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XAC DINH THAM SO CUA DAM
cO KHOI LUONG TAP TRUNG
BANG PHUONG PHAP DO DAO DONG

NGUYEN cA0 MENH, TRAN TRONG TOAN

51. DAT VAN DE

Trong [1] &3 trinh by phwong phiap xic dinh 4§ dii cda dim mdt diu ngdm, mdt diu tw do
dwdi tdc dong cla tdi trong ngang bing cdch do dao ddng tai mét 58 vi trf cda dim.

Trong bii ndy, chiing t8i xét trudrmg hop dim ¢ khéi lwong tip trung tai diu mit tw do.
Béng cdch do dao ddng tai mdt vi irf vi cho khéi lwong t4p trung thay ddi ta ciing ¢6 thé x4c dinh
dwoe @6 dai cla dim. Vin &3 chinh cin gidi quyét & diy 13 do didu kién bién khdng thulin nhit
nén ta phai quan niém tinh trye giac cda him riéng theo dinh nghia khic cda tich vé hwéng

§2. DAO DONG CUA DAM DAN HOI CO GAN KHOI LUONG TAP TRUNG

Xét mét dim dan hdi ¢6 £ié dién ngang khéng @5, m&t diu nghm, mét dhu tw do cé gin khdi
Jwong tip trung My, Céc dic trung vit If cda dim 13 E, J, M twong éng 13 mé dun din hdi, mé
‘men quén tinh vi khi lvong trén mdt don vi dal. Dim chiu tdc dng cda tdi trong ngang ¢1(z, t)
trén khodng cich £ k& tir tidt dién bj ngdm. Chon hé truc tea dd zOy nhw kLinh 1.

Phwong trinh dao déng ngang twr do khéng cin cda dim nhiwr sau:

x4 29y 8%y dy
a E’EZ + w + 20(5 = Q‘(:I:,t) (2.1)
- D
T : trong 4o
a®=EJ/M;
I | M (2.2)
qj(’r t) Q(Ii t) = 111(17: t)/Ml
{ i o - hé 38 cdn cla méi trwdng;
Véi cic didu kign bign (xem [2]):
y(0,) = 0; (2.3)
- ay(0.¢t
. b EANE ) = (24)
- . gz
YA 55*  BEJ a2 ) '
azy(zi t) I
Hinh 1 _ 952 (2.6)
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Khic véi [1], & day didu kién bién {2.5) khong thuln nhit.
Phwong trinh dao d8ng tw do khdng cdn cia dim li:

a4 82
q22Y + ¥

°Y o
Jrt = 82

Dung phwong phép t4ch bién, ta djt:
| i - ylmt) = X(2)T(0)
Thay (2.8) \;E_m (2.7) ta dwoc: 7
| B@XW X = T[T =u?

Tir d6:
T+w?T=0
XWX =0
k* = w?/a?

Gii (2.9) v (2.10} ta dwoc

T(t}) = Asin(wt) + B cos{wt)
X(x} = C1A(k, z) + CaB(k, ) + C3C(k, z} + Cy D[k, z)

trong d46:

Alk, z) = 0,5[ch(kz) + cos(kz)];

B(k, z) = 0,5[sh(kz) + sin(kz)j;

Clk, z) = 0,5[ch(kz) — cos(kz)];
(k,z)

D(k, z) = 0,35[sh(kz) — sin(kz)].

Khi 86 cdc ditu kién bién tr¥ thinh:

X(0) =0
x(0) = o;
XGNp = ~ M A X(8);
X@)(g) = o,
trong d6:
M, = My/M

Cho (2.13) thda min cic ditu kién bién (2.14) vd (2.15) ta dwgc:
| 01 = Cg =0.
Nén him riéng c¢é dang: '
o S ‘ X(z) = C3C(k, z) + Cy D{k, z)
- Cho-(2.19) thda min cc di¥u kién bién (2.16) vi (2.17) ta duwgc:
ColD(k, ) + kM, C{k, O] +Cs[ Alk, &) + kM, Dk, 8)] = 0;
CaA(k, ) - +CyB(k, £) =0.
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Didu kién d€ céc hing =8 C3, Cy cda hé (2.20) khong dong thoi bdng 013 dmh thitc cic hé s8
ciia ching phdi bing 0:

B(k, ) D(k, £} — A%(k, £) + kM, [B(k, £)C(k, £) ~ A{k, £ D(k, £)] = 0

Ha . -
g 1+ ch(k£) cos(k2) + kM [sh(kL) cos(ke) — ch(kf) sin(ke)| = 0 (2.21)

D4y 13 phuong trinh tin s8, tir 46 xdc dinh dwoc k v tir (2.11) xic dinh dwoc tin s8 ridng w
Tir {2.20) ta chon:
- Cy = —CqA(k, 8)/B(k, £) : (2.22)

Thay (2.22) Vi;o {2.19) ta duge:
X(z) = Cs[C{k, £) — Ak, )D{k,)/B(k, £) (2.23)

Vi phwong trinh tin s8 (2.21) cé v3 s&8 nghiém nén cé v3 s8 ham riéng dang:

X,(z) = Cay Z,(2); | (2.24)
Zi(z) = [Clk;, z) — Alks, ) D(k;, =)/ B(k;, §)]; (2.25)
H= L  (2.26)

Bing cédch tinh todn dwa vio cdc phwong trinh (2.3), {2.4), {2.5), (2.6), (2.7), (2.8) ta tim
dwoc: , .

/ X (2)X; (2)dz = — My X{ ) X () (2.27)

Tich phin ndy khéng bing 0 nén cic him riéng X;(z) khérg truc giao theo nghia tich phin. Ta
dwa vio tich vadurédng dwéi dang sau diy d6i véi hai bdm g(z) v f(=) bit k¥ (xem [3]):

£
(0,f) = f o(2)f(z)dz + Mya(£)(8)

Do d6:
X,,X}—/X (2)dz + M X, (O X;(8) (2.28)
va chon Csy sao cho:
¢
(X;,X;) = f Xi(z)do+ M1 X3 (8) =1 (2.29)
Tir 46 ta tim dugc:
e
2 2 —6.5
Cy=0y= | f Z3(a)dz + M, Z3()] (2.30)
Ta s€ ky hiéu: o A .
X;(z) = C;Z;(x) (2.31)
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Khi dé =68 cé:

—_ 0 khi 2# 3
®.%;) = { L7y (2.52)
1 khi 4=
~ Nhw vy cée ham rigng X; {f = 1,2,...) 13 cdc him trye chuin va ta c6 thé khai gridn vé
phdi vi nghiém cia phwong t.rmh (2.1) theo hé him riéng tryc chuin.
Bay gid ta gili phwong trinh (2.1). :

Gib it v€ phii cda (2. 1) ¢é dang: . _
g(z,£) = Q1(z) sin(n, t) + Q2(z) cos(ny t) T (239)
Khai trién vé phai cda (2.1) theo him riéng truc chuin X;(z) ta dwyc:

o) = LK) | e
Fi(0) = (X,(a) ol ) =f e, t)dz+ MK, ()a(2, 1) (2.35)
hay:

F;(t) = aysin(nyt) + b; cos(n1t) _ (2.36)

¢
as(t, M) = f X(2)Qu(s)da + MK, (801 () (2.37)

08
b,—(ﬂ, M()) = ffj(z)Qg(z)dz + Ml‘X_J(E)Qz(E) ‘ (2.38)

Nghiém dugc tim dwdéi dang:

o

ylz,t) = Z (=)T;(2) (2.89)

Thay (2.39} vio (2.1} rbi ldy s3 hang thér 7 ta dwoc:

2){ ~T. . )
2 Za:'r’ + %"- = w? (2.40)
J

Tir dé:
azfi-4) —wik; = 0 {(nhw {2.10))
T; + 2o +wiTy = F; = a;sin{nt) + b; cos(n, 1) ' (2.41)
Ta tim nghidm cwdng bic cda (2.41} dwéi dang:
Ti(t) = A, sin{nt) + By cos(n,t) {2.42)

Thay (2.42) vao (2.41) ta dwgc hé phwong trink xdc dinh Ay, By va gili hé phwong trinh nay
thi dwoc:

Aj(t, Mo) = {a,-(wz- - nf) + 2anb;)/ Dj;
B; (e, Mp) = {bj(w? ~ nl) 2anya;}/ Dy; (2.43)
D; = (w,' - n1)? +4a’n .
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- ) ~
Dao déng cudng bic cia dim [a:

X, (z) ;] sinfnut) + [ f: YJ»(z)B,-] cos(nyt) (2.44)

y(z, &, M) ={[Zx (w)4;] ﬁiy}.(m}gjr}”z, (2.45)

§3. PHUONG PHAP GIAI BAI TOAN

Gil st ta bi&t tai trong phin bd ¢,(z,¢) va do dwge bién d6 dac ddng tai d5u dim 13 : D[1],
D(2], D{3],... ¥mg vé&i cdc khéi lwong thay d6i My[1], My[2], Mo[3],... ta hiy xc dinh 9 dii cda
dim k& tir thift didn bit d%u bi ngim dén diu mit tw do. D& tim 48 dii cda dim ta cin gidi
- phwong trinh: : '
y(4, 6, My[s]) = D)y +=1, 2,3,.. (3.1)

Trong d6 v& trdi cla (3.1) dwyc xdc dinh bdi (2.45) bing cdch thay z = £

Vi Myi] 43 cho nén phuong trinh (3. 1) dwoc coi 1 phwong trinh d€ xdc dinh d5 dai £ _

Phuwong trinh (3.1} 13 phwong trinh rit phuc tap d8i v&i £. Vi viy ta s& dling phwong phép
58 va vé dd thi dé gili bai todn trén. _

Ta hiy chuyén phwong trinh (3.1} v dang:

Fi(8) = (£, &, My[i]} - Dli] = 0; .i=1,2,3,... (3.2)

D2 gidi phwong trink (3.2) ta chon £ bién thién trong mdt khodng ndo d6 cda bii todn thue
t&, v& d0 thi cic hdm F; = F;(#) trén cling mdt hé tryc toa dd LOF.

Giao dlem cia nhitng dwdng cong niy véi truc hodnh OF chinh li cic gid tri cé bhe cé cia £,

Ta vin ding tiéu chuin: .
A%+ B} <e, : ' (3.3)

véi & bé thy ¥ cho triwée dé 14y moe s8 hivu han s8 hang trong (2.45). Vidc ding (3.3) d& dwoe Iy
gial trong [4].

So dB tinh toin gidng nhw s 4B 43 néu trong [1], & diy chi luu ¥ mét didu la thay cho viée
tinh him riéng X;(z} ta tinh him riéng tryc chuin theo {2.31) ma trwéc A6 cin phdi tinh cdc
hing s8 tich phﬁ.n C; theo (2.30). D& minh hoa cho phwong phip di trinh biy & trén ta hiy xét

mdt s8 vi du sau diy: ix
Vidy 1. ‘ '
Mot 8ng try bing thép mdt diu ngdm, mét diu tw do _ _> Mo

¢6 gin khéilwomg tip trung M,. Tiét dién ngang hinh vanh 1
khin v61 ban kinh trong r = 0, 27m; ban kinh ngod:i R =

0, 30m; 8ng chiu tai trong ngang: q1(z,t) = 98, 1{sin(3t) + :
cos(3¢t)] trén toin b chidu dii £. C4c tham 83 khéc cda méi A £
trudng vi clda Sng dwoc cho vi tinh nhe sau: o = 0,05; :
p=7,810%g/m® E =2 10"'N/m? J = (R* - r'}/4;
M = pA; A = x(R? - #%); Chon hé truc toa 4§ zOy nhyw

hinh 2. r a 4
REKK
L
Hinh 2
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Khi cho khéi lvgng tip trung thay ddi theo ting [in do nhu saw

M,[1] = 4000kg; Moy{2] = 4500kg; My[3] = 5000kg
vi twong Ung do dwge bién dd nhw sau:

Di1] = 0,190691m; D|[2] = 0,161550m; D[3] = 0,137845m.
Hiy xic dinh 48 dai cda 8ng? )

V& 3 dwdmg cong Fi(£) = y(¢, £, Mylrf)
ta dwgc hinh 3.
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Hink 3§
Tir 43 thi trén hinh 3 ta thiy ring ¢6 mdt giao diém véi truc hoinh ma ¢4 3 dudng cong dfu
di qua. Ta s& 14y hitn twomg niy 1Am cin c& dé chon gid tri £ ¢6 trong thwe tin. Diung chwong

trinh chia d5i cung d€ xic dinh chinh xdc hon hoinh d4 cda nhirng diém cdt ta dwoe k& qua ghi
trong bing 1. -

Bing 1 (Tinh trén doan [10, 40])

Khéi lwgng bién 4§ £[1] £{2]
(ke) (m) (m) (m)
4000 0,199691 26,207849 30,000002
4500 ,161550 25,350344 30,006015
5000 0,137845 24580547  30,000015

(Véi d3 chinh xdc A% + B? < 107%)
Tir hinh 3 v bdng 1 ta thiy nghiém cda bii todn la: £~ 30m.
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Vi du 2. x4

Mét chiéc coc bing thép ¢6 mdt din cim siu vio diy C) y
bin, diu kia mang khéi lwong t4p trung My. Coc cé tidt ~F 77~ "777 S ;_ 0
dign ngang hinh vanh khin v&i ban kinh 16n va nhd tweng Hy ) I
tng 13: R = 0,6m; r = 0,55m; dd sdu cda bidn lac nuwde _§ ____ . 4 || soacecns
yén tinh 1A A = 55m; ph3n coc trén mit nwdc Hy = 5m; 1 1 :

hé s8 can méi trwdng a = 0,03, duéi tdc dung cda sdng
bidn Fri ¢6 chitu cao - H = 1,2m coc chiu lgc cudng bic
phin bd theo chleu siu [z1,22] Hiy tim d6 dai £ cdacoc  {| & h
ké tir thift dlen dwoe coi 13 ngim d&€n d3u mat tw do cﬁa
coc néu bi€t khdi lwong thay d6i M, [i] va bién d§ dao ddng
do dwgc twong wng la D[i]; 7 =1,2,37 }

Chon hé truc toa d6 20y nh sau: true Oy hwéng A '/x , s
0

theo phuong t.ruyen séng; tryc Oz tring véi truc cla cQc 1
vi hwémg ¢ir dwéi 1én trén {xem hinh 4] . d%

e

Luc cda séng Eri tic dung l2n coc dwge tinh theo {1] la

g1(z,t) = Agch{K z)sin{n;t) + Boch?(K z) cos{nyt); (3.4)
Ag = 0,5Cn?H/sh(Kh};
By = 2Cp(n, H)?/[3msh®(K h)];
Cr =0,25mp, D*C; 14 hé 8 quén tinh;
Cp =0,5Dp,C; 13 hé 36 cdn vin téc.

trong dé:
n; 1a tin s8 séng;
" K 1a s8 séng;
pr = 1026 kg/m® la mit 46 nwéc bién;
D = 2R li dudng kinh Ién cda coc;
C; = Oy =114 chc hing s8 vit Iy tinh dwgc bing thlrc nghiém
Phuwong trinh dao 46ng ngang cda cgc 1a:

Jy Ay dy
a2 =
P rola iy 32 + 2 3t q(x, t) (3.5)

véi  g(z,t) = qu(z,£)/M; o? EJ/M

Phwong ¢rinh (3.5) hoin toan gidng (2.1) vi ditu kign bién cua vi du 2 hodn toan giéng (2. 3)

(2.4), (2 5), {2.6}.
Ap dung két qud di trinh bay & §2 véi

q(z, t} = Qu(z) sin(nat) + Qz(z) cos(nyt);
Q1{z) = ApchKz/M; Qq(z) = Boch®Kz/M

ba s dwgc bidu thirc twong ty (2.36) trong dé:

Xg xﬂ
a; (£, My) 2/‘—)'(-‘..(3)@1(2:}(13:; bi(¢, Mg) = '/_th(;c)Qg(:c)dx
X

X1
zy = €~ (h+ Hy); zy = £— Hy,
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& diy do Q1(£) = Q2(£) = 0 nén khic véi (2.37) va {2.38) a; vd b; khéng cé 88 hang thi hai & v&
phéi.

Vé&i cac thong s8 cla méi truwdng bifn nhu saw

Chu ky séng T = Ts; g = 9,81m/s? 14 gia t8c trong trwing; t3n s8 séng vi s& séng dwoc tinh
theo c¢bng thie:

ny = 2“/?;” - n? = gKtg(Kh)
Con cdc théng s8 p, E, J, M dwgc cho vi tinh nhu vidy 1.
Ta gid st cho kh&i lwgng t3p trung & diu coc thay d8i:
 My[1] = 30000kg; My[2] = 32000kg; Mo[3] = 34000kg
va do bién 48 dao ddng ngang & diu coc la:
D[1] =0,698051m; D[2] = 0,755803m; D[3] = 0,823666m
Lam twong tw nhu vidy 2 ta cé hinh 5 vA biag 2

8.60
9.00
6.40

i1
T

7.80
7.20
6.60
8.00

'5.40
4.80
4 20
3.60

' 3.00
2.40
1.80

1.20
0.60

l

T
sqo___86 %0 | es0 700 720 740 760 780  80.0.
~0.60

1|I|||||l1||.1|1||I||l||_|||l||||||||||||||||1

0.00 F I S S e S mall B L R ML ||||||r;s||u-||||;|g|s|||r|

Hinh 5

Bdng 2 (Tinh trén doan [60,80])

Khéi leong Bién d3 £(1]

(ke) (m) m)
30000 0,698051 65,099998
32000 0,755803 66,000001
34000 0,823666 66,000001

(V&i d chinh xéc A2 + B2 < 107°)
Tir hinh 5 v bing 2 ta ¢ k&t qui £~ 66 m.
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Ching t5i di 18y hai k&t qui cda vi dﬁ 1 va vi dy 2 &€ kidm tra bii todn thuin nhim tim lai
bién 46 dao ddng & diu coc dmg véi cdc khéi lwgng thay ddi trong timg vi du. Loi gidi xde nhan
hai két qu.’z. tim du'o'c trong ca hai v{ dy d% néu 14 ddng o

KET LUAN -

Céc két qui 43 trinh by & trén cho ta thiy ring bing cdch do dao ddng tai d3u coc dng
véi khéi hwong tap trung & diu coc thay 48i mot s6 [in dwéi tdc dong cda tdi trong cudng bic,
ta c6 thé xdc dinh dwoe 46 dai cla coc. Bai todn dwoc gidi bing phwong phzip 88 vi v d5 thi
theo ngdn ngi 1§p trinh PASCAL. Viéc chon mdt gis tri phit hop véi thire € trong bii todn da
tri dwoc minh hoa qua cdc vi du dng véi trwemg hop tai t,rong phiin bd d8u va tii trong phin bé

thay d8i theo 44 dai coc.
Céng trinh dwoe hodn thinh v&i sw hd tro tii chinh cda Chwrong trinh nghién céu co bin

trong linh vye Khoa hoc tw nhién
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SUMMARY

DETERMINATION OF BEAMS'S PARAMETERS WITH LUMPED MASS
BY USING MEASUREMENT DATA OF VIBRATIONS

In this paper the transverse vibration of the clamped-free beam with lumped mass is inves-
tigated. From that the inverse problem for determining the length of the beam on the basis of
measurement data of beams’s vibration with changing mass iz solved by numerical method. The
computer programs for the problem are to be applied to some examples and the obtained results
are acceptable. :

The cominon solutlon for problems with different lumped masses is chosen as desirable result.
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