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~ ' ' CQNG HUaNG ca BAN 
' A A ' A a MQT H~ VANDERPOL Ma RQNG 

NGUYfuN VAN DINH - TRAN KIM CHI 

H~ dao d(\ng Vanderpol Ia h~ kinh di~n, m(\t d~g m<'r r(\ng cda n6 dm;rc kHo sat trong [1]. 
Nhih chi!' d\1 ci)ng hll'<'rng <'r M nay da dU'gc nghien crru, nh=g d'eu & tlnh tr~ng c\lng hU'<'rng 
dung. Dll'&i day, h'i'fi chil' <'r tru-Ong h9'P c\)ng hwng ca ban, h~ tren dll'qc xet tren toan vimg c\)ng 
hll'<'rng. Ph1rang phap trung blnh [2] <'r xap xi thrr nMt d1rqc sd- d\mg, cac d~ng d1rang bien- t'an 
dlr\)'C phan bi~t theo Cac di~m ky dj [3]. 

§1. H:¢ KHAO SAT - cAC PHUONG TRINH XAC DJNH DAO DQNG 
DUNG 

Cho h~ dao d(\ng mo d. b<'ri phlrO'ng trlnh vi pUn: 

;; + x = e{ 1- (x + q cos wt) 2 }x, (1.1) 

trong d6 q > 0, cac ky hi~u khic c6 y nghia nh1r trong [1]. Xet vltng c\)ng h1r<'rng ca bin, d~t 
w2 = 1 + ewA va vi~t (1.1) d1r&i d~g: 

(1.2) 

Theo phlrang phap trung blnh, chuy~n v~ bi~n bien d\'> va pha bign thien ch%m (a, e), chung 
ta d~t 

X= a cos l/J, X= -Waslnl/J, l/J = wt + e, (1.3) 

va l~p h~ phU'ang trlnh vi phan trung binh: 

a= - ea { ~qa cos e- ~q2 cos 2e + (~a2 + ~q2 - 1)} 
2 2 4 4 2 , 

e = -H ~qasin8+ ~q2 sin2H A}· 

(1.4) 

Vh dung (a, e) d~ ky hi~u bien d(l va ph a hhg cda dao d(lng dirng, chung dU'gc xac djnh b<'ri 
hai phU'ang trlnh 

1 1 (1 1 ) fr = 2qa cose- 41 cos 2e + 4a2 + -zi- 1 = 0, 

h = ~qasine + ~q' sin2e +A= 0, 

tU'ang d1rang v&i 

/3 = f, sine+ j,cose = (~a2 + ~q2 -1) sine+ A cosO+ ~qasin20 = o, 

!4 = h cosO- f2sln0 =-A sin&+ (~a2 + ~q' -1) cose + ~qacos2& = 0. 
. 4 4 2 
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(1.5) 

(1.6) 



Ke't hgp hai h~ (1.5) va (1.6) se l~p du:o;rc 

. (5 1 ) (1 1 ) fs=2aj,+qf•=-ql>smB+q 4a2 +{q2 -1 cos8+2a 4a2 +2q2 -1 =0, 

(
3 2 3 2 ) fe = 2ah- qfs = q 4"' - 4q + 1 sinB- qC.cosB + 2al> = 0. (1.7) 

Bhg cachbi<iu di€n / 5 , f6 qua J,, h co thi1 tMy h~ (1.7)chl tu:cmgdu:ang vm M thttc (1.5) khi 

( 1.8) 

Vl v~y, d~ tim du:qc d>rirng bien tlin C : a2 = a2 (C.) tren m\(t P( A, a2 ) clin gi/U 
1) h~ (1.7) kern di~u ki~n (1.8) 
2) h~ (1.5) vO:i 

(1.9) 

I' ' ' A ..... 

§2. BA NHANH CUA DUO"NG BIEN TAN 

V61. h~ng q cho tru·&c, dmJ-ng bien~ t'an C se g'Om ba nhcl.nh: hai nhinh khOng suy bie'n C1 

va suy bie'n c2 [3] cua h~ (1.7), (1.8) va nhanh c3 cua h~ (1.5), (1.9). 
Xet h~ (1.7), (1.8). Theo ky hi~u trong [3], cMng ta. c6: 

-qL> 
Do= 

q(~a2- ~q2 + 1) 

I 
(1 2 1 2 ) -2a -a + -q -1 

D1 = 4 2 
-2al> 

( 5 2 1 2 ) I 3 3 
q 4a + 4q - 1 = 2aqA ( -a2 + -:-l - 2), 

-ql> 2 4 

D2= 

Nhcl.nh khOng suy bie'n n~m tren mien (P- Af): 

Do ;6 0, 

Tren ml~n nay, td- ( 1. 7), c6 th€ rut ra: 

va h~ thrrc xac djnh C1 Ia: 

• n D1 
u=slnu=

Do' 
D2 

v=cosfJ=
. Do 

2) Dt D~ W1 (A, a = D 2 + D2 - 1 = 0. 
0 0 

Do =0, 

Chu y r~ng h(Lilg cua. Do Ia 1, nen t~p m c M thoa man: 

D0 = 0, D1 = o, D2 = o, 4a2 ;6 q2 • 
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(2.2) 

(2.4) 

.(2.5) 

(2.6) 

(2.7) 

(2.8) 



Kgt qua gild (2. 7) cho tUy t~p m gl>m ba di~m: 

2 2 4 - . kh' 2 4 . jl .J. 16 I: fl = 0, a = q - 3 , ton t\U 1 q > 3 , q r g' 

J J A= ± 3v'3(q•- 16
) a2 == ~- q

2 
tl>n tai khi q2 < ~ 1 ' 2 : ... 8 9 , 3 2 , . 3, 

V6i I, h~ hro;rng giac {1.7) tr<'r thanh: 

qcose=-..Jq•-~, osme=o 

'a cho hai pha: 

e = ±e = ±arccasC
1Vq2 - ~ ). 

i'..;. 16 
9' 

{~y !Ia m9t di~m ella nhanh 0 2 k~ tir khi i' > ~ (ngu q2 = ~ , di~m I trung ggc t9a d9). 

V6i J 1, J2 , h~ hrgng giac (1.7) quy v~: 

l[iq2 
cos(e- a1,2) = 'iY 3- 2' 

"1r 1r 'JJ roo. a1 = -, a2 = -- tu-ong ll'D.g 1, 2· 3 3 . . 
Dih ki~n d~ phuong trinh lugng giac (2.13) c6 nghi~m Ia: 

ra cho blln pha: 

8 8 
->-">-3 q - 9 

1/f1q2 fh 2 = a1 2 -± " = a1 2 ± harccos - - - - · ' ' ., . q 3 2 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

'l~y J1, J2 Ia hai di~m khac ella nhanh G2 khi ~ ::; q" < ~ (ngu 0 < q2 < ~, hai di~m J 1, J2 tl>n 

8 
;~ nhung khOng thu9c a.; ngu q2 = a' hai di~m J1 va J2 nlim tren tr~c a?= 0). 

Ca hai nhanh G,, 0 2 d~u c6 th~ tim dugc tir h~ thli-c: 

W1,2(fl, a2
) = Di + D~- D~ = 0 (4a2 o;f q"), (2.16) 

1hung d~ c6 dung c., C2 ph!i Ia~ khdi (2.15) nhihtg di~m thda man (2. 7) nhung khOng thda man 
li~u ki~n c6 nghi~m ella h~ lugng giac ( 1. 7): 

(2.17) 

Nhu da bigt, ba di~m I, J 1, J2 Ia nhihtg di~ ky dj. C6 th~ chli-ng minh: I Ia di~m nut; J 1 

ra J2 Ia nhilng di~m co l~p (khong thu9c G2 ) khi 0 < i' < ~, Ia digm lui khi q2 = ~, Ia di~ nut 

· h' 8 2 .-. 
16 8 {kh' -" 4 di' I I' ' ' • ·~ ~ kh' -' 8 h . d'' J ' ( 1 9 < q r g < 3 1 fJ. = 3, em a nut co m9t tt~p tuyen; 1 'I = 3', at tern 1 va 
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J2 Ia di~m lui; khi q2 = ~6 , nhu sil thgy d1r&i day, ba di~m I, J1, J2 trung nhau vii Ia di~m n>l.t 

bqi v&i ba til!'p tuyln). 
Xet nhanh cu<li cung 0 3 v&i h~ng 4a2 = q2 ; khi d6 h~ (1.5) trol- thlmh 

( 
9a2) 

_a2--cos (} - a2 cos 26 = 1 - 4 , 
a2 sin a+ a2 .sin 20 =-b... 

Ke't qui gi/Li h~ nay cho cac nghi~m: 
-v6i!:::..=Oc6 

- v&i b..# 0 c6 

trong d6 de h~ s5 hlng 

e = o, e = ±2"' 
3 

e = ,. ' 4a2 = q2 = 16. 

tg~ = .!_ (9a2 - 1) 
2 b.. 4 ' 

Ws(b..,a2
) = b.. 4 + 2A(a2 )b..2 + B(a2) = 0, 

A(a2 ) = ..!_(9a2 - 4}(21a2 - 4), 
16 

1 ( 9a
2)2 B(a2

) = - 1-- (9a2 
- 4){a2

- 4), 
16 4 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(cac di~ (2.19) Ja vi trf t~ d6 I, J1, J2 trung nhau nh=g hi lo~ kh<li Cz vl thoa man dih ki~n 
4a2 = q2) 

ChU y rlng cac pha. (2.20) (2.21) c6 th~ tlm drrqc tir (2.5). 

' ' .... "' .I ' .... 

§3. PHUO"NG TRINH DUONG BIEN TAN. CAC D~NG DUONG BIEN 
" TAN 

C6 the' l~p drrqc ph1rang trlnh drrcmg bien t"an chung cho ca ba nhanh Cl> 0 2 , 0 3 • Thvc v~y, 
(2.16) Ia trung phuang theo b.. v&i cac h~ s5 tri~t tieu khi 4a2 = q2 nen c6 th~ vie't du-6-i d~ng: 

(3.1) 

trong d6: 

W (b.., a2) = b.. 4 + 2A(a2' q2)t,.2 + B(a2 .qz), 

A(a2
, q2

) = 1~ { 21a4 + (30q2 
- 56)a2 + (3q4 

- 16q2 + 16)}, (3.2) 

B(a2 ,q2
) = :6 Ga2

- ~q2 + 1}' { a4
- (2i + 8)a2 + (q2

- 4)2
}. 

Phrrang trinh Cl!.a c!. ba nhanh d1rcmg bien t"an Ia: 

(3.3) 
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Th\1'< v~y, hai nha.nh C1 va C2 thda man (2.15) v6i 4a2 7' q2 nen th<la man (3.3). Ne'u 
4a2 = q2 , chUng ta c6 

A(a2
, q" = 4a2

) = A(a2
), 

(3.4) 
S(a2

, q2 = 4a2
) = S(a2

), 

nen W(A,a2) trung v6i W3 (A,a2) va do d6 C3 ciing th<la man (3.3). Vai (3.3), de diSm ky di 
cling c6 th~ du-qc xclc d!nh. Th-.rc v~y: 

aw,,2 · 2 ( 2 2 ) aw 
at;'"= q 4a - q a A ' 

aw, 2 2 2 2 2 aw 2 2 2 aw --' =4q W+q (4a -q )-=q (4a -q )- · 
aa2 aa2 aa2 

(3.5) 

Ne'u 4a2 rf q2 c<ic dcto ham rieng W12 va W d~ng thCri tri~t tieu nen cic di~m kY d! I, J, K 
tlm d1r7< & §2 ciing tlm d>r7c nhir (3.3). 

Ne'u 4a2 = q2 , diJm ky di th<la man: 

trong d6 

2 

w(A,a2 = :) =A4 +2A(a2 )A2 +S(a2
) =0, 

a: w(A,a2 = ~) =4A{A2 +A(a2J} =0, 

a ( 2 q
2

) 2 aA as 
- 2 W A, a = - = 2A a 2 + a 2 = 0, aa 4 a a 

a A 1 ( 2 l - =- 81a -28 
8a2 8 ' 

as = _ 81 (a2 _ ~) (a2 _ ~) 2 • 

aa2 8 3 9 

(3.6) 

(3.7) 

Ke't qua tinh cho. tHy c6 m{it diJm ky di A= 0, 4a2 = q2 = ~6 ; d6 chinh Ia vi tri (2.19) t~i 
d6 ba diJm I, J 1 , J2 trung nhau. 

Dg'n d3.y c6 th~ li~t ke cac d<p1g kh<ic nhau crl.a dU"Cmg bien tln va. sv: chuygn tie'p crl.a chU.ng 
khi tang q. Nhihlg d>rirng nay Ia ke't qua giii tren may tfnh phmrng trlnh (2.16): 

~ ne'u q = 0 h~ Vanderpol kinh di~n c6 dao d9ng dU:ng bi~u di~n bO.i digm tren tr¥c tung v&i 
a 2 = 4 

8 
- ne'u 0 < q" < 9 tren m~t (A, A= a2 ), dlrirng bien tll.n C c6 d~ng cho tren hlnh 1 (vii v6i 

q = o, 8), m{it d>rirng kin bao quanh .diJm (A = 0, a2 = 4) va khang c6 di~m ky di nao (I chrra 
xua:t hi~n, J1 va J2 13. di~m cO l~p n~m ti-en hyperbol D0 = 0 bi~u di~n b!ng du-Crng ch&n nhO -
khang thu{ic d>rirng bien tll.n) 

8 
- ne'u q2 = 9 (q"' 0, 94) d>rirng bien tll.n C cho tren hlnh 2 c6 hai di~m lui J 1 , J2 

- ne'u ~ < q" < ~' d~ng cda C cho tren hlnh 3 (vii v6i q = 1, 1), c6 hai d>rirng vong thih t~i 
hai nut J., J2 

- ne'u q2 = ~ ( q "' 1, 555) d>rirng C cho tren hlnh 4, vh c6 hai nut J 1 , J2 (nh1rng c6 them 

nut I t~i g5c t9a d{i) 

~ 4 
2 

16 d d ' b'- ~ c h - h' h 5 ( - " 1 25) ' b d'' ' - neu 3 < q < 9' <!-Rg tr_ang 1en tan c o tren m ve VO'l q = , co a 1em nut 

I, J1, J2 

- ne'u q2 = ~6 (q "' 1, 33), drrirng C cho tren hlnh 6, ba diJm nut I, J 1 , ]z trung nhau t~o 
thanh nut hOi 

~ 16 2 8 
d d ' c h - h' h 7 ( - '. 1 5) b d'' ' ' h " - neu 9 < q < 3' ~ng u-ang c o tren m ve VO'l q = ,4 a 1em nut tac rm 

nhau, nUt I n~m cao han J1, J2 
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- n<fu q2 = ~ (q "" 1, 63), d11lmg C cho tren hlnh 8, nut I ti<fp tvc chuygn len cao (hai di~m 
J1, J 2 nAm tren trvc t:. va trcl- thanh diEm lui) 

- ngu ~ < q2 < 4 d~ng C cho tren hlnh 9 (vii v&i q = 1, 75), chi can nut I, c6 hai di~m tigp 

xUc v&i tr¥c 6. 
- ngu q2 = 4, -dtrCmg ·c cho tren hinh 10, m9t nU£ I, C tie"p xU:c V&i trv_~_ 4 t~i gS'c 
- ngu q2 > 9 d~ng C cho tren hlnh 11 (vii v&i q = 2, 8), c6 m\>t nut I, C n~m cao han tr~c 1::. 

" A ~ 
§4. DIEU Kl]j:N ON DJNH 

Dg xet lin djnh tir h~ (1.4), l~p h~ bign phan va sau khi thay sin 20, cos 20 b<l-i bi~u thrrc cua 
chung rut tlr ( 1.5) chUng ta d11qc 

Sa=- "
4
a (q cosO+ a)Sa + ": (3qa sinO+ 41::.)50, 

· e e se = -4(qsin0)5a- 4(3qacose + (a2 + 2q2 - 4))50. 

Ph11ong trlnh d~c tru"Itg la: 
e 

p
2 + 2H,p + H2 = 0 

va. qi~u ki~n dU d~ 5n d!nh ti~m c~ 13.: 

H 1 = 2qacose + (a2 + q2
- 2) > 0, 

H2 = (4a2 + 2q"- 4)qcose + 4qt:..sin0 + a(a2 + 5q2 - 4) > 0. 

(4.1) 

(4.2) 

(4.3) 

(4.4) 

Tren nhanh khOng suy bie'n c, sau khi thay sine, cos e b<'ri (2.5) cac di~u ki~n lin djnh tr<'r 
thanh 

. 1(3 3 )[ ]> H1 = (5a2 + q"- 2)1::.. 2 -- -a2 - -q2 + 1 a 4 - 2(q2 - 1)a2 + (q4 - 6q2 + 8) 0 
4 4 4 . < 

(4.5) 

H2 = (21a2 + 15q2 - 28)1::..2 + ~ (~a2 - ~q" + 1) [3a4
- (6q" + 16)a2 + (3q4 - sq" + 16)] > 0 (4.6) 

4 4 4 . < 
trong d6 chi~u > 0 ( < 0) rrng mi~n D > 0 ( < o). 

Di~u ki~n (4.6) thay d11qc b<'ri di~u ki~n 

aW(t:., a2
) > 

a 2 0 . 
. a < 

(4.7) 

4 
V&i nhanh C2 , chUng ta xet tlrng di~m I, J1 , J2 thea (4.3), (4.4) v&i I: 1::. = o, a2 = q2 - S' 

e = ±€, di~u ki~n (4.3) khOng thda man nen I luon khOng iln djnh. 
V&i 

4 q2 
a2----

3 2' 

hai di~u ki~n 5n djnh tr& th3.nh 

~T~V(~-q2)(q2-~) >o, (4.8) 
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3 ( q" - ~) v ~ -q2 'F (~ - q•) v q2 -c ~ > 0 (4.9) 

Ngu q" = ~ (J1 Ia di~ lui) vg trai (4.9) tri~t tieu khOng c6 Mt lu~n v~ iln djnh cda J, lY x~p 
th.r nhS:t. 

Nil'u ~ < q2 < ~· diim J 1 v6i 8 = ~-, luon thcla man (4.8}, (4.9) nen luon Sn djnh; di~ 

" • " hi • d' h kh' 16 + 40 
..2 

8 
va1 • = 3 + 71 c on Jn 1 

9 
< q < 3· 

VS:n dll iln djnh cll.a J2 du:qc kh!o sat tu:ang tv. 
16 

V6i nhanh C3 , q2 =. 4a2 , diim nut b{li t:.. = o, 4a2 = q2 = g' pha 8 = 0 iln djnh, hai pha 

= ± 2
3
" khOng iln djnh. Cac di~m (2.20) va (2.21), (2.22) c6 pha 8 tinh dlr<?'c theo(2.5) nen tinh 

djnh du:qc xac djnh theo (4.5), (4.6). 
f)g minh hQa, cac do;p1 gn djnh tren du-Cm.g bien t'an & mQt sc1 tr1rCrng hgp dtrgc cho tren 

c hinh 2a va 2b, 3a, 7*, Sa va Sb, 11 bM net lilln d~m, do\ill khong <ln djnh bM net lih manh 
trlmg -.-.- Ia ranh gi6i dillu ki~n (4.5), du:lmg---- Ia ranh gi&i dillu ki~n (4.fl), du:lmg chO:m ... 

hyperbo!D0 = 0) trong d6 h.7* ve v6i q = 1, 62 sat gia trj q = ~"' 1, 63 nhAm minh hqa hai 

\ill 5n djnh M.t cheo t')i nut J va tinh tr~ng nay dlr<?'C duy tri khi J tr& thanh di~m lui tren tr\lC 

khiq2 =~. 

Klh LU~N 
Kgt qui thu du:qc cho biil't quy lu~t ci)ng hu:O.ng cO' bin 0. h~ Vanderpon m& ri)ng. Cac ph>rang 

nh xac djnh eM di) dlrng du:qc bign dili v~ d~ng thich hqp. Cac tru:lrng hqp suy bign v&i cac 
lm kY di du:qc phan tich chi tigt va giup chUng ta phan bi~t cac d~ng khac nhau cda drrerng bien 
o. Cac tinh toan ly thuygt phil hqp v6i nhi'i-ng ke't qua giil.i tren may tinh. 
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SUMMARY 

FUNDAMENTAL RESONANCE IN ONE GENERALIZED 
SYSTEM OF TYPE VANDERPOL 

In the present paper, an oscill3.ting system of type Vanderpol is considered. The fundamen
t resonance is examined, degenerated _cases are analyzed in detail; singular points are used to 
ltinguished various forms of the amplitude frequency curve. 
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