HH) = '[Q(T)R(z}(t—-f)dr
' h : 0

Pao him hai vé cla (3.11) theo thdi glan ta cé:
HO) + HB) = v, (3.12)

" Taky higu T} va T, 13 chu ki cda thanh thi nhai vi thi hai véi Ty = 24y /a, vi T = 24, fa,.
Bay gi¢ ta xdc dinh ham Q(t)
a. Xét ¢ chu kg thé nhit cda cd hei thanh: ¢ €{0,T4) N[0, T3)

0$t<T]_'—"0$t—T<T]_ véi 0_<_1'$t.
Tir (3.8) ta cd:
ROt 1) = ay/EsFy, dods HWO() =(a:/E1F)Q(2) (3.13a)

Ky higu R (£) = RO(t) khi (s - )T S t < oTp véis=1,2,3,...
Khio<t< T thi0<t—7 < Tp. T {3.10) ta cé:

Rt —r) = e =200 (6~ 1) /2] (3.13b)
ze
Tir dé:

B = 5 [ Q) g e A X (e = 7)/2) = Mool - 1) /21 (3.14)

Thay céc két quéd trén vio (3.12) ta cé phwong trinh:

Q)+ [ QEIKE-r)dr =20, | (3.15)
/ |

trong 46 :
a = .1/{2[(31/E1F1) + (52/E2F2)]}1

Kt =) = gre 0200 h Dot~ 1)/2) - Aolale - 7)1}




b, Xt & chu ky the £ eda thanh thé nhdt vd chu kj thit § cde thanh thi hai
T la te|(t - )T, N ({7 ~ )T, 5T2)
s) chu k¥ thi ¢ cda thanh thi nhit tie 1a (1 — 1)T7 <t <iTy véii = 1,2;3,.
Ky hleu H(l}(t) 13 ham H()(¢) khi t & trong khokng théd gian ndy vi tir d6 ta 6 the viét né
dwéi dang

t—(i—-1)Ty soq t-(i=k=1)T1
H(t) = f Q(RM(t—r)dr+ ) f QYR (t = ) dr
0 R S (% o

T (38 khiO<r<i—(i-1)T; — (i - 1)T) <t—r1 < Ty, tacé:

R —7) = (2

Khi t—(i—k)Ty < r < t—(i—k—1)T, véik = T, (5 = 1) suy ra (i—k— )T} < t—1 < (i—K)T}.
Viy

(U ) = [of — 2 1]

ROt - 1) = [2(i = k) ~ 1] 5%

T dé:
t—{i—-1)T, gy t=(i=k—1)Ty : -
(1) 4y —
2 = / Qe - 1) QN2 - B - Ul
k=1 ;_ ~(t—k)Ty
Dodé
AV @) = (2 |+ Zmz SR - )T,
i—1 :
-3 26 ~k) k)Ti).
k=1
* Sau khi tinh todn vi rdt gon ta cé:
2a ) ‘
B ) = 55 Q) + g an[t (i — k) T4]. (3.16)
* & chu ky thit ; cdia thanh thir hai tic 1a: (- 1)Th < ¢ < 5T; v6i j = 2,3,4,...
K higu H'7(¢) 12 him H()(t) khi t & trong khodng thii gian niy.
Ly ludn twong tw nhu trén ta cé:
‘.‘F‘—(J'—'l)Tg F=1 t—~(f—k—1)T3
H® (1) = f Q(T)R{El(t— e+ 3 f QR e~ r)ar (3.17)
-0 K=l ok T2
trong 46 tir (3.10) ta cé:
‘ ' 2 xttn/ar A
B (=)= 5% Z( 1y e N2 [ 2 - mta/aa)?]
- e -*(‘ 2L [ At - 'r}/Z] (3.18)

E'gFg
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J~k—1

Rt 7) = g 2 (el ["W(a—r)ﬂ (2nfz/02)2]

- E:;,z -l | (819)
Tir d¢: : :
P =Qle- (- VRIE(( - 1B - B
t—(j—1)T: l
+ [ QB (¢ — r)dr + Z Qlt - (7 — NTIRPLI(G - k — 1T]
0 k=1

j-1 t=(i—k=1)Ts
—Zolt—u—k)TﬂR‘”k[u—k)Trol+Z . [ QIR (¢t — r)dr
k=1 (k) T

Bi¢n 481 Iin lwot cde s8 hang cla (3.20) va rit gon ta cé: _
+ 4= t {J k— 1)T:

H2) . %2 {2) R{(2)
Hj = E;F‘;Q(t} + f (T)R (t - T)dT -+ ; / Q(T}Rj_k t— 'r)d'r
: (4-1)Ts =L e (k)T
{(#-1)7; 9 =1 . : .
+ f QR (¢~ r)dr + —2- 3 (~1) ~*e~2I~HITa/2Qf; _ (7 - k)T, (3.21)
E2F2 ’
f—Tg ' k=1 M ’
"Sau khi thay (3.16) va (3.21) vio (3.12) ta cé phwong trinh sau:
t " .
ay 83 22, =
ot e [ QAP -
) (F-1)Ty
=V, - 20-1 ZQIt Tl] _ 20:2 Z( 1 J=k g a{f= k)T:IZQ[t _ (J _ )Tz]
j—g = -'=-1)Ta (J-IJT:
QR (t,)dr - f Qr)RA(t — r)dr (3.22)
1T . T '

Tir (3.13b) ta cé: _7
L RD = a2 — A/l — -
R =1) = e {AZII[Az(t 7)/2] = Mo hat r)/z]}_
Tir (3.22) c6 thd viét dwdi dang |
t

Q(t) +a f QINE(E—r)dr=2aVi~fi5(8) (3.23)
(i-1)T, ' .
trong d6: ,
i—1 -1
fis(t) = { s -2 Q- (- Kh (—1)77*eAImRITEQL — (5 — k) T3)

k—l k=

joz - (_«,-—k-1)'r, (J—I)Ta

+ Z f Q(7)R; R Gt —)dr+ / Q(T)R{z)(t - r)dr}Za
‘k=1 t— (k)T t-Tq 4
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Ham f£;;(t) 13 him &4 biét cda thdi gian ¢, do ham @Q(¢) i dwoc xdc dink tir cde chu ki truwéde .

chu k¥ thit ¢ cia thanh th# nhit v trwde chu k¥ th 7 cda thanh thé hal
Viy cic phwong trinh (3.15) vi (3.23) 1i cdc phwong trinh tich phin Voltera loai 2, nghiém
¢6 thé tim dwoc bing cich 15p cic diy ham

{Qi (@)} — Q¥ ().

Trong 46 ham QU9 () 13 ham Q(t) x4c dinh & chu ki thir ¢ cda thanh thi nhit vi & chu k¥
tht 7 cda thanh thé hai. Cu thé I3

Qi) =2a1; )
: .
QY =201, — a[K{t — 1)Q8 (r)dr (3.24)
0
t
Q,{,,“) = 2aV; —.a[K(t — T]Q,(‘];]')(T)df :
. 0 /
Khii> 2 v j > 2 ddy ham {Q{7(1)} sé 1a
G9) = 94V _' .. )
Qo vy fu(t)
]
QL) =24V ~ fii(t) - a f Kt — Q8 (r)dr '? S (3.28)

(g—1)1,

A=t fiyl) - [ K@i
‘ (4-1)Ts

Sau khi tim dwgc Q(¢} tir (3.24) vi (3.25), ta thay vio (3.3) vi (3.6) thi xdc dinh dwoe dich
chuyén uy(t, ) vi uz(t, 2). Tir &6 ta tim dwoc trodng tmg suit v trudng vin t8c trong cic thanh,
hrc nén va cham va thdi gian va cham ctia hai thanh.

Céc trwdng hop sau cich gidi twong tw nhw trén va ciu lwu ¥

Truwdmg hop 2. Né&u Ay — 4k < 0, him nhin & cic phwong trinh Volterra. (3.15), (3.23) sé&

a

1a:

K= 1) = =g {DaAale = 7)/2) = Mofralt - 'r)/2]}

Trong cic bi€u thire (3.6}, (3.13b) va (3.18) hdm Iy(.} dwyc thay bing ham Jof. )
Truedng hop 3. Néu A; — 4k = 0, bidu thic (3.6) 8 1a:

t
u,z(:r, E F Zo( ny* / Q(t—f)e"’“’/zdr
n= i(z—t;}-ﬁ-?afg”ag
Ng t
a3z _1\k _ y.—Arf2
spm 0t [ Q-nen

k=1 [2kes —(2—21)] /as
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Céc bifu thie (3.13b) va (3.18) 88 dwge thay twomng dng

R(z}(t— r) = F -A{t~f}/2 R}g}(t —7)= (__‘1):'—1 92 -A(i-7)/2

2 2 E2F2

vi him nhin cda cdc phrong trinh Voltera (3.15) va (3.23) & I ‘ w

K(t—r)=- EZ’}Z Aem A=}/

4. KET LUAN

Ni}i dung bi bic nay tdc gid 42 gidi quyét tron ven bii todn vE va chg.m doc cida hail thanh
dan hdi véi thanh thi hai chiu loe cidn d3n nhét & m3t bén vi twa trén nén cu’ng

Ve mit k§ thuji ddy 13 md hinh bdi todn va cham cda biia vio coc c6 ké den lre cdn & mit
bén vi day coc gidp chwémg ngai vit,

Céng trinh dwoc hodn thinh véi sy hd tro tii chinh cda Chwong trinh nghién céu co bin
trong linh vye Khoa hoc ty nhién

Dia chi: Nhin ngéy 2/8/1995
Tredng das hoe Thiy loi ‘
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SUMMARY

LONGITUDINAL SHOCK OF TWO ELASTIC BARS WITH THE
2"¢ BAR BASES ON RIGID FOUNDATION AND MEETS
VISCO-ELASTIC RESISTANCE ON SIDE FACE

In this paper authors have studied problem of longitudinal shock of two elastic bars with more
general model [1, 2].

Technically the model of this problem similar to driving pile, where the pile bases on rigid
foundation and meets visco-elastic resistance of foundation on side face of the pile.
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