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BANG PHUONG PHAP DO DAO DQNG 

NGUYEN CAO MtNH, TRAN TRQNG TOAN 

v " " §1. D4.T VAN DE 

Trong fl] di trlnh bay phaang phip xic dlnh dQ dhl cl)a. d'am m{)t dlu nglt.m, m9t d'au t11 do 
du-6i t.ic d(}ng crl.a t.U tr\mg ngang b5.ng c<lch do dao d9ng t~i m{jt sO v~ trl cda dfun. 

Trong bai nay, chung toi xet tnrlrng h9'P dllm c6 kh5i lll\'fig t%p trung t~i dllu mut t'!· do. 
Bilng each do dao dgng t'" mgt vj tri va cho khti lll9'ng t%p trung thay dBi ta ciing co th~ xac djnh 
dtrqc d9 dlt.i cda d'am. va:n d~ chinh c:an gi&i quye't & day Ia do di~u ki~n bien khOng thu'a.n nhfi:t 
nen ta. phlti qu<l:n ni~m tlnh trqc giao cda ham riCng theo djnh nghia khic cU. a tfch vO hu&ng 

A ' "' ' )o. ~ <& ,f "' • 

§2. DAO DQNG CUA DAM DAN HOI COGAN KHOI LUQNG T4.P TRUNG 

Xet m9t d'5.m dan h'Oi c6 tiet, di~n ngang khOng d~i, m{>t d'S.u nghm, m{>t d'au tv do cO g£n khOi 
lugng t~p trung M 0 • C<ic d~c trU'ng v~t Iy clia d'am Ia E, J, M tu·ong U:ng la mO.dun din h~i, mO 

·men qm\n tinh va kh5i lll\'fig tren m\>t dO"n vi dil.i. D"am chju tac di)ng crla tlti tr9ng ngang q1 ( x, t) 
tren kho.lng each i ki! tlr tie"t di~n bj ngil.m. Ch9n h~ tr'!c t<;>a di) xOy nhtr hlnh 1. 

Phllcmg trlnh dao dgng ngang tv do khong c.ln ctla d"am nhrr sau: 

X 

- ----,.----1 

y 

Hlnh 1 

trong d6 

a2 = EJ/M; 

q(x, t) = q1(x, t)/M; 

a • h~ s~ cAn ella mOi tru·Ctng; 
V&i cac dih ki~n bien (xem [2]): 

y(O, t) = 0; 

.:.a,_y '-'( o_,_, t:!..) = 0; 
ax 

o3 y(£, t) M 0 32 y(i, t) 
3x3 = EJ 3t2 
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(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 



Khac v<!i [1], It day dieu ki~n bien (2.5) khOng thulin nMt. 
Phu:cmg trlnh dao di}ng tv do khOng cln cua dlim Ia: 

2 a•y a2y 
a ax• + ot2. = 0 ; 

Dung phrrang phap tach biSn, ta d~t: 

y(x, t) = X(x)T(t) 

Thay (2.8) vao (2.7) ta drrqc: 

Tlr d6: 

T+w 2 .T = 0; 

xt•l- k4 .X = o; 
k4 =w2 ja2 

Gi/U (2.9) va (2.10) ta du:qc 

trol\g d6: 

T(t) = Asin(wt) + B cos(wt) 

X(x) = C1A(k, x) + C2 B(k, x) + C3 C(k, x) + C4 D(k, x) 

A(k, x) = 0, 5[ch(kx) + cos(kx)]; 

B(k, x) = 0, 5[sh(kx) + sin(kx)J; 

C(k, x) = 0, 5[ch(kx) - cos(kx)J; 

D(k, x) = 0, 5[sh(kx)- sin(kx)J. 

Khi d6 cac dih ki~n bien trlr thanh: 

trong do: 

X(O) = 0; 

xt'l(o) = o; 

xt3 l(£) = -M1 k4 X(l); 

Xl2l(£) = o, 

M1 = M0 jM 

Cho (2.13) thOa man cac dieu ki~n bien (2.14) va (2.15) ta drrqc: 

c, = c2 =O. 

Nen ham rieng c6 d~ng: 
X(x) = CaC(k, x) + C4 D(k, x) 

Cho (2.19) th6a man cac dieu ki~n bien (2.16) va (2.17) ta drrqc: 

C3 [D(k, l) + kM1 C(k, l)J+C4 [A(k, £) + kM1 D(k, l)J = 0; 

C3 A(k, t) 
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(2.7) 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

(2.20) 



Di~u ki~n dg cic hang sO C3 , C4 cda h~ (2.20) kh&ng dOng thC:ti h3.ng 0 Ia dinh thU:c d.c h~ s5 
ella chung phAi bhg 0: 

B(k, i)D(k, t)- A2 (k,t) + kM1 [B(k, t)C(k, t)- A(k, i)D(k, t)] = 0 

Hay 
1 + ch(ki) cos(ki) +kM,[sh(kt) cos( H)- cl!(kt) siu(kt)] = 0 (2.21) 

f)§.y Ia phuang trlnh tn.u s5, til' d6 x<ic d!nh dtr9'C k va tlr (2.11) xic d!nh duqc t'5.n s(; ri€ng w 
Tlr {2.20) ta ch9n: 

C4 = -C3A(k,t)jB(k,t) 

Thay (2.22) v1to (2.19) ta drrqc: 

X(x) = C3[C(k, t) - A(k, t)D(k, t)j B(k, t)] 

Vi phu-ang trlnh fan s5 (2.21) cO vO sO' nghi~m nen c6 vO sO' h~un ri@ng d~ng: 

X,-(x) = C3,-Zi(x); 
Z,-(x) = [C(k,-, x)- A(k;, l)D(kJ, x)j B(k,-, £)]; 

2 
k~ = wj • 

J a2 

(2.22) 

(2.23) 

{2.24) 
(2.25) 

(2.26) 

Bhg each tfnh toan dva vao cac phu-ang trlnh {2.3), (2.4), (2.5), (2.6), (2.7), (2.8) ta tlm 
du-gc: 

e J X;(x)X,(x)dx = -M,Xi(t)X,(t) (2.27) 

0 

Tfch phiin nay khong b!ing 0 nen cac ham rieng x,(x). khong tf\rC giao theo nghia tfch phiin. Ta 
drra vao tich v&.~u&ng drr&i d\'fig sau day d8i v&i hai ham g(x) va f(x) b~t ky (xem [3]): 

Do d6: 

Tlr do ta tim du:qc: 

Ta se ky hi~u: 

e 

(g, f)= J g(x)f(x)dx + M1 g(l)f(l) 
0 

e 

(X,, X,)= J X;(x)X,(x)dx+M1X;(l)X3(t) 
0 

e 

(X;,X;) = J XJ(x)dx+M1XJ(t) = 1 

0 

e 

c 3 =C3;= [j zJ(x)dx+M1 ZJ(t)ro,s 
0 

x,(x) = c,z,.(x) 
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(2.28) 

(2.29) 

(2.30) 

(2.31) 



Khi d6 se co: 
- - { 0 (X X)= ~l J 1 

khi i I J. 

khi i = i 
(2.32} 

NhU' v~y c<l.c ham rieng X; (j = 1, 2, ... ) 13 cic ham trlJ."C chuin vita c6 th~ khai tri~n v6 
ph/U va nghi~m da phuang trlnh (2.1} thea h~ ham rieng trvc chulfn. 

hay: 

Bay gia ta gi/U phuang trlnh (2.1). 
Gi~ sll- v€ phii cda (2.1} c6 d~ng: 

q(x, t) = Q1(x) sin(n1 t) + Qz(x) cos(n1 t) 

Khai tri~n v€ ph/U cda (2.1} thea ham rieng trvc chulfn X3(x) ta du'9'c: 

q(x, t) = L X;(x)F;(t) 
.i=l 

' 
F3(t) = ( X3 (x), q(x, tJ) = j X;(x)q(x, t)dx + M1 X;(i)q(i, t) 

0 

F;(t} =a,- sin(n1t} + b; cos(n1 t} 

' 
a,-(i, Mo) = j X,-(x)Q,(x)dx+ M,X,-(i)QI(l) 

0 

' 
b1 (l, Mo) = j X;(x)Qz(x)dx + M1X;(l)Q 2 (l) 

0 

Nghi~m dU'gc tim dmn d~g: 

00 

y(x, t) = L X,-(x)T,-(t) 
i=l 

Thay (2.39) vao (2.1} r'oi lay s5 h~ng th(r i ta dU"gc: 

2-4 ~ . 
a X· -T· 2aT· F· 
~ = -' - --' + __]_ = w~ 

X,- T; T,- T,- ' 

Tlr do: 

z-(4) z- ( ) a X, - w3X,- = 0 nhu (2.10} 
- • 2 
T,- + 2aT,- + w,-T,- = F,- =a,- sin(n,t} + b; cos(n1t) 

Ta tim nghi~m cuii-ng bU:c ctla (2.41} du&i d~ng: 

T;(t) = A;sin(n1t) + B;cos(n1 t) 

(2.33} 

(2.34} 

(2.35} 

(2.36} 

(2.37} 

(2.38} 

(2.39} 

(2.40} 

(2.41} 

(2.42) 

Thay (2.42} viw (2.41} ta du:gc h~ phu:ang trinh xac djnh A;, B; vi\. gi/U h~ phu:ang trinh nay 
thl dugc: . 

A;(l, Mo) = [a;(wJ- ni) + 2an,b;J/ D;; 

B;(l, Mo) = [b;(wJ- ni}- 2an,a;J/ D,-; 

D; = (wJ - nt)2 + 4a2nr. 
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(2.43) 



Dao d9ng cu·&ng bU·c ctia d'am li: 

= = 
y(x, e, M0, t) = [L X,.(x)Ai] sin(n1 t) + [L X,(x)Bi] cos(n1t) (2.44) 

i=l i=l 

va. bien d9 dao d9ng c6 d;.;mg 

CO - 2 GO - 2 1/2 

y(x, e, M 0 ) = { [L x,.(x)A,.] + [L x,(x)B,] } , (2.45) 
j=l i=l 

I ' ' I 

§3. PHUONG PHAP GIAI BAI TOAN 

Gil. str ta bie"t t!U tr9ng phan bi5 q1 (x, t) va do du-qc bien dg dao dgng t~i dliu dlim Ia: D[1], 
D[2], D[3], ... u"Ilg v&i d.c khi5i Juyng thay diii M0 [1j, M0 [2], M0 [3J, ... ta hiiy xac djnh dg dai cda 
d'am kg tlr thie't di~n hat d'au b! ngim de'n d'au mUt t~ do. Dg tlm d9 dil.i crl.a d,fun ta c'an giii 

· phmmg trlnh: 
y(e, e, Mo[ij) = D[ij; i = 1, 2, 3, ... (3.1) 

Trong d6 ve" tn\i cua (3.1) du-qc xac djnh b&i (2.45) bling each thay X= L 
Vl M 0 [ij dii cho nen phuang tr\nh (3.1) duyc coila phuang trlnh d~ xac djnh dg dai e. 
Phuang tr\nh (3.1) Ia plmcmg tr\nh rift phirc t~p di5i viti L Vl v~y ta se dung phuang phap 

sO va ve di3 thi dg gihl bfl.i toin tren. 
Ta hiiy chuy~n phuccmg tr\nh (3.1) v~ d;tng: 

F;(l) =y(l,l,M0 [ij)- D[ij =0; i = 1,2,3, ... (3.2) 

f)~ gi.ll plnrang trlnh (3.2) ta ch9n f.. bign thien trong m{5t khoing nfto c16 ella bl:t.i toin thl!c 
t€', ve dCl thi cic ham Fi = Fi(l) tren cU.ng m9t h~ tn;tc tqa d9 £OF. 

Giao digm CU.a nhfi:ng dU"Cmg cong niy vOi trl]c hoinh Of.. chinh li d.c gii tr! c6 th~ c6 crl.a f... 
Ta vlin dUng tieu chuin: 

(3.3) 

v&i" be tuy y cho trll"ac d~ lgy m9t si5 hiru h;tn si5 h;tng trong (2.45). Vi~c dung (3.3) dii dll"qc ly 
gi!U trong [4j. 

Sa d'5 tinh to <in gi5ng nhtr sa d'5 di neu trong [ lL b d5.y chi lu·u Y m{Jt di'eu li: thay cho vi~c 
tfnh ham rieng Xj(X) ta tfnh ham rieng trvc chuffn theo (2.31) ma trll"aC do clin phii tfnh cac 
h~ng s8 tich phan c, theo (2.30). EHl minh h9a cho phrrang phap dii tr\nh bay & tren ta hiiy xet 
m{Jt s5 vi dv sau d§.y": x 

Vi du 1. 
Mflt O~g trv. b[ng thep m9t diu nglun, m{Jt dlu tl! do 

c6 g~n khOi hrqng t~p trung Mu. Tie't di~n ngang hlnh vanh 
khan vCri bin klnh trong r = 0, 27m; bin klnh ngoai R = 
0, 30m; i5ng chju tii tr9ng ngang: q1(x, t) = 98, 1[sin(3t) + 
cos(3t) J tren tolm hi} chi~u dlti f... Cic tham sO khic crl.a. mOi 
tnrCrng va. crl.a Ong dtrqc cho va. tlnh nhll' sau: a: = 0, 05; 

· p = 7, 8 ·103 kg/m3
; E = 2 · 1011 N/m2

; J = (R4
- r4 )/4; 

M = pA; A = rr(R 2 - r2 ); Chqn h~ tr'!c tqa <19 xOy nh•I 
h\nh 2. 
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Khi cho khOi hrgng t~p trung thay d5i 'thea tirng l'a.n do nhu sau: 

M0 [1j = 4000kg; M0 [2j = 4500kg; Mo[3j = 5000kg 

va. tU'ang U·ng do du-qc bien d9 nhu sau: 

D[1j = 0, 199691m; D[2j = 0, 161550m; D[3j = 0, 137845m. 

Hiy xic d!nh d9 dlli cda Ong? 
Ve 3 du·l:rng cong Fi(f) = y(£,£,M0 [i])- D[i]; i = 1,2,3 tren cling mgt h~ tr¥c t9adg (WF) 

ta dm;fc hlnh 3. · · · 
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Hinh 9 

Tlr dO thi tren hlnh 3 ta th5:y r~ng c6 m9t giao die'm v6i tqtc hoinh mica 3 drrCmg cong deu 
di qua. Ta se lti:y hi~n tu·srng nay lim cln cU: d~ chgn gii tri f. cO trong th¥·c ti~n. DUng chrrang 
trlnh chia dOi cung d~ xic d!nh chlnh xcl.c han hoanh d9 cUa nhfrng di~m c£t ta du·gc kgt qui ghi 
trong bltng 1. 

Bdng 1 (Tinh tren do~n [10, 40]) 

Khili hr<;mg bien d9 £[1] £[2] 
(kg) (m) (m) (m) 

4000 0,199691 26,207849 30,000002 
4500 0,161550 25,350344 30,000015 
5000 0,137845 24,589547 30,000015 

(V &i dg chinh xic A7 + BJ < 10-2
) 

Tir hlnh 3 vi>. bltng 1 ta tMy nghi~m cll.a bai to in Ia: £"" 30 rn.. 
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Vf d1,12. 
M9t chigc cqc b~ng thep c6 m9t d'au dtm s5.u vao dcl.y 

bign, diu kia mang khOi lu-qng t~p trung Mo. C9c c6 tidt 
di~n ngang hlnh vanh khll.n v6i ban kinh l&n va nhd tU'O'ng 
li-ng 13.: R = 0,6m; r = o, 55m; d9· sau crl.a bi~n hlc nu&c 
yen tinh hl h = 55m; ph'an c9c tren m~t mr&c H 1 = Sm; 
h~ sO c<in mOi tnrCrng a: = 0, 03, drr6i tcl.c dl).ng ella sOng 
bi~n F.ri c6 chi'eu cao --H = 1, 2m c9c ch~u l1;1·c cu·Crng bd-c 
phin bO theo chi~u sau [x1, x2). Hiy tim d9 dai i. cda c9c 
k~ tll- thie't difn' d1.rqc coi lii. ng5.m de'n diu mUt tv do ctb 
C9C ngu bie't kh5i hrgng thay diii Mo [ij va bien di) dao di)ng 
do du:qc tu·=g 1fng Ia D[iJ; i = 1, 2,3? 

Ch9n h~ tr\IC t9a di) xOy nhu: sau: tr\IC Oy hu:&u.g 
thea ph11crng truy~n sOng; trv:c Ox trUng v&i trl.}.C Cda c9c 
va hU'&ng tlr d>r&i len tren (xem hlnh 4} 

Lvc cda s6ng Eri tac d\lng len c9c du:qc tinh thee [1]la: 

Hr 

I Xz 

q1 (x, t) = A0 ch(Kx) sin(n1t) + B0 ch2(K x) cos(n1t); 

Ao = 0, 5Gin~H/sh(Kh); 

trong d6: 
n 1 lh t'an sCl s6ng; 
K !a. sO s6ng; 

Bo = 2Gv(n1 H) 2 /[3?rsh2 (Kh)J; 
G1 = o, 251rp1 D2 C, Ia h~ s5 quan tinh; 

Cv = 0, 5Dp1 Gd Ia h~ s5 dn v~n tlk. 

p1 = 1026 kg/m3 Ia m~t di) mr&c bi~n; 
D = 2R Ia d\l'lrng kinh l&n cda c9c; 
c, = Gd = 111>. ca.c h~ng s5 v%t ly tinh duyc Mng thvc nghi~m 
PhtrO'ng trlnh dao d{lng ngang cUa cqc la: 

v&i q(x, t) = q,(x, t)/M; a2 = EJjM. 

X 

Mo 

Hinh 4 

(3.4) 

(3.5) 

Phu:O"ng trlnh {3.5) hoan to1m gi5ng (2.1) va di~u ki~n bien da vf d\1 2 hoan toan gii'ing (2.3)., 
{2.4), (2.5), {2.6). 

Ap d\lng kgt quit dii trlnh bay l:r §2 v&i 

q(x, t) = Q1(x) sin(n,t) + Q2(x) cos(n,t); 

Q,(x) = AochKx/M; Q2(x) = Boch2Kx/M 

ta se du:qc bi~u th1fc tu:O"ng tv (2.36) trong do: 

x, x, 

a;(l, Mo) = J X;(x)Q,(x)dx; b;(l, Mo) = J X;(x)Q2(x)dx 
x, x, 

XJ = l- (h + H,); 
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& dliy do Q,(l) = Qz(l) = 0 nen khac v&i (2.37) va (2.38) a; va b; khilng c6 &5 h\l.llg thll- hai & yg 
phli. 

V 6-i. cic thOng s5 crl.a mOi tru·Ong bi~n nhu sau: 
Chu k.Y sOng T = 7 s; g = 9, 81m/ s2 1a gia. t8c tr9Iig tru·Ong; t'a.n s5 s6ng va. s8 s6ng dU'qc tinh 

thea cOng thll-c: 
ni = gKtg(Kh) 

COn ccic thOng s0 ___ p1 E, __.!_, M dtrqc cho v:l tinh nhu vi d\1 1. 
Ta gil. su: cho kh5i hrqng q·p trung & dliu c9c thay di'ii: 

Mo[l[ = 30000kg; M0 [2] = 32000kg; M0 [3] = 34000kg 

va do bien d9 da.o di}ng ngang a d'a.u cqc 13.: 

D[l] = 0,698051m; D[2] = 0, 755803m; D[3] = 0,823666m 

Lam tu-ong tv nhu vi dl) 2 ta c6 hlnh 5 va bing 2 
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Hinh 5 

Bdng 2 (Tinh tren do'!Jl [60, 80]) 

Kh5i hrqng 
(kg) 

Bien d9 
(m) 

l[l] 
(m) 

30000 0,698051 65,999998 
32000 0,755803 66,000001 
34000 0,823666 66,000001 

(V&i d(l chinh xic AJ + Bj < 10 6 ) 

Til" hlnh 5 va bing 2 ta c6 kgt qual"' 66 m. 
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ChUng toi dii My ha.i ke't qui cda vf d\1 1 vii. vi d\1 2 d~ ki~m tra bai tmtn thu~ nh~m tim l;ti 
bien dQ dao d9ng (:; dl.u cqc Wng v6i ccic kh5i hrqng thay d5i trong tirng vi d-g.. LUi giii xa.c nh~n 
hai ke't qui\. tim duyc trong d hai vi d\1 dii neu Ia dung 

KET LU4N 

Cac kift qua dii trlnh hay (r tren cho ta thlly r~ng b~g each do dao d(\ng t\)i dllu C9C .Xng 
v&i kh5i hrqng t~p trung & dllu c9c thay dBi m(\t s5 llln dtr&i tac d(\ng Cll.a tai tr9ng c>rang b.Xc, 
ta c6 th~ xac djnh dlr'!C d(\ dhl cda C9C· Bai toan dtrqc gh\.i b~g phtrO"Ilg phap sil va ve dl> thj 
theo ngon ngii- l~p trlnh PASCAL. Vi~c ch9n mgt gia tri phU hqp v&i thvc te' trong bhl toan da 
tri dtrqc minh h9a qua cac vf d\1 .XUg v&i trtrlrng hqp ti>.i tr9ng phii.n b5 dh va tlti tr9ng phan M 
thay d<ii theo dg dai c9c. 

Cong trlnh dtrqc holm thanh v&i sv hll tr7 tai chlnh cda ChU"ang trlnh nghien cwu w Mn 
trong linh vvc Khoa h9c tv nhien · 
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SUMMARY 

DETERMINATION OF BEAMS'S PARAMETERS WITH LUMPED MASS 
BY USING MEASUREMENT DATA OF VIBRATIONS 

In this paper the transverse vibration of the clamped-free beam with lumped mass is inves
tigated. From that the inverse problem for determining the length of the beam on the basis of 
measurement data. of beams's vibration with changing mass is solved by numerical method. The 
computer programs for the problem are to be applied to some examples and the obtained results 
are acceptable. 

The common solution for probl~ms with different lumped masses is chosen as desirable result. 
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