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1. INSTRUCTION

The practical success of the structural modal synthesis using system depend widely on how
well a small number of chosen modes can represent the response of the system [1]. In order to
improve modal representation Benfield and Hruda added reduced stiffness and mass matrices to
each component before computing its modes (2. An exact component representation coos then
presented by Berman 3] using reduced impedance.

This paper is intended to formulate the reduced impedance for a statically determinate branch
component and to present an approach which allows an improvement of that impedance in case of

modal truncation.

2. REDUCED IMPEDANCE

Consider a structural system composed of the main component “M” and a branch components
“k” as illustrated in figure 1. It is convenient to rearrange and partition the elements of the two
tmpedance matrices in the following fashion

(% Za _[2 7,
ZM B [Zrﬂ er] ’ %= [Z}r Zﬁ‘f

where r refers to interface coordinates and £ refers to non-interface coordinates

(lk”

Fig. 1

The impedance of the system, then, may be exactly formed by superimposing these matrices

as follows
Zge Zor 0

Ly = | 2o Z""+Z|{cr Zf!
0 Zfr ’ Zécﬁ
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If a valid modelz'_of component “k” could be formed using only the interface coordinates, the
impedance of the system could be written as

g = | S Zyr
° Zre er + Zf,-

where Z"c is called the reduced 1mpedzmce of the component “k”,
This concept readily extends to a ssruci;ura.l system of several branch components [k =

1 2y00,8).

3. DETERMINATION OF REDUCED IMPEDANCE

Consider a branch component the interface of which is assumed isostatic. Its displacement
may be expressed by the vector . |

t) = . ) 3.1

w=[7] - (5.1

The equation of motion of the component is
Mi+Kq=F (3.2)

where the stiffness, mass and force matrices can then be partitioned as

- Mrr Mr.‘l R — Krr Krt . _ Fr
M—[Mfr Mec]’ K—[Ker Kez]’ F-_.[O}

The component motion is described by superimposition of the rigid-body motion excited by
the main component and the flexible motion relative to the latter. This will result in

=4 o) [qJ | | (3.3)

{¥%
where ¢, is rigid-mode matrix defined by the interface coordinates, ¢, is elastic mode matrix the

cantilevered branch component.
It is easily seen that, in this case, the rigid-mode matrix can be partitioned as

= Lbi}

K$, =0 (3-4)

which must satisfy the basic condition

and the elastic mode matrix may be expressed under the form:

tp=[0]=[?1) ?2 o]
P o N S

(1)

where z,” are eigenvectors of the equation
[ng — AM&]IE: #]
and the corresponding eigenvalues will be designated by wy,we,...,w,.

30



Replacing ¢ by (3.3) into {3.2) then multiplying by ¢, qbp]T the equation (3.2) taking into

account (3.4) becomes
= S 0
Lo il Ll *lo gl {wl= [0
where .

T by = 9T My ‘---rigi&-body mass matrix - - -
my, = {05 My, generalized mass matrix
ky = tp;fK ©p . generalized stiffness matrix
Lpr = ‘P;I;qur_
The system of equations {3.5) may be written under the alternative form

mp!‘jp + k;yp = ‘LprQr

Fr = mrr&r + Lg:rﬁp

For a harmonic excitation

F, = F, et

a steady-state solution is assumed of the form

n
g =q, ¢™*  and Yo = gpejwt = yg et
7 y'u
Substitution of (3.9) inte (3.7) yields
“fr = _Wzmrrar _lszg‘ryp
n
= __w2 mﬂ‘ar - Wz Z Lﬁ?;
i=1

Substitution of (3.8), (3.9) into (3.6) yields

According to (3.10) and (3.11) the following relation is obtained

2

n
—_— 5 w _
Fr =~ e = 35— M5,
izlw w,‘-

where

Mrr,i = iL?:,L“_ = 'LQ{',?MTE(")I(;)TM((SF
my m;

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

{3.11)

(3.12)

which may be called effective mass of the natural mode “i” and generally satisfy the property

n

E M. =m

i=1
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According to the definition of reduced impedance ¥, = Z..3, the equation (3.12) taking
account (3.13) results in

7 =—w2z .#wz M, ; (3.14)

the quantity Z,, is called the reduced impedance which now is directly added to the main compo-
nent at the interface coordinates g,.

4. REDUCED IMPEDANCE WITH MODAL TRUNCATION

The impedance (3.14) is an exact representation of the full model at the interface coordinates.
However, in practice an incomplete truncated modal set is generally used (m < n) and (3. 14)

becomes
e

. 2
W
Z;: = -—wzzmMrr'g (4.1)
i=1

1

The truncation would produce a poor accuracy because of removing the contribution of a part of
modes. In order to improve the accuracy a technique similar to the one presented in [4] will be
used, The impedance (3.14) is written under the form

"

F = —w (sz_szrr',-F Z w — oz rr:.)

i=m+1

For the spectrum of frequencies in the range of interest w < w,, the contribution of truncated
. . W . s . . .
modes is not negligible, but for w? > w? we have ——+—3 ~ 1. This implies that the contribution
wi—w

1]
of truncated modes can be approximately represented by their static contribution so that

Iy = -t (Z g_ng,,, - Y M)

i=m+1l

If the residual impedance is defined as

on
2
g'.'E‘S = —w Z Mrr-i

i=m+1
= (EMP!‘S. ZMrra)
i=1 i=
or m
Zp s = —u? (m,.,. - ZM,,.,,-) (4.3)

i=1
which represent an approximate contribution of the truncated modes so the reduced impedance
(4.1}, the improved reduced impedance (4.2) may be expressed as

Zm m "
er er RES
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5. EXAMPLES

A simple rod is analysed as a branch component which is assumed to interface a main com-
ponent at its left end and to be submitted to a longitudinal motion u{z} (fig.2)

e ¥
e ﬁ | u{x} ESp
2
7 L
1
Vg
Fig. 2

The equation of motion of the cantilevered rod is.
ESy" —pu=0

From which we bave the modal frequencies

o @i-yx [BS
YT L m

{20~ 1)
2L

the corresponding mode shapes
©i{z) = Csin
the generalized masses

L
m; = fuso?dﬂ:= %Cz.uL
0 .

The rigid-body modg is given as
de{z) =1
from which the rigid-body mass

L
Myr = fﬂ¢r¢rdm =plL
0
the matrices Ly,

L
- 2ul
Lir =f“pt¢rd$=c(—2";%i—f)-;"
0

the effective masses ‘
Lz 8

Mrr,i = = m#.ﬂ
It is easily seen that '
(=]
8 1 1
ZMrr‘,i = 'W—Q‘ML(]- + 3 + 5 + ) =ul =m,.
i=1

If we retain the three first elastic modes, the residual impedance is

8 1 1
3 — 2 — i
ZREs—-—w [1_‘”'2 (1+32+52)][J‘L

and the reduced impedance is

2 2

" w w 1 w 1y 8
5 g3 _ 2( L. T 3 ___)_“ I
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CONCLUSIONS

A technique which allows an exact representation of a branch component within the model of
the main component with the help of the reduced impedance at the interface coordinates has been
described. It is directly applicable in dynamic synthesis of structures which contain several branch
components attached isostatically to the main component. When a modal truncation iz used, a
better accuracy of the reduced impedance will be expected by adding to it a residual impedance.

This publication is completed with the financial support from the National Basic Research
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TR? KHANG THU GON NHANH
TRONG TONG HQP PONG LUC HE KET CAU

Théng qua tré khang thu gon, djc trwng dong lwe cda nhdnh dwgc ndi ghép tryc tiép vio
nhinh chinh tai cic toa d§ ndi. Viéc lip tré khing thu gon cho mét nhinh gin tinh dinh vio
nhdnh chinh d3 dwoc trinh bay. Tré khing thu gon gin &iing do bd qua inh hwdng cla mét 3
dang riéng dwoc ning cao 46 chinh xdc nhe vide dwa thém vio trd khing dw. .



