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CAC PHUONG TRINH CO BAN CUA BAI TOAN

TINH VA DONG CUA BAN COMPOSITE =~ . . _
LGP DAN HOI DI HUONG KHONG THUAN NHAT

PHAM TH] TOAN

1. MG DAU

Cic bii todn tinh vi ddng cda bin composite cé ¢iu tric tuin hoin thwing gip trong thye
tifn. Bing phwong phdp trung binh héa thanh 1ip c4c phwong trinh co bin cla cic bii todn nay.
Néu mdt phwong phdp gidi va so sanh v&i phuwong phép ¢ia bin nhigu 1ép.

2. BAI TOAN TINH
Bai todn cla vit lifu composite din hdi theo chuyén vi ¢é dang:

[Cijkl(f)u‘k‘g] P + X,‘- = 0,
v&i dita kién bién: '
uils“ = u?, CI'J"-QE (j')ukvtlnjlsc = S‘O —

Xét composite c6 ciu tric tuin hodn, khi dé:
Cijke(T+ @i N;) = Cijre ()

¢
S Ny|,a= 7 <1 trong d6 ¢- nhin tuln hoia, L - kich thude djc trung

cda vit thé vi nghiém tim duwéi dang khai trién

P - -
W = Za**ZNLki o (EWHTEL ()

g=0 p=0

D3t nghiém vio phwong trinh cin bing vi diu kién bién, cin bing cdc hé s& cing bic cda
o dwa vé mot day cic bii todn truy hdi véi hé s8 hing 88 [1]

hfﬂfkwﬂ}; + X{p} =0
W_{P} . u?{-“ ,

RO W | = S0P
1

irnk
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trong 4d6:

-r 0} _.
‘{l‘ {p} = Z hgznnlu rftfnkj kg p> 0; Xi{ } = X“’
0 r . o{u -
LA S w AL L
S?{?} == Zhf';'znnkl...k,W,ff;;}...k,”J’Is,,' p>0; SP{p} =57 (22)

Ciéc dai lwong A2 N 7 k1 %, dwge xdc dinh theo cdng thirc truy hai

tsmnky... i

L¢ thuyét md dun hiéu quﬁ. tng v6'1 p=0

h.,,,,cw‘ ) +X,=0, hip=h{"

tink?

h,‘jnkW k"’-1|s —-SO (2.3)

0
W‘_( }|S¢ = u?,

Trwémg ho‘p composite 1&p bao gdm nhidu bé tuln hoin theo toa d5 zs. M3i b6 bzo gdm
nhigu 1ép, tai mdi lép vit lidu cd thé di huwéng va khong thulin nhit. Kh1 d4 ten-xo md dun hiéu
qui xdc dinh nhi sau:

h‘ihnk = (Cijﬂ.k) -+ (Cij'rn3c;313)(c]:393> ( psqscqﬁnk> <C{jm3 Cm313013nk)

D4u ngodc nhen chl gid tri trung binh cda dai lwgng.

Néu 16p 14 truc hwémg va. truc hwéng tring véi truc toa dé 43 xét trong [3]

Xét trudmg hop, trong mdi 1ép § cic truc chinh truc huo’ng lip gée p, A0 véi truc toa dd
Né&u ky higu C? ike 13 cdc thinh phin ten-xo md dun din h3i trong hé tryc chinh trre hwéng

thi cic thanh pha.n cla mbi lép dwoe bleu dign:

Ciiy = cos® 300, +sint o5 Cogas + 2cos? pg sin? g (C9122 + 2C%12),

Cazoz = sin® psCPy 1y + cos* psClagg + 2 cos® g sin® g {CPyo5 + 2C12),

Cs333 = Ogsssx -

Cina3 = o8 pgCigas +sin” s CP g,

Cyi33 = sin? ©5C%as + cos? pg 0?1331

Cligz = cos’ Ps sin? o5 (Cliny + Cazg — 4C%a12) + (cos* s + sin® 5)Ch 1,

Cagoz = cos® pg 0'20323 + sin? pg 0?3131

% oy Chaza + c08® 95 Claya, :

ws sin® g (CP111 + Chaa2 — 207123 — 2CT045) + {cos* g + sin? ©35)Cl212,
Cirsz = cos® pg sinps(Ch1yy — Clizg — 2CTa;5) — cos ps sin® ps (Co202 01222 20%212);
C1agz = cos py sin’ pg (03111‘ — Cliz — 2C1a;5) — cos® pg sin o5 {Chy55 — OF55 — 201210,
Cl2as = cos ps sin 5 (CY 33 ~ Cazza),

Cia13 = sin

01213 = COS2

3

Clazs = cos g sin s (G315 — Casag), (24)

Céc thinh phin ten-xo md dun dan hdi hi¢u qui:

hi111 = {Ci111) + (Canaa) ™ {Cias3C1133)° — (Coa53CH1as),
ha222 = {Caz22) + (Cazns) ™ {CahsCa232)® — (Caa33CTaa3),
hazss = (Caaa3) ™"

ha23s = (Caass)~ {Craa3Cazsa),
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hiizs = (0;3%3>"<0§3230ma>
hiizz = (01122> ( 3333 0333302233)(0333301133) (0531:’.30113302233):
Claas =L
C
(03333) (Cssas) — {C3353C233); B
hi112 = {C1112) + (Cazse)” (09?3%301133)(0333301233) {C3a35C1130C1233),
hiz2z = {C1a22) + {Cians) ™ HCaassCa233){CaansCi23s) — {CaabsCazas Ciass),

hi2as = {Cazss) ~H{Ciza5Caz3s)s
Ciazay 1
hysas = ( 1323)___

_ “hiziz = (Ciai2) +

d /14,
d = Ci313Can3 — Cragas
N

h
Xét bii todn bin: o33 = 0 trén todn 45 day cla bdn, 013 = 023 = 043l T3 = :l:—
Theo Ij thuyét md dun hiéu qui lién hé ¥ng suilt, bién dang:

o1 = hy111€11 + hiy22€e2 + h-1133533 + 2h1112€12,

o33 = hy132€11 + hposaena + hazaagas + 2higoneis,

o33 = k1133811 + 2R1233€12 + Razas€aa + hasazeas = 0,

o1z = h1112€11 + hia22€2z + Ri2safas + 2hyz12612, (2.6)

Tir 023 = 0 tinh 34 thay vio (2.6) vi dwa vio cdc ky hidu:

3 3 -

E, =h h1133 E =} &2233
1=, =hun-—7 g = hogay — 3 ;
1= 3333 = Vivg hs3as

_ hi122ha33s ~ hi1azhaass _ hi12shasss — hi1sshzzas

= H 2= 3

hog2zhasas — h3,a5 hi1i1haass — hZ s

2
Gy =hpe - Pz y Gz =his — ha233hr23
haaas h3aaa
12 . .
Gs = hizia — ﬁs—q véi Eivp = By, . (2'7]
3333

Ciéc dai kremg Ey, Eg, 14, va, G, Ga, G goi 1 cdc md dun twong dwong
Lién h¢ dmg sudt bién dang cé dang:

E
o11 = ———(e11 + vge22) + 2G1612
1- vilVa .
Eq
Oz = I'—‘_"“'(Ezz + vie11) + 262612
s Le R
Oi2 = G1€11 + GzE’gz + 263512 . " (28)

Xét bii todn udn bin chir nhit: A
a*w acw ' W

a 2 ‘522 = —I3 a 42 y f12+ “zﬂazlazz (2.9)

€11 = —I3

Thay (2.9) vao (2.8) biéu dien dwgc cic thinh phin ¥mg suit oy), g2, o132, €dn 013 Vi 033
dwoe x4c dinh tir cdc phwong trinh cin bing. o
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Céc thinh phin mé men:

y aw 8wy D, 3*W
My = / a1123d4%3 = _,[Ds (—2 + Ug_) 4+ == ]

oz} oz 2 3z3%,
—hs .
7 PW W\ Dy oW
= == Dz
M ["’m“'dgz LD‘(a tgs ) T 6m13m2]
~hg ) ‘
: hs
. _ [Ds#W D3 *W _(Ds FW
Mz = _/ 1283473 = [ 4 3:1: T 4 Iz 2 + ( stz) amla:cz]
—htq .
trong dé:
thz Ggha hs E_ﬂlg '
= —— = . == —"_12G
Dl 12(1 - U]..Ug) ? D2 3 ’ -D3 6 (1 - Vil * 3)
Gk - © h3E, ' _
D4 N 3 'l, 5 - 12(1 - V]Vg} ’ : . (2.10)
Phwong trinh cin bing cia bdn c6 dang:
M, | PMy | M, S .
69:21 23!51 323 + azz + q(:l:]_,zg) =0 (2.11)
Thay (2.10) vio (2.11) din dén: .
W W W W W '
D D = 2.
Dy dz4 + ? 8z, 023 +D33$‘“1°'373:§ * 434:"{3_13 +Ds dz} ez, 22) (2:12)

Phwong trinh (2.12) c6 thé gidi bing phirong phip quen bidt cia ly thuy€t bin di hl.'rcmg
Ta dwa ra phwong phép khéc cé thé gidi dwoe phwong trink (2.12); dwa vio him:

L{u} = Dll-‘ + Do + Dap® + Dyps + Ds

Chu’ng minh ring L(¢) = 0 khéng cé nghi¢m thwe. Thit vy, cho trang théi émg suit thie
bat ky:

E], _1_+ E1L‘2 k2 .2G;k

g = 11— N l—ulyz_ﬁ N
_ Eli/g 1 E2 kz 2G2k
022_1“U1V2N+1—V1V2N.+ N
G k2 2Gsk
012=7Vl+G2W Ta_’ Uzs‘—fﬂza=ﬂaa*0-

trong 46 k vi N 14 cic &8 thye bit ki. Suy ra:

1 ' k2 -k
-?112-]—\;, _Ezg=*ﬁr ~‘-'12=F
Thé ning bién dang din h3i éng véi trang thii éng sudt trén:

' 1. L{k)
V= 3loes) = 5
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WV > 0 néa véi k thye L(k) > 0 = dpem.
Xét trwong hop L(p) = 0 ¢d nghiém bdi

mi=p=atif  vongds f#0

. _ Dung phép blen do; khong suy bign: ¢ = ml + azq, ¥ = fzg quid viy: [; g =f#0 ludn
~ théa mén. T e - o S
B4 qua cdc phép tinh trung gian dwa (2 12) veé dang:
a*w = W = W .
D +D Dy = - (2.13

trong 46

+ Dy =Dia*+ D -2+ Dia®+ Dya+ Ds,
D; = (602D + 3cRy + Dg), Da = Dy f*

Dy ' 8D1D3 — 3D§

- 2 _
*="i," P 16D2

trong trwirmg hop niy:

DDy = Dy D3, D2 = 4D, (Ds — 2Ds)

Phuwong trinh (2.13) ¢6 dang phwong trinh co bin cda bii todn udn bin tryc hwéng quen thude.

3. BAI TOAN DONG

Theo Iy thuyft mé dun hifu qua bii todn ddng cla composite dan hdi dwa vE bii todn déng
cla 1y thuyét din h01 di huémg thuin nhit sau:
%y
hijrewse,es + Xi = po -6—;2-", po = {p)
Wi ‘ . ug
hig‘kﬂwk,ln;fl 5, = 59,
dw;

t=0; t..U;=U,‘; *—5;-“-“ | (3.1)

Trong bai todn dao ddng udn tr do cla bin thay dai lwgng g(z1, 22) trong (2.12) bing lwc

. 92 ,
quan tinh -—(p)h%%u—, phuong trinh dao ddng ¢6 dang:
2w J*w tw Jtw 4w 3w
leth g + Di 3zi +D23:c%3z1 +D"ax§ax§ +Dig $2033 +Ds a:l-_o
trong dé {p) = (7) =
Dit nghiém w(a:l,mg,t) = (A cospt + Bsinpt)W (z,,2;) dwa vé:
- 3w - 34w AW - 9w . o'W 270k .
Dz +Dag S5 | 52858 T D Tnpass T 5 gar P g =0
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Dit

W (z1, z2) = sin (

2 2rmz
™oy " i 2) ,

thda min cic didu kién bién bin 18 theo nghia Saint Venant, ta tim dwoc tin s8 riéng:

| mn n?m? ndm n*
Pmn = 411'2\/ [DI + Dz b°a ‘i‘ D3 252 + D4 P +D5—]

4. Vi DU SO SANH V1 PHUONG PHAP CUA TAM NHIEU LGP

a. Phwong phdp trung binh héa

Xét bin composit.e nhiéu 1ép dong phirong thiy tinh / epoxy cé ciu tric tulin hoin bao gém
10 bé, m8i bé ¢b 3 lép, Iép thir nhis diy: Hy = 0,3mm lip v&i phwong z; géc 45°, 1&p thir hai
diy H; = 0,5mm lip \rén phuwong z; géc 30°, Iép thi ba diy H; = 0,2mm, lip véi phuong =,
gée 0°,

Cho co tinh cia méi lép E; = 46 GPa, E; = 10 GPa, G2 = 4,6 GPa, 712 =0, 31.

Ky hiéu C";M 13 cdc thinh phin cia ten-xo md dun din hdi trong cdc truc chinh trwe hwémg
ta cd:

E.
co = _lEEI_ZE; = 46,082 GPa, Oy = E2011u — 10,213 GPa

Clizz = M30320, = 3,166 GPa,  Cpy;3 = G13=4,6 GPa

Céc thinh phin cdn lai bing 0.
Theo (2.4) ta xdc dinh céc thinh phin cda ten-xo mé dun dan héi hifu qud
hun = {Crin) = HiC1EL, + HoCRfLy + HaCY
hoazy = (Caaza) = HnC5os + HaC3000 + HaC%og
H\Ciige + HaCPlag + HoClyp
chlzlz + HyC1s + HaCly
H;C 1112 - H201112 + Hﬁcluz
H\C{30 + HaClggs + HaClyop

hiraz = .(01122)
hizig = (01212)
hijz = (01112)
hizaz = {Claze) =
Lién hé #ng suflt - bidn dang theo Iy thuy& md dun hifu qué:
o11 = hi111211 + hiigeses + 2hy110610
o2z = hi122€11 + haasasas + 2hizeoeis
g12 = h1112811 + hi222€2z + 2h1212612

Tinh ¢ic md men:

1 My g3 [Puu Puz hine ~3*W [3z?
M, | = 3 hi12z hazze hizm —3%W /523 -
M3 hitiz hizaz hizia | | -20°W /82,92,
trong d6 h chiu diy cd bin A = 10mm. Thay cic gid tri bing 53 ta dwoc:
M, 2616,042 720,358 707,925 ~52W /913
My | = | 720,358 1237,225 415,050 ~32W /823
M; 707,925 415,050 839,853 | | —20%W /8z, 81,
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b. Phwong phdp tdm nhidu lép

Mdt trung binh

‘ hg e —— - , .
o *m"-:““"“""’"?@m}
¥ ' J-- - o

Hinh 1 -
Theo hinh 1 ta xic dinh dwge toa 46 by

h0=—5 hs=—2,2 h16=0,3 h24=3
hZ =—4,2 hlﬂ =-17 hig=1 HZG = 3,8

hy = —4 hiy=—-1L2 hio=138 hyr=4
ha=—3,T7 hiz=~1  hypp=1,8 hy=4,3
hs = _'3] 2 hla = —D’T h21 =2 hzg = 4, 8

hﬁ = -3 h14 = "'0, 2 hgg = 2,3 h3g =5
h7=—2,7 h15=0 h23=2,7
Xéc dinh cdc hiing 58 49 cling thu gon trong hé truc chinh

= 46, 98243 GPa, Qaa = %&Qn = 10,213 GPa
1

= 1
@u _El - Ez"f%z
Q12 = 12Q2z = 3,133 GPa, Qos = G12=4,6 GPa, Q2= Q16 =0

Ma trin 46 céng cia mdi 1ép trong hé toa d3 chung:

* Lép 0°:
46,082 3,166 0
Qo =} 3,166 10,213 0
0 0 4,6 |
* Lop 45°: . ) :
20,482 11,282 9,192
Qis- = | 11,282 20,482 9,192
L 9,192 9,192 12,716 |
* Lép 30°:

(31,703 9,225 11,475]
Q30n = 9, 225 13, 319 4, 446
: | 11,475 4,446 10,637J

Ta cé quan hé (5]

My Diin Dy Die —8°W /327
Mz | =}Diz Dz Di —*W /B3
Ms DIG ng Dss —ZaZW/axlazg
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trong 4o

1 30
Diy=3 > (he - B M Q5),
k=1

thay gid tri bing =6 ta dwoc

M 2616,800 719,660 705,758] [ —3°W/9z3

My | = | 719,660 1237,718 415,010 —3°W/0z3

Ms 705,758 415,010 839,149 —28%W /35182,
So sdnh hai ma trin quan hé dwgc thiét ldp tir hai phuwong phip ta thiy sai s§ khéng 1én

5. KET LUAN

Bing phwong phap trung binh héa 4p dung vio bii todn bin composite nhidu 16p ta xdc dinh

dwgce cdc thinh phlin cda ten-xo md dun din héi hidu qui. Két qui 43 dwa bii todn bin composite
16p dian hbi v& bai todn Iy thuydt bin din hbi dj hwéng véi cic md dun twong dwong. Trén mot
thi du bang 58 43 tidn hanh so sinh véi phwong phip cda tdm nhitu 1ép

Céng trink dwge hodn thinh véi sw tii tro cda Chwong ixinh nghién ciu co bdn trong linh

vwe khoa hoc tw nhién.

Ll

Pia chi:  Nhin ngay 21/7/1995
Trudng dot hoc Giao thing vin tdi

TAI LIEU THAM KHAO

Pobedrja B. E. Co hoc vit lidu composite MGU 1984 (tiéng Nga).

Lekhnhixky . Bin di huémg. L. 1957 {tiéng Nga).

Pao Huy Bich. V& bii todn bin composite Iép dan hdi trwe hwéng khdng thuin nhit. Tap
chi Co hoe, Nod4, 1994, :

Timosenko X. P., Xvoinopski - Krige. Tdm vi vd. Nhi xuit bin KH & KT, 1971.

Tran fch Thinh. V4t lidu composite - Nhi xuit bin Gido duc, 1994.

SUMMARY

EQUATIONS OF DYNAMIC AND STATIC PROBLEMS OF NONHOMOGENEOUS
AND ANISOTROPIC ELASTIC LAYERED - COMPOSITE PLATES

The homogennization method for studying composite materials had been introduced in [1]. By

this method the problem of nonhomogeneous and anisotropic elastic layered - composite material
reduces to the set of problems of homogeneous, anisotropic elastic material. In this paper the
governing equations of dynamic and static problems of layered - composite plaies are forniulated.

An example is considered, obtained resulis can be compared with ones of multi-layered plate

method.
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