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VE PHUONG PHAP NGHIEN cuu KHA NANG 
..J ' X ..J A 

ON DlNH VA MAT ON DlNHNGHI~M 
' A ' A ;/ 

CUA MQT PHUONG TRINH VI PHAN PHI TUYEN 

NGUYEN DANG BicH, NGUYEN v6 THONG 

Khi nghien cll-u tr~g thai mit 5n dinh khi d<]ng ella cic cOng trlnh cao va. ke't c3:u m'em, 
ngtrCti ta phin bi~t h~ sCi dm kgt ciu va. h~ s5 ch khi d_9ng. Hi~u s5 giira cac h~ sO d.n tU"ong "li-ng 
nay Ia d¥ hrqng dtrang thl phlm 1fng cda kgt c~u ygu d'an theo thlri gian vii. kgt c~u trong tr~ng 
th;ii 5n djnh, hi~u s5 n3.y 13. d~ hrgng 3.m thi phcin Ung cda kg't ciu m~nh d1i.n theo thOi gian v3. 
kgt c~u rO'i vao tr~ng thai m~t iin djnh [1, 2]. Khing djl)h nhll' v~y c6 dung cho mc;>i t=lmg hqp 
kh8ng ? BAng c3.ch n3.o nghien clh dU'gc khi ning gn diuh nghi~m cfia m9t ph1.rong trinh vi ph3.n 
phi tuye'n, trong tru·Ctng hgp khOng tlm dttqc de'n cU.ng nghi~m tu-Cmg minh. DO 13. di'eu n{>i dung 
biti bci.o nay muOn d'e c~p. 

' " A 1. PHUO'NG TRINH CHUYEN DQNG 

PhU'ong trinh chuy~n d{mg cda ket ciu c6 cAn v6i. gilt. thie't don gilm h6a c6 th~ vigt du-6i 
d~ng: 

M(x + (3wx + w2 x) = f(x, x) 

M - kh5i luqng cda d= vj d(l dai, 
f3 - h~ sO d.n kgt cau, 
w - t'a.n sO dao d<}ng rieng, 
f(x, :i:) A lvc khi d(lng. 

(1.1) 

Trong b3.i to3.n nay f(x, X) khOng phv thu{jc hi~n v3.o thCri gian va. 13. h3.m cUa vi tri, v~n tOe 
dao d(}ng cUa chinh ke't c3:u. 

2. PHUO'NG TRINH CHUYEN DONG UNG VOl DANG XAC DINH CtrA 
LVC KHI DQNG . . . 

Ta xet lvc khf di)ng c6 d~ng: 

a - h.~ sO clt.n khl dc}ng, 
a, b - hLlg sO. 

·2 b •3 

f(x, :i:) = M[aw:i: + (1 +a):._+- \] 
X W X 

Thay (2.1) vii.o (1.1) ta dU'qc: 

... 2 z2 bX3 
x+vwx+w x=(1+a)-+- 2 

X W X 

1 

(2.1) 

(2.2) 



&day "=(3-cx 
V~n d~ di/.t ra Ia nghien cli-u khi nang lln djnh va mgt lln djnh nghi~m cda phmrng trinh (2.2) 

phv thn\lc vao dgn cua h~ s5 "· Ph1rang trinh vi phan (2.2) Ia ph1rang trinh vi phan phi tuye'n, 
d~ gilri ta dung phep biE!n deli 

[3) 

X y=.,. 
X 

V&i phep biE!n dill (2.3) ph1rang trinh {2.2) d1r7c d1ra v~ ph1rang trlnh 

Ph=g trinh (2.4) c6 tM phan ly biifn s5 

-----'y'--d-'y'-------;- = w2 dt 
" 2 a b 1i' + -y - -y- -
w w2 w3 

(2.3) 

(2.4) 

(2.5) 

Dg sll- dvng dm;rc cong thli-c nghi~m l1r'!Ilg giac cua phtrang trlnh b~c 3 ta dung phep biifn d5i 

v 
y=z--

3w 

Thay (2.6) vao (2.5) ta dm:rc 

(z- ~)dz 
3w = w2dt 

z3 + pz + q 

Phtrang trinh 
z3 + pz + q = 0 

e, = 2 U cosE y-3 3 

e2 3 = -2 U cos (~ ± ~) ' v -3 3 3 
q 

cos~=-2/-(i)' 

Cac nghi~m nay c6 tinh cMt: 

es < e2 < 0 < e1, e1 + e2 + es = 0 khi q < 0 

es < 0 < e2 < e,, e, + e2 + es = 0 khi q > 0 

e2 = 0, ea < 0 <: e1, e1 + e3 = 0 khi q = 0 
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(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 
(2.16) 

(2.17) 



Trrrlrng h9P Q < 0 phrrang trlnh (2. 7) c6 th~ vigt drrm d~ng 

(z- i:;)dz = w2dt 
(z- e,)(z- e2)(z- ea) _ 

Tlch phan phrr=g trlnh (2.18) ta drrqc 

A - hAng s3 tlch pha.n 

( )m( )n(-- - )' A -w't z - e1 z - e2 z - e3 = e 

m = _ -,---•_,1_--+( v,J.j_3_wL.) --,. 
(e,- e2)(e,- ea) 
e2- (vj3w) 

n = 7( .-, "'-'--e-2)~(Le2-"_'-'-ea') 
e3 - (v/3w) 

s= 
(e,- ea)(e2- ••) 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

Tir phtwng trlnh (2.19) khOng th~ tim d1rqc nghi~m z = z(t) khi m, n, s n6i chung Ia nhii-ng 
sil vo ty, vi v~y ciing khOng thg tim d1rqc nghi~m x theo phrr=g trlnh: 

d i; 1 1 
dt(!nx) =;; = y = z- (v/3w) (2.23) 

x=Bexp(/ z-(~/3w)) (2.24) 

B - hkg sil tich phii.n 
Tuy nhien tir (2.19), (2.23) v[n cho phep nghien cU:u drrqc khil. nang Sn dinh va mgt Sn dinh 

cda nghi~m x khi t - co -
a) trrrlrng h9P q < 0, v < 0 
Theo (2.15) ta c6 sv phan bil cac nghi~m tren tr11-c thvc 

C6 th~ c6 cac kha nang: 
- Kh!. nang 1 

l/ 
- < e3 < e2 < 0 < e1 
3w . 

Dva vao (2.20) + (2.22) va tir (2.25) suy ra: 

m < 0, n > 0, s < 0 

Tren cas& (2.19}. (2.26) c6 th~ ki(t lu~n 

Ki(t h'!P v&i (2.23) ta c6 

z-.e2 khi t--+oo. 

d 1 
dt (lnx) - ----,v' > 0 khi t - co 

e2--
3w 
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(2.25) 

(2.26) 

(2.27} 



Nhtr v~y "' khi v < 0 va th<la man {2.25) thl X tang khi t ~ oo, ke't cau roi vao tlnh tr~ng 
mat lin djnh khf dqng 

- KMnang 2 
v 

e3 < e2 < - < 0 < e1 
3w 

Dl)'a vao (2.20) + (2.22) va tlr (2.28) suy ra: 

m < 0, n < 0, s > 0 

Tlr {2.19), {2.29) va {2.23) ta c6 

z --+ e3 khi t -+ oo 

:t (Inx) ~ 1 
v < 0 khi t ~ oo 

e3--
3w 

{2.28) 

(2.29) 

{2.30) 

Nhu v~y Ia khi v < 0 va thoa man (2.28) thl X gi:lm khi t ~ 00 ke't cilu trong trl)Jlg thai iln 
djnh. Ki!t lu~ nay cho phep eM y rbg khang phii c1l- v < 0 Ia ki!t cilu roi vao tr\Lng thai mO:t 6n 
djnh, ma. ngU"<;'C 1~ c6 th~ gn djnh. 

b) trtrlmg h91' q > 0, v > 0 
Theo {2.16) ta c6 "'!' phan M cac nghi~m tren trl)c thl)·c 

C6 tM c6 cac khlt nang: 
- Khit nang 1 

(2.31) 

Dl)'a vao {2.20) + (2.22) va tlr {2.31) suy ra: 

m < 0, n < 0, s > 0 (2.32) 

So sanh (2.32) v&i (2.29) ta di de'n Ht lu~n: Khi v > 0 va thoa man (2.31) thl X gi:lm khi 
t-+- oo, ke't ca:u trong tr~ng th<ii 5n djnh. 

- KMnang 2 

(2.33) 

Khi d6 
m < 0, n > 0, s > 0 (2.34) 

Can cu- vao (2.19) ta c6 

. TrtrO-ng hqp nay kgt cau c6 th~ a trong tr~ng th.ii ~n d~nh ho¥: rai va.o tr~ng th3.i mat gn 
djnh. Ki!t luij.n nay cho phep eM y r!ng khang phii Cll v > 0 Ia ke't cO:u & tr;mg thiii iln djnh, rna 
ngU"gc 1¥ c6 th~ ma:t &. d.inh. 

c) tru-lrng h91> q = 0 
Theo (2.7) ta c6 •'!' pharr M nghi~m tren t1l)c thl)'c 
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06 thS c6 kH nang: 
- Kha nang " > 0 

Khi d6 

" ea < 0 < -· < e1 3w 

m < 0, n < 0, s > 0 

Ke't qua (2.35) trrO'llg tv (2.32), (2.29), ke't c[u trong tr~ng thai 5n djnh 
c Kha nang v < o 

" e3 <- < 0 < e1 
3w • 

Khid6 
m < 0, n > 0, s > 0 

(2.35) 

(2.36) 

Ke't qua (2.36) trr=g tv nhtr (2.34), Mt du c6 thS & trong tr!fng thai 5n c!inh ho~c rcti vao 
tr~ng th3.i m5:t ~n dinh. 

- , ' 
3. NGHIJ):M CU A PHUONG TRINH (2.19) KHI q = o 

Tlr (2.14) suy ra 

cos rp = q =0 

2}-(~)' , 
1r 

<p=-
2 

Dva vao (3.1) taco: 

'P J3 cos-=-3 2 , cos (E. + !) = 0 cos (E. - !) = J3 
3 3 , 3 3 2 

Thay ke't qua (3.2) vao (2.12), (2.13) va c6 chU y ddn (2.8) ta drrqc 

1~ 1~ 
el=~va+a, e2=0, es=-;va+a 

Dva vito (2.20) + (2.22) va ke't qui tfnh dtrqc (3.3) ta c6: 

w(~-~) 
m=- 2 

2(~ +a) 
wv/3 n=--.-­

v -+a 
3 

w(~+~) 
s= 

2(~
2 

+a) 
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(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 



Tlr phU'O'ng trlnh (2.19) v!n chu:a tfnh du:gc tu:lrng minh z = z(t) khi k~t qui m; n, s tlnh 
du:'?c nh~> (3.4) + {3.6). f)~ Jam vi dv. ta xet tr~rlrng h'?P rieng dan gi~ 

Khido 

m=O, 

2v2 
a=--

9 

3w 
n = ---;:;.' 

c 3w •=-
" 

Thay (3.8) vao (2.19) ta dll"'?C 

Tlr {3.9) suy ra 

" z+-· 
_ _,.,3w,_;, Avf3w0-(vwf3)t 

z 

Tro'r I~ bie"n cii (2.3), (2.6) 

:i: 3w 3w - = -- + -,.----'-----, 
X v v( -Avf3we-(vwf3)t+2) 

Tfch phan (3.11) ta d~>gc: 

inx = -
3w t + ~In (2e(vw/S)t - A"f"w) + inD 
v 2v2 -

. D - Hng s<l tich phan. 

9/2v 2 

X= n.-(3wfv)t ( 2e(vw/3)t- Avf3w) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

Nghi~m (3.12) 6n djnh khi v > 0 vii. miit 6n djnh khi v < 0, phU h.,p v&i nhii-ng ktt lu~n ru't 
·a tlr (2.35), (2.36). 

4. NGHI~M CD A PHUO'NG TRlNH (2.5) KHI b = o 

Khi do ta c6 ph~>ang trlnh 
dy 2 

.., a=wdt 
y2+ -y--

w w2 

Phu:ang trlnh (4.1) co tM vie"t du:&i d'!-ng 

dy = w2dt 
(y- e,)(y- e2) 

e1 = _.!:._ + 2.y..,2 + 4a 
2w 2w 

e2 = _.!:._- 2.y..,z + 4a 
2w 2w 
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. . 

(4.1) 

(4.2) 

(4.3) 

(4.4) 



Tich phan phu-ang trlnh (4.2) ta du-qc 

A - hhg s5 t!ch phan 

~ = Ae-wv'v2+4a t 
y- e1 

Dva vao {4.5) ta thay y ~ e2 khi t ~ oo 
Tr& l;ti bie'n cii t.heo (2.3) ta co 

d 1 
-(inx) ~ - khi t ~ oo 
dt e2 

(4.5) 

NhU' v~y ndu e2 < 0 thllnx dOng thCti v6i x giA.m theo t· khi t -+ oo, ke't c~u trong tr~ng thai 
5n djnh. Ne'u e2 > 0 thi lnx d~ng thCri v&i x tang din thea t khi t -+ oo, ke't ca:u roi va.o tr~ng thai 
m£t 5n djnh. -

Dva vao (4.4) ta thay 

<2 < 0 khi l/ > 0 va khi l/ < 0, a > 0 

e2 > 0 khi v < 0, a < 0 

(4.6) 

{4.7) 

Tlr (4.6) d~n de'n hru y r~ng khi v < 0 chua J;tin ket ca:u d3. rai vito tr~ng thai mat 5n djnh, 
rna ngU'gc l~i c6 th€ 5n djnh. 

Ke't lu~n rut ra trr (4.6), (4.7) phu hqp vm ke't lu~n rut ra trr bi~u thU:c ughi~m tlm drrqc & 
trong [4] 

{4.8) 

" . 5. KET LU~N 

- Khi 11 < 0 chtra ch£c ch!n ke't ca:u di rai vao tr~ng- tho:l.i mat 5n djnh, rna ngtr9'C l~i c6 th~ 
Bn djnh, ke't lu~n nay rUt ra tlr (2.28). Khi v > 0 chtra ch£c ch£n ke't cS:u & trong tr~ng thai 5n 
cqnh' rna ngrrqc l<ti co th~ mat <in cqnh, ke't lu~n nay rut ra t.r {2;33). 

- Nghien cU:u kh!. nang <in djnh va m1tt <in djnh nghi~m Cll.a phu-ang trlnh (2.2) Mng phrrang 
· trlnh {2.29) vi\. Mng m\>t lo\'t co>c nghien cU:u danh gia {2.25) + {2.29), {2.31) + (2.34) u, m\>t dong 
gop m&i cho phtrang phap nghien cU:u kh!. nang <in djnh va mii:t <in djnh nghi~m c11a m\>t phrrang 
trlnh vi phan phi tuye'n . 

Cong trlnh drrqc hoan thanh vm •'!' tai trq cda Chm:mg trlnh nghien cU:u w bl.n trong linh 
VlfC khoa h9c t~ nhien. 

fJia chi: Nhqn ngay 30/10/1995 
Vi~n Khoa h9c ky thu~t Xay d!fng 
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