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, ' ' ' ' , CAC PHUONG TRINH CO BAN CUA BAI TOAN 
.... ' ;.. ' ' -

TINH VA DQNG CUA BAN COMPOSITE 
, ' ~ , " "' ,( 

LOP DAN HOI D! HUONG KHONG THUAN NHAT 

PH~M THJ TOAN 

' " 1. MO DAU 

Cctc bii to<l.n tinh vit. d9ng cda bin composite c6 ciCu trUe tu'an holm thU'Crng g~p trong th1fc 
ti~n. B~ng ph~t<Yng ph<lp trung blnh h6a thanh l~p cae phtr=g trlnh w Mn ella eae bai toan nay. 
Neu m\>t phtr<Yng phap giili va so sanh v&i ph~t=g phap ella Mn nhi~u lap. 

2. BAI TOAN TiNH 

Bll.i tm\n cda v~t li~u composite din h~i thea chuy€n vj c6 d<;~.ng: 

[c,,..,(x)uk,e],,. +X;= o, 

Xet composite cO diu trUe tu"an ho?m 1 khi d6: 

Dl/.t: ~~ = [ x: + N~] , a = f < 1 trong d6 t- nhan tuli.n hoim, L -kich thtr&e dl/.e tnrng 

cda v~t thg vi nghi~m tim du·6i d<;~-ng khai tri~n 

D~t nghi~m vao phuang trlnh can b5.ng vi di'eu ki~n bien, c5.n hang c<lc h~ s5 cling b~c ella 
o: du-a v~ m9t day ca.c blLi to<in truy h'oi v&i h~ sO hang sO [11 

hi" I wiPl + x{vl = o 
tJnk n,kJ ~ 

W{p)l = UO{!•J, 
1 Sv. ~ 

hlo) wl•ln·l = slo){vl 
~Jr~k n,k J s6 ' 
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orong d6: 

r=l 
p 

u?{p} =- LNi~l1 ..• k~w,~:;.~.trfs~'- p.> Oj 
r=l 

p 

so{vl - - ""'h(d w{v-rJ ·I 
i - L.J iim.nkl·•·kr m,nk1 ... krnJ 8 6

1 

r=l 

.,o{o} = .,o . ._, .- .... , ' 

p > 0; s"(vJ =so • • 

Cac d~ hr9'Ilg h)j~nk, ... k,, N,~P2._ .. k, dtrgc xac djnh theo cong thU:c truy hlli 
Ly thuygt mo dun hi~u qua U:ng v&i p = 0 

w("ll = uo 
• Su I 1 

(2.2) 

(2.3) 

Tru-Ong hgp composite 16-p ba.o g'Om nhi'eu b6 tuh hoan theo t9a d9 x3 • M3i b6 bao g'Om 
nhi~u .16p, t~i m~i lOp v~t li~u c6 th~ dj hu-6ng va. khOng thu'an nha:t. Khi d6 ten-xcr mO dun hi~u 
qua xac djnh nhll sau: 

h;hnk = (C;jnk) + (Cijm3C,;;5 1,)(C13~3)- 1 (C,;3~3Cq3nk)- (C;;m3Cm313C13nk) 

DS:u ngo\(c nh9n chi gia tri trung blnh cda d~i hrqng. 
Ni(u l&p Ia tr1fc htr&ng va trv·c htr&ng trung v&i trvc t9a d9 da xet trong [3[. 
Xet tnrCmg hgp, trong mdi 16-p 8 cic trl}.c chlnh tr.\l"c huOng l~p g6c cp, dgi v&i tqtc t9a dQ 
Ne'u kY hi~u cz.ke Ia. c<l.c th3.nh ph'S.n ten-xcr mO dun dim h'Oi trong h~ tn;~c chlnh trvc hU'&ng 

thl ca.c th3.nh phl.n cda. m6i l&p dU'gc bi~u di~n: . 

Cuu = cos4 <ps0r111 + sin4 cp8 Cg222 + 2 cos2 <ps sin2 
<ps ( 0~122 + 2C~212 ), 

C2222 =sin 4 <psCfu1 + cos4 <psCg222 + 2 cos2 <ps sin2 
'Ps ( C~122 + 2Cf212 ), 

c 3333 = cgaaa, 
C:a23a = cos2 cpsC~233 + sin2 ~PsC?133 , 
C ·2 co 2 co 

1133 = sm <ps 2233 +cos cps u 33 , 

C1122 = cos2 <ps sin2 <ps (Cr1u + cg222 - 4C~212 ) + (cos• <ps + sin4 <ps )0?122 , 

C 2 co ·2 co 
2323 = cos 'Ps 2323 + sm 'Ps 1313' 

C ·2 0 o 2 0 o 
1313 =SIR 'PS 2323 +COS 'PS 13131 

C1212 = cos2 <ps sin2 
<ps (C?lll + cg222 - 2C?122 - 2Cr212 ) + (cos4 <ps + sin4 <ps )C?212 , 

Cu12 = cos3 
<ps sin <ps (C~1u - C?122 - 2C?212) -cos 'Ps sin3 

<ps ( cg222 - 0~222- 20?212), 

c1222 =cos 'Ps sin3 
'Ps ( cf1u - c?l22 - 2C?212) - cos3 

'Ps sin <ps ( cg222 - cf122 - 20~212), 
C1233 = cos<ps sincps(cf133 :_ cg233), 

C1323 = COS<ps sin<ps(Cr313- cg323), {2.4) 

Cac thanh phlin ten-xa m5 dun dan h~i hi~u qua: 

huu = (Cuu) + {0,)3~3 )- 1 (C33~3Cu,3)2 - (C33~3Ci133 ), 

h2222 = (C2222) + (C33~3)- 1 (C33~,02233) 2 - (C33~3Ci23:i), 
h3333 = (Co3~3)- 1 , 
h2233 = (C33\d- 1 (C33~3C2233), 
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hu33 = (G3.k)-'(G33~,Cu33), 
hu22 = (Gu22l + (G33~3)-'(c;3;3c2233)(c;~.cu33)- (G3"3~3Gu33G2233), 

( ) ( G>233)2 
1 (c-• 02 ) h1212~= G1212 + -0 (G 1 ) - 3333 1233 , 

3333 3333 

hu12 = (Glli2)+(G33~3 )- 1 (G3.\:,Cu33}(G33~3G1z33)- (G3A3Ga33GI233), 
h1222 = (G1222) + (G3A3)- 1(G33;,,c.233)(c;~.c,.33)- (c;,~c2233G1233), 
h1233 = (c;.~3)-'(c;~.c,233). 

(
GI323) 1 

h1323 = -d- .c., ' 
d = G1313G2323- Gi323> 

.c., = ( c,;l3) (•;23) _ (•;23 )', 
h 

X6t hili toan him: u33 = o tren toan do} day cda him, u 13 = u23 = 0 t~i "'• = ± 2 
Theo ly thuye't mo dun hi~u qua lien h~ lhlg sulCt, hiil'n d~g: 

O'u = huue-u + hu22e22 + hu33&33 + 2hu12e12, 

0'22 = hu22eu + ~222e22 + h2233e33 + 2h1222e12; 

uaa = hu33eu + 2h1233e12 + h2233e22 + h3333&33 = 0, 

0'12 = hut2Ell + h1222E22 + h1233E33 + 2ht2!2C:l2t 

Tlr ,.,. = 0 tinh •• , thay vao (2.6) va dU'a Vao cac ky hi~u: 

Cac d~ hrqng E 1, E2, v,, v2, a,, a., a. ggi Ia cac mo dun tU'O'llg dU'cmg 
Lien h~ lhlg su't bif1n d<p1g c6 d~ng: 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

Thay (2.9) vao (2.8) hi~u di~n dU'gc cac thanh phh lhlg sulCt a 11, a22 , a 12, con a 13 va a 23 
dU'\l'c xac dinh tlr cac phU'ctng trlnh ci\n h~ng. . ~ 
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ca.c thanh ph"in mo men: 

trong d6: 

Dl -
- h."E2 D _ G2h3 

• 

12(1- v1 v2) 2 - -3- ' 
h

3 
( E1 v2 ) · D3 =- +203 

6 1- v1v2 
G1h3 ' h3E 1 D4 = --; Ds = .,...,-:--=-___. 

3 · . 12(1 -v1v2 ) 
(2.10} 

Ph110'11g trlnh can b1ng ella ban c6 dl).ng: 

a•M, a2 M 12 a2 M 2 . 

-a• + 2a a +-a• +q(x1 '"'2 )=0 
%1 Zl Xz X2 

(2.11} 

Thay (2.10) vao (2.11) dL. dgn: 

a•w a<w a<w a•w a•w 
D,-a 4 +D•a a 3 +Daa •a 2 +D•a •a +Ds-a 4 =q(x,:z:2) (2.12} x2 x1 x2 x1 x2 x1 x2 x1 

Ph11ang trlnh (2.12} c6 thg giM b1ng ph~rO'Ilg phap quen bigt cda ly thuy~tb.l.n di hlr&ng 
Ta d1ra ra phlrO'llg phap khac c6 th~ giM d1rgc ph11img trlnh (2.12}; dU'a vao ham: 

L(p) = D,p• + D,p3 + Da~t2 + D•l' + Ds 
Ch1hlg mlnh r1ng L(l') = 0 kh8ng c6 nghi~m th\l·c. Th~t v'-y, cho trl).ng thai 1\'ng sugt thvc 

hilt ky: . 

E, 1 E1v, it? 2G,k 
0'11 = + +--

1- v,v2 N 1 - v,v2 N N 
E 1v2 1 E2 It? 2G2k u••= + +--1-v1v2N 1-v,v,N N 

0 1 k2 2G3 k 
u12 = N +a. N + N'"' u1a = "•• = uaa = o 

trong do k va N la cac s<l thvc bgt ky. Suy ra: 

It? 1 
en= N, s-22 = N , 

k 
el2=-

N 

TM nang bidn dl).ng dan hlli 1\'ng v&i trl).ng thai U..ng su~ tren: 

. 1 . L(k) 
V = 2(cr;;e;;) = 2N2 
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vl V > 0 n~n v&i k thl)'c L(k) > 0 =;- dpcm. 
Xet trtrlrng hqp L(l') = 0 c6 nghi~m bgi 

1'1 = 1'2 = "+ ifJ trong d6 fJ # 0 

Dung phep hi<(!' dili k~cmg suy bign: "'= "'' + ""'2, y = fJ"'2 quav~y: 

th<la man. 
B<l qua cac phep tlnh trung gian drra (2.t2) v~ d~ng: 

trong do 

trong tnrcrng hgp nay: 

- 4 3 2 · D, = D,a + D- 2a + D3a + D•" + Ds, 
- 2( 2 - • D2 = fJ 6a D, + 3aR:, + D3), D3 = D,fJ 

D2 
a=---

4D1 ' 

D~ = 4D,(D3 - 2Ds) 

~~ ;J={J#Oluon 

(2.13) 

Phrrcrng trlnh (2.13) c6 d~g phrrcrng trlnh CCI bfui ella. bai toan uiln Mn trl)'c hrr&ng quen thui)c. 

3. BAI TOAN DQNG 

Theo ly thuygt mo dun hi~u qui. biJ toan di)ng ella composite dan hl\i drra v~ bai toan d<)ng 
cua ly thuygt dan Mi di hrr&ng thulin nh~t sau: . 

82
wi 

h;;kt.Wk,ti + Xi = Po at2 , 

wi\s .. = u~ 
hijktWk,tni\s = S?, • 
t = o·, w,· = Ui·, awi - V.· at - • 

Po= (p) 

{3.1) 

Trong bai toan dao di)ng uSn t'!' do ella bfui thay d,P lrrgng q(.,,, "'2) trong (2.12) bli.ng i'!'t 

quan tlnh -(p)h ~:, phrrang trlnh dao di}ng c6 d~ng: 

trong do (p) = (!) ,; 10 
g g 

D~t nghi~m w{"'""'2,t) = {Acospt+Bsinpt)W(.,,,.,2) drrav~: 
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W( ) . (21rnx1 211'mx2) 
X1 1 Xz = Slll -a-+ --b- > 

th6a min c&c di~u ki~n bien b<in. l~ theo nghia. Saint Vena.nt, ta. tlm dtrg-c t'a.n s5 rieng: 

, " , ' , , ,.( ... , 
4. VI DlJ SO SANH Val PHUONG PHAP CUA TAM NHIEU LOP 

a. -Phll'ong pha.p trung blnh h6a 
Xet him composite nhih l&p dllng phm:mg thity tinh / epoxy c6 cl>u true tu'an holm bao gllm 

10 bo, mlii bo co 3l&p, l&p thli' nMt day: H1 = 0,3mm l~p v6i phll'crng x1 goc 45', lap thli' hai 
day H 2 = 0, 5mm lifp v6i phll'crng x1 g6c 30', l&p thli' ba day Hs = 0, 2mm, lifp v6i phu:crng x 1 

g6c 0°. 
Cho CCY tinh cda mlli lap E, = 46 GPa, E2 = 10 GPa, a,2 = 4,6 GPa, "112 = 0,31. 
Ky hi~u C!';kt Ia d.c thlmh ph'an cda ten-xcr mo dun dan hlli trong cac tr'!-C chinh tl'l!'C hu:&ng 

ta c6: 

.-.() E'f 
'-'iut = E 2 E = 46,982 GPa, 

o E2 o 
C2222 = E, 0 1111 = 10,213 GPa 

1 - 112 2 

Ci'122 = "Y12Cg222 = 3, 166 GPa, 0~212 = G12 = 4, 6 GPa 

Cac thanh ph'an con l;;i Mng o. 
Theo (2.4) ta xac djnh cac thanh ph'an cda ten-xcr mo dun dim hlli hi~u qui 

45° 30"' 0 
huu = (Cuu) = H,C,u, + H2Cuu + HsC1u1 

45" 30" 0 . 
h2222 = (C2222) = H,C2222 + H2C2222 + HsC2222 

45° 30° 0 
hu22 = (Cu22) = H,C1122 + H2C1122 + HsC1122 

45° . 30° 0 
h1212 = (C1212) = H,C12t2 + H2C1212 + HsCt212 

) 
45° 30" 0 hu12 = (Cu12 = H,C1112 + H2C1112 + HsC1112 
45° 30"' 0 

h1222 = (C1222) = H1G1222 + H2C1222 + HsC1222 

Lien h~ li'ng suO:t - bie'n d~ng theo ly thuye't mo dun hi~u qua: 

o-11 = huue:u + huzzezz + 2hu12eea 

cr22 = huzzeu + h2222e22 + 2h1222e:12 

0'12 = hu12eu + h1222e22 + 2h1212e12 

Tinh cac mo men: 

trong do h chi~u day cl. blm h = 10mm. Thay cac gh\ tri bllng so ta du:')'c: 

[

M 1 ] [2616,042 
M2 = . 720, 358 
Ms 707,925 

720,358 707,925] 
1237,225 415,050 
415,050 839,853 
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b. Ph>rang phap tii:m nhieu l&p 

Mat tru ng b'i n h 
. \ 

~- . \-k:--~--+--------1 

!._ h, h 
2 . 0 

1 ---

Hlnh 1 

ho = -5 h 8 = -2,2 h,. = 0,3 hz• = 3 
h, = -4,7 hg = -2 h,, = 0,8 hzs = 3,3 
hz = -4,2 h10 =-1,7 h,. = 1 Hzo = 3,8 
h3 = -4 hu = -1,2 h,g = 1,3 hz1 = 4 
h.= -3,7 h,2 = -1 hzo = 1,8 hzs = 4,3 
hs = -3,2 h,3 = -0,7 h21 = 2 h2o = 4, 8 
ho = -3 h,. = -0,2 hzz = 2,3 h3o = 5 
h, = -2,7 h,. = 0 h23 = 2, 7 

X.ic d}nh c3.c hrl.ng sg d9 cli-ng thu g9n trong h~ tntc chinh 

E? 
Qu = E ~ 2 = 46, 9824s GPa, 

1- 2112 

Q,z = •'flzQzz = 3, 133 GPa, Qoo = G12 = 4,6 GPa, 

Ma tr~n d\> cU,ng cda m~i l&p trong h~ t9a d\> chung: 
* L&p 0': 

* L&p 45°: 

• L&p 30°: 

Ta c6 quan h~ [5J 

[ 

46, 982 3, 166 
Qo• = 3, 166 10,213 

0 -0 

[

20,482 
Q ••• = 11, 282 

9,192 

[

31, 703 
Q3o• = 9, 225 
- 11,475 

11,282 
20,482 
9,192 

9,225 
13,319 
4,446 

D,o] 
Dzo 
Doo 
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9,192] 
9,192 

12,716 

11, 475] 
4,446 

10,687 

Qzo = Q, •. = 0 



trong d6: 

thay gia tr} bang s5 ta d1rqc 

[

M 1 ] [2616,890 
M2 = 719,660 
A£3 705, 758 

119,660 7o5, 1ss] [ -a2 w 1 a xi ] 
1237,718 415,010 -a2 Wjax§ 
415,010 839,149 -2a2w jax1Jx2 

So sanh hai rna tr~ quan h~ dm1c thigt l~p tlr hai phrrong phap ta th~y sai siJ khOng 16n 

~ . 
5. KET LU~N 

B3.ng phmrng phap trung blnh h6a ap d\lng vao hili toan b.ln composite nhi~u lap ta xac djnh 
drrqc d.c tha.nh phll.n d.a ten-xa mo dun dan hlli hi~u qua. Kgt qua dii dU'a bi\.i toan Mn composite 
l&p dan htli v~ bAi to<in lY thuye't bh dfl.n h~i d} h11'&ng v6i c3.c mO dun tU"ang d1rO'ng. Tren m9t 
thf dlJ. b3.ng s5 da tie'n ha.nh so sinh v&i phU'O'ng phip crla. tS:m nhmu 16-p 

C6ng trlnh d1rqc hoan thanh v&i Slf tai trq" cda Chucang trlnh nghien ctl-u ca b.ln trong linh 
vl!c khoa h9c tl!' nhien. 

Dia chi: Nhgn ngay 21/1/1995 
Tr?&lrng a~i hqc. Giao thong vgn tdi 
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SUMMARY 

EQUATIONS OF DYNAMIC AND STATIC PROBLEMS OF NONHOMOGENEOUS 
AND ANISOTROPIC ELASTIC LAYERED- COMPOSITE PLATES 

The homogen.p.ization method for studying composite materials had been introduced in [ 1]. By 
this method the problem of nonhomogeneous and anisotropic elastic layered w composite material 
reduces to the set of problems of homogeneous, anisotropic elastic material. In this paper the 
governing equations of dynamic and static problems of layered - composite plates are formulated. 

An example is considered, obtained results can be compared with ones of multi-layered plate 
method. 

42 


