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CONG HUONG CO BAN
O MOT HE VANDERPOL MU RONG

NGQUYEN VAN DINH - TRAN KIM CHI

H§ dao déng Vanderpol 13 h¢ kinh dién, mét dang mé réng cda né dwec khdo sit trong {1).
Nhiéu ché d8 céng hwdng & hé nay di dwec nghién céu, nhung déu & tinh trang cdng hwéng
ddng. Dwéi ddy, han ché & trwdng hop cdng hwéng co bdn, hé trén dwge x4t trén todn ving cdng
huéng. Phwong phdp trung binh [2] & x3p xi thi nhit dwoc s¢ dung, cic dang dwdmng bién - tin
dwgc phin biét theo cic diém ky di [3].

s1. HE KHAO SAT - CAC PHUONG TRINH XAC DINH DAO DONG
DUNG - ' |
Cho hé dao déng mé td béi phwong trinh vi phin:

:3E+z=s{1— (2:+qcoswt]2}i, ‘ ' (1.1}

trong d6 ¢ > 0, cic ky hiu khic ¢6 ¥ nghia nhu trong [1]. Xét ving cdng hwdng co bin, dis
w? =1+ ewA va vigt (1.1) dwéi dang:

:E+w2:e:=_s{wa+<1—(:z:+qcosut)2)i}. | (1.2}

Theo phwong phép trung binh, chuyén vé bién bién b vi pha bién thién chim- (a,6), ching
ta dat o

: z=acosy, I=-—wasiny, ¥ =wt+4, (1.3)
v lip hé phuong trinh vi phdn trung binh: ' '

1 . 1 ‘ 1
a= ——ezg{aqacosﬂ— Zqz cos 26 + (ia2+5q2 - 1)},

j erl . 12 . .
9-_--2{2qasm9+4q sm26‘+A}.

Vin diing (a,6) 44 ky hién bién 45 vi pha hing cda dao déng dirng, ching dwoc xic dinh bdi
hai phwong trinh ' .

(1.4)

1 .
fi= Eqacosﬂ - iqf cos 20 + (iaz + %qz - 1) =0,

2% £ (L.5)
f2=-2—qasinﬂ+zgzsin25+A=0,

twong dweng véi ‘
g 12.32_ N\ ! asi |
fa= fisiné + facosf = (;-a + 7 1) sinf + A cosf + -z-qa.stB'—“-O,
: 1.6)
1 i 1 (
fa=ficosf - fasinf = ~Asinf + (Zaz + th - 1) cosd + 59“0329 =0.
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K&t hop hai hé (1.5) vi (1.6) & ldp dwge
5 1 1 1
= 2af + = - i (_2 i S —a® _2_)—
fs afi+ qfa gAsind + g 4a. +4q 1)cos€+2a(4a. +2q 1 0,

3 3 .
fo =2afz — qfs_;- q(zag - Zqz + 1) sin® — gAcosf + 2al = 0. (r.7)

‘Bing cdch-bidu didn f5, fo qua fi, f2 ¢6 thé thdy h§ (1.7).chl twong dwong véi hé thive (1.5) khi

4a® # ¢%. ' (L.8)

Vi viy, d€ tim dwoc dwdmng bitn tin C : a? = ¢2(A) trén mit P(A, a?) cin gidi
1) h4 (1.7) kém didu kién (1.8)
2) bé (1.5) véi -
402 = o2, (1.9)

52. BA NHANH CUA DUONG BIEN TAN

Véi hing g cho trwée, dudng bién - tin C =€ gdm ba nhénh: hai nhdnh khéng suy bién C;
va suy bi€n Oy [3] cda hé (1.7), (1.8) v nhanh Cj cida hé (1.5), {1.9).
Xét hd (1.7), (1.8). Theo ky hiéu trong {3}, ching ta cd: &

_gA q(-5-a2 e 1)
e oy e e o)
(3 -3 +1) a
1, 1 5, 1 21
» a2 12 22, 22 3 3
D, = 2a(4a +2q 1) q(4a +4q 1) =ZGQA(—0-2+792—2), (2.2)
—2aA —gA 2 4
1 1
—gqly —2al=a®+ —¢* - 1) 3 3 1 1. .y
P G007 ] pfans (B da) (b L =1))
q(Za2 - qu + 1) —2aA 4 4
(2.3)
Nhanh khéng suy bién ndm trén mién (P — M):
Dy #0, 4a® £ ¢°. {2.4)
Trén mign niy, t& (1.7), ¢6 thé rit ra:
D
u=sin9=301-, uzcosef-:% ' (2.5)
va hé thirc xdc dinh C, 1a:
1(&,&)—ﬁg+ﬁg-—l——0. (2.6)
Nhénh suy bién Cy nim trén mién M:
Dy =0, 402 # ¢°. : (2.7)
Chi ¥ ring hang cia Do 14 1, nén t8p m C M théa mén:
Dy=0 D;=0 Dy=0 4a%q% (2.8)
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K&t qua gii (2.7) cho thiy tdp m gdm ba diém:

4 . 4 5 16
I:A=D,a2=q2-§,tBntg.ikhlq2>-3-,q27é-é-, {2.9)
: V37, S 8 , .18
Ji,Je: A= :l:—”—' (q —-'9—), a = é‘ '2— ton tai khi q2 < 3’ q2 # 3‘ (2.10)

Véi 1, hé lwong gidc (1.7) tré thinh:

geosh = — qz—g, Osinf =0 : (2.11).

ra cho hai pha:

uau X
CﬂIrP-

f==+&= :l:arccos(_Tl ) (2.12)

wlm

73y 1132 mét diém cda nhinh C; ké tir khi ¢ > ;—t (néu ¢ = = , difm I tring gdc toa d3).

Véi Jy, Ja, hé lwong gidc (1.7) quy vé:

1 /4 g2 .
cos(f —ay2) = q\/ Y ~ {(2:13)

o T r )
ron oy = 3 ag = 3 twong wng J1! Ja.
Ditu kién d€ phwong trinh hrgng gidc (2.13) c6 nghiém li:
8 8
- > - 2.14
3>90 23 (2.14)
ra cho bén pha:
) 1 /4 ¢ '
61,2 = @1 2% n = ay 3 & harccos V3T (2.15)

< ‘ 8 & 4 "
Vay Ji, J2 13 hai diém khic cda nhénh C; khi 5 <g < 3 (néu 0 < ¢® < -g-, hai diém Jy, J2 ton

8 .
iai nhung khéng thuéc Cq; néu ¢? = 3 hai &idm J; vd J; ndm trén truc a? = 0}.
C4 hai nhinh C;, C; d8u cé thé tim dwgc tir hé thic:

Wia(A,a?)=Di+ D} —Di =0 (4a®#4%), ~ (2.18)

ihﬁ’ng &8 c6 ddng C}, O, phai loai khdi (2.15) nhirng diém thda min (2.7) nhung khéng théda min
fieu kién ¢é nghiém clda hé lwong gide (1.7):

1, 212 1, z

q2A+q( a? +4q 1) > da (40‘. +2q 1),
_ - - 22> 2A2
¢ (3 . 2 +1) 4 PaT > 4782

Nhar 43 biés, ba diém I, Jy, J; 13 nhitng diém k¥ di. C6 thé ching minh: T 13 diém nit; J;
. a 12 n " . 8 .. .. - 8 .. ..
ra Jg 13 nhi’mg d1é’m ¢d 1ap (khong thudc Cz) khi0 < ¢* < 5 13 diém Li khi g% = 5 13 diém nidt

3
khi -8- < ¢ 79 < - (kh g = 3 &i@m 1 12 nit cé mdt tiép tuyén; khi ¢ = e hai diém J; va
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Ja 1a difm I khi g% = l;—, nhu sé thdy dwéi day, ba diém I, J;, J3 tring nhau vi 1 &iém nis

béi véi ba tiép tuyén).
Xét nhénh cudi cing Cs véi hing 46° = ¢2; khi d6 hé (1.5) trd thinh

9a?
a%cosf —a%cos 20 = -(1 - —4—),

(2.18)
a®sinf +a’sin 20 = ~A. :
K&t qui gidi hé nay cho cic nghiém:
-vdi A =0cb
27 a2 o 186
= = —_— = - — 1
90,6:1:3,{10. q 5 (2.19)
f=m 4da®=g"=16 (2.20)
-vil AF0ch
tg——l-(ﬁ—l) (2.21
82" a2\ ’ =
W3 (A, e%) = A* + 24(a*)A% + B(a?) =0, (2.22)
“trong 46 cic hé s8 hing
a3y Lo o2 2
A(a®) = =—(9a" — 4){21a” — 4},
16
. 1 0a®\2, , (2.23)
B(a?) = 1—6(1— —4-) (9a% — 4){a? — 4),

(céc diém (2.19) 13 vi tri tai 46 I, J1, J; tring nhau nhung bi loai khéi C; vi thda min didu kign
4a% = qz)
Ché ¥ ring céc pha {2.20) (2.21) ¢$ thé tim dwoe tir (2.5).

i3. PHUONG TRINH DUONG BIEN TAN. CAC DANG DUGNG BIEN
TAN

Cé6 thé 1ap dwgc phwong trinh dwdng bién tin chung cho cd ba nhanh Cy, Cs, C3. Thuyre viy,
(2.16) 12 triing phwong theo A véi cic hé 83 trigt tiéu khi 4a% = ¢* nén ¢6 thé vids dwdi dang:

W, a4, a%) = ¢* (4:.1.:2 - @#)W(4,a?%) =0, (3.1)
trong dé:

W(A,a%) = A* + 24(a?,¢°)A% + B(a®.¢%),

Ala?, ¢%) = _116{210.4 + (30¢% — 56)a® + (3¢* — 16¢% + 16)}1 (3.2)
1 /1 3 2
2 2y “a? — 2% +1) {at ~ (2¢° + 8)a® + (¢ — 4)?
Bla.q _16,(4“ a? 1) {“ (¢ +8)a"+ (g —4) }

Phwong trinh cta ci ba nhanh dwdng bién tin la:
W(A,d%) =0. , | o (3.3)
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Thwe viy, hai nhénh C; va C; thda min (2.15) véi 40? # ¢° nén théa min (3.3). Néu
4a® = ¢%, chiing ta ¢

A[azz 92 = 40'2) = A(a‘z):
B(a‘za qz = 462} = B(az);

nén W(A,a?) tring véi Wa(A,e?) va do d6 Cy ciing thda min (3.3). Véi (3.3), cic difm ky di
ciing cé thé dwoc xdc dinh. Thyc viy:

3W1‘2 )

(3.4)

= P(4a® — &
Wi o 2 W .2 2 aW '
33 =4¢°W + ¢*(4a® Q)aGQ—q(‘!a )5

Né&u 4a2 # ¢° céc dao him riéng Wi, va W dbng thi triét tidu nén cdc di€m ky di I, J, K
tim dwoc & §2 ciing tim dwoc nhe (3.3).
Néu 4¢? = ¢2, &iém ky di théda min:

2
W(A, a? = 94—) = A%+ 24(a?)A% + B(a?) =
g 2 _ 7 = 2 23] _
aAW(A a _z)um{A +A(a*)} =0, (3.6)
3 2 q* 2 OA BB .
s (& =) =28%55 + 5 =
trong 46
9A _ 1. , OB 8ly, dy/, 4\?
Jda? (81 28), a2 8 (a 3) (a 9) ' (3.7)
6
K&t qui tinh cho. thiy cé mdt diém ky diA=04a2=¢%= a—; d4 chinh 13 vi ¢rf (2.19) tai

d6 ba diém I, Jy, Jg tring nhau.

Dén diy ¢é thé gt ké cdc dang khdc nhau cda dwdmg bién tin va sw chuyén ti€p cda ching
khi ting g. Nhitng dwdng niy 13 k& qud gidi trén mdy tinh phwong trinh (2.16):

- néu g = 0 hé Vanderpol kinh dién cé dao d6ng dirng bifu dién bédi diém trén truc tung véi
a? =4

8

-nfu b < ¢ < 3 trén m3t (A, A = o), dwdng bién tin C <6 dang cho trén hinh 1 (vé véi
g = 0,8), mdt dwdng kin bao quanh diém (A = 0,a® = 4) va khdng c6 diém ky di ndo (I chwa
xuit hién, J; va J, 1a didm b lp n¥m trén hyperbol Dy = 0 bifu dién bing dwdng chim nhd -
khéng thude dwdng bién tin)

-4 8 A b - N ) a3 -
-néfu g = 5 (g ~ 0,94) dwing bién tin C cho trén hinh 2 ¢4 hai diém Wui Jy, Jp

L.¢ 8 4 a x - s I o b b .
-nfu o < & < 3 dang cda C cho trén hinh 3 (v& véi ¢ = 1,1}, ¢4 hai dwdng vong thit tai
hai nit J]_, Jg

|

£ .2
-néu gt = o
ndt T tai gdc toa 4§}

{g & 1,555) duwdng C cho trén hinh 4, vin cé hai ndt Jy, J; (nhung c6 thém
- néu ;< g’ < 5 dang dwdmg bién tin C che trén hinh 5 (v@ véi g = 1,25} cé ba diém it
I Ji, Ja
-néu ¢ = ? (g 2 1,33), dwdng C cho trén hinh 6, ba diém nit I, Ji, J; tring nhau tao
thanh ndt b3i
- néu 1;? < g < g, dang dwong C cho trén hinh 7 {v& véi ¢ = 1,45) ba di€m nit tich rq

nhau, nit I ndm cao hon J;, Jo
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8 . N . s
-nén g2 = s (g = 1,63), dwtmg C cho trén hinh 8, nit I ti¥p tuc chuyén lén cao (hai difm

Ji, Jz ndm trén truc A vi tré thinh didm lbi)
8 . .
- néu 3 < ¢ < 4 dang C cho trén hinh 9 (v& vé&i ¢ = 1,75), chl cdn nit I, 6 hai diém $i€p

xiic véi truc A
- néu q = 4, dwdmng C cho trén hinh 10, méi ndt I, C tifp xic véi truc A tai gdc - .
" = nén ¢ > 9 dang C cho trén hinh 11 (v& v&i g = 2, 8), ¢6 mét nit I, C ndm cao hcrn truc A _

§4. DIEU KIEN ON DINH

Dé xét on dinh tir hé (1. 4), lap he bi€n phén vi sau khi thay sin 26, cos 20 béi bidu thic cia
chiing rit tir (1.5} chiing ta dwoc

55 = _i:;(q cos § + a)ba + ag(&;a sin 6 + 4A)64,

. . e (4.1)
56 = —Z(q sinf)da — (3qacosf + (a® + 24° — 4))49.
Phwong trinh dic trumg la: .
-3
p'F sHip+ Hy =0 (4.2)
v3 ditu kién dd d 8n dinh tidm cin 1a:

H, =2gacost + (a® + ¢* — 2) .>'0, {4¢.3)
H; = {4a® + 2¢° — 4)gcos b + 4gAsin § + a(a® + 5¢° —4) > 0. (4.4)

Trén nhanh khdng suy bién Cy, sau khi tha.y sinf, cosf béi (2 5) cdc didu klen oo dinh trd
thanh

. 1 3 - >
Hy = (507 + ¢° — 2)A% - n (4a2 - —q‘2 + 1) [a4 —2{g® — 1}a® + {¢* - 63? + 8]] < 0 (4.5)

173 3 : :
H; = (2107 + 15¢% ~ 28) A% + Z(Zaz ~1+ 1) [3a% - (64 + 16)a° + (34" — 8¢° +16)] Zo (4.6)

trong d6 chidu > 0 (< 0) dng mién D > 0 (< 0).
Ditu kién (4.6} thay dwoe béi ditu kién

AW (A, a?) >0

a2 <0 (4.7
4
Véi nhinh Ca, ching ta xét timg diém I, Jy, J; theo (4.3), (4.4) v&i I: A =0,4a% = g% - 3
f = +¢, ditu kién (4.3) khéng thda min nén I luén khdng dn dinh.
Vi
3\/_ 16 4 & b n 4 g2
Ji:A= ( w) 1_2_L ,_I n 1/ ¢
A= - 5 ) a 3 2 3+n 3:I:a.r(:c:tas 379

hai digu kién &n dinh tré thanh
2 3 {8 8
SR I (- Y (O, S
-3 ¥ 2¢'(3 g )(q ' 9) >0, ‘ : (4'8-)
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O L U

Néu ¢% = g (J1 13 didm i) v& trai (4.9) tridt tidu khong c6 két ludn vE 8n dinh cia Ji & xip
thir nh%t. g
- Néu 5 < g < 3 didm J, véif = g — » ludn thda mén (4.8}, (4.9) nén luén &n dink; didm
16 4 44/3 8
v6i6=g~+n chi'o°ncﬁnhkhi——_'_9—\/._<q2 < 3
Vin & &n dinh cda J; dwee khio sit twong tu.

16
Vé&i nhdnh Cs, ¢ = 44?, dim nit béi A = 0, 4a® = ¢ =

N
= :!:gg khéng 8n dinh. Cic diém (2.20) va (2.21}, (2.22) ¢6 pha ¢ tinh dwoc theo (2.5) nén tinh
"dinh dwoc xic dinh theo (4.5), (4.6).

Dé minh hoa, cic doan 8n dinh trén dwdng bién tin & mot s8 trwdmg hep dwoc cho trén
¢ hinh 2a vi 2b, 3a, 7*, 8a vi 8b, 11 bdi nét lien d3m, doan khong n dinh béi nét litn manh
dng -.-~ 13 ranh giéi didu kign (4.5), dwdmg - - - - la ranh giéi ditu kién (4.6), dwdng chim ...

pha § = 0 &n dinh, hai pha

8 " . .
hyperbol Do = 0) trong d6 h.7* v& véi g = 1,62 sit gid tri ¢ = \/; # 1,63 nhim minh hoa hai

an &n dinh bit chéo tai nfit J va tink trang nay dwoc duy tri khi J trd thanh diém Ki trén truc

khi g = g
KET LUAN

Két qui thu dwee cho biét quy lnit cdng hwéng co bdn & hé Vanderpon mé réng. Cdc phwong
nh xic dinh ch€ d3 dirng dwec bién d8i v& dang thich hop. Cdc trwdmg hop suy bign véi cic
im ky di dwoc phén tich chi tiét va gidp ching ta phin bigt cac dang khéc nhau cia dwdng bidn
n. Céc tinh todn 1¥ thuydt pht hop véi nhitng két qui gidi trén mdy tinh.
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'SUMMARY

FUNDAMENTAL RESONANCE IN ONE GENERALIZED
- SYSTEM OF TYPE VANDERPOL

In the present paper, an oscillating system of type Vanderpol is considered. The fundamen-

| resonance is examined, degenerated cases are analyzed in detail; singular points are used to
stinguished various forms of the amplitude frequency curve.
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