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"' ·' - ' ' ,./ DAO DQNG DUNG 0 TRUONG HQP SUY BIEN 

NGUYEN VAN DINH 

Xet dao d<)ng dirng vai bien di) va pha hang (a-, 0) xac djnh Mi h~ hai phmmg trlnh (1.2), 
d~ s5 b~c nh[t theo u:;:: sin 8, v =cos e v&i ccic h~ s5la da th-6.-c cda a va D. (d9 l~ch t'an). 

Thtrirng, trrr&c h~t, theo ly thuy~t h% phuang tr\nh d\]i s5 b~c nhit, chung ta rut ra (u, v); 
sau d6, theo c8ng thtl-c hrgng gi<l.c u 2 + v 2 = sin2 8 + cos2 8 = 1 suy ra quan h~ bien- t'an. 

Nhrr th~ c'an phan bi~t hai trU'ang h9'P khong suy biin va suy biin tU'ang li'ng khi dinh thfrc 
cU.a h~ b~c nhS:t kh8ng tri~t tii~u ho~c tri~t tieu. Tru·Crng hqp kh8ng suy bie"n, h~ d<_1.i sO c6 nghi~m 
duy nh5:t ( u, v) va. d~ dAng suy ra quan h~ bien - t'an. Tru-Q-ng hqp suy bie'n h~ d~i sO ho~c v8 
nghi~m ho~c c6 vO sO nghi~m; ne'u vO nghi~m, hign nhien h~ hrgng giclc cling vO nghi~m va kh8ng 
c6 dao dQng dU'Ilgj ne'u cO v6 s5 nghi~m d<]-i sO ( u, v), nghi~m n;l.o trr911g li'ng dao d<]ng dll-ng vi 
dao d<)ng nay c6 nhiimg d~ di~m g\? Nhirng nh~n xet tr\nh bay dU'&i day nham t\m len gilri dap 
cho dtu hOi d~t ra. 

A " ' ' .. ,./ • 

§1. DAO DQNG DUNG a TRUONG HQ'P KHONG SUY BIEN 

Xet h% dao d\mg a tuyin mo ti Mi h~ phuang trlnh vi phan trung b\nh 

a= •{ A(D., a) sin 0 + B(D., a) cos 0- C(D., 0)} 

8 = •{ E(D., a) sin 0 + F(D., a) cos 0- G(D., a)} 
(1.1) 

trong d6: a, ()--bien de? va. pha bie'n thien ch~; iJ.- d9 l~ch t'an; A, B, C, E, F, G- nhU:ng da 
thll-c theo a, .6.; e- tha.m sO be; aa:u "." - kY hi~u d~ him theo thai giant. 

Tri~t tieu vet ph.ii h~ {1.1) dfi.n de'n h~ ha.i phuO'llg trinh "d~i s5 hrr;mg giac" xic d~nh bien d? 
va pha h~ng (a, 0) cda cac chid\> dao d<)ng dlrng: 

A sinO'+ BcosO = C 

EsinO+FcosO=G 
(1.2) 

Day li h~ b~c nhit theo hai in u =sin(), v = cos() nen lCri giij tUy thu?c cic d~nh thUc sau: 

Da=l~ ~~ 
D, = jg ~I 

D2=l~ gj 
OhU. y rll:ng cac djnh thfrc nay la da thu·c theo D., a. 
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(1.3) 

(1.4) 

(i.5) 



G9i Ia khilng suy bi~n, tnrcmg ho;rp cac gia trj (ll.,a)- di~m (ll.,a) tren m~t P(ll.,a) khilng 
lam tri~t tieu djnh thU,c (1.3) 

Do iO 

. e D, u.=s1n =-, 
Do 

Dz 
v=cos&=­

Do 

va cOng th(rc hrgng giic u2 + v 2 = cos2 (} + sin2 8 = 1 dlin- d:E!n quan h~ bien t'an: 

Dz Dz 
W1(1l.,a) = D; + D; -1 = 0 

0 0 

(1.6) 

(1. 7) 

(1.8) 

Nh1I se th[y dU"&i day, (1.8) chi cho m\)t nhanh. cda drrirng bien tlin C: a= a(ll.), quy rr&c 
g9i Ia nhinh khong suy bie'n C1, nam tren mi~n (P-M) thea miin (1.6). 

... ' ' ... ;<' 

§2. DAO DQNG DUNG a TRUONG HQ"P SUY BIEN 

Nhinh thU, hai cda d1rirng bien tlin Ia nhanh C2 l:r tru·img ho;rp suy bie'n. D6 Ia tnrimg ho;rp 
rna digm (ll., a) thu\)c t~p M lam tri~t tieu djnh th.Ucc (1.3): 

Do = 0 (2.1) 

Khi d6 h~ d<.ti sO (1.2) theo (u, v) c6 th~ vO nghi~m ho~c c6 vO sO nghi~m, vO nghi~m n~u: 

va. c6 vO sO nghi~m neu 
h~ng [Do]= h~ng [D] 

trong do [Do], [ D ]Ia rna tr~n h~ s5 Ya rna tr~n ml:r r\)ng: 

[Do]=[~ ~], [D] = [~ 

(2.2) 

(2.3) 

B c] 
F G (2.4) 

Ne'u h~ d~i s5 (1.2) vo nghi%m thl h~ 11Iqng giac (1.2) (Y&i ll., a dii bi~t) ciing Yo nghi%m, dao 
d9ng dlrng khOng t'On t<.ti tren mi~n M du·Cmg bien t'an C chi c6 nhinh khOng suy bign C1 . Neu 
(2.3) thoa man, h~ d~i s5 (1.2) c6 Yo s5 nghi%m. Dg dcm gian, gi& thiift h~ng [Do] = 1, di~u ki%n 
(2.3) dh ae'n: 

D 1 = 0 

Dz =0 

(2.5) 
(2.6) 

va. h~ d~i sO {1.2) c6 vO s5 nghi~m (m9t trong hai fin u, v c6 gii tr! tU.y y). Tuy nhien, h~ hrqng 
giac (1.2) (Y&i ll., a thoa man (2.1), (2.5), (2.6)) c6 thg Yo nghi%m Ya do d6 y[n khilng c6 dao d\lng 
dirng tU"crng u·ng. 

D~ h~ 11Io;rng gi<ic (1.2) c6 nghi%m, trong YO s5 nghi%m (u, v) ph<li ch9n dm;tc nghi%m thoa miin 
di~u ki~n u 2 + v2 = 1 va do d6 tlnh du-qc g6c f) (pha. c-da. dao d<;lng dirng trrong 11-ng). Di'eu ki~n 
d~ h~ hrgng gi<ic {1.2) c6 nghi~m c6 th€ vie't dtr6i d~ng: 

Az + Bz 2: cz 

Ez+Fz;::az 
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(2.7a) 

(2.7b) 



(Thll'1rng chi chn xet m{it trong hai dih ki~n (2. 7) trtr khi c~ ba s6 h~ng & m9t dih ki~n tri~t tieu 
thl phili xet dih ki~n con l~i) 

, ' ' ... ")., ~ ' 
§3. HAl NHANH CUA DUONG BIEN TAN- DIEM KY D~ 

Nhfrng nh~n xet vira neu cho th~y, n6i chung, dtri'rng bien thn C: a= a(t.) tren m~t P(A, a) 
'g'om hai-nhinh·:" -

- Nhanh khong suy bign C1 , n~m tren mi~n (P-M) th6a man (1.6) va dm;rc xac djnh b&i 
h~ th•rc (1.8}, 

- Nhanh suy bign C2 , ngu tl>n t~i, n~m tren mih M thoa man (2.1). Nh~rng vi ph<\.i thda man 
(2.5), (2.6) nen C2 thu\ic t~p m c M, t~p m th6a man dl>ng thai (2.1), (2.5), (2.6)'. H011 nfra con 
pHi th6a miin (2.7) nen C2 c m c M c P(A, a) 

Trvc miu & (1.8), chUng ta d>rqc h~ thu:c 

W(A, a)= D~ + D~- D~ = 0 (3.1) 

H~ th&c nay cho phep tim d hai nhanh khOng suy bign C1 va suy bign C2 • Th1)'c v~y, hi~n 
nhien C1 thoa man (1.8) nen ding thda miin (3.1). M~t khac, nhanh C2 th6a miin (2.1), (2.5), 
(2.6) nen cling thda man (3.1). 

Tuy.nhien (3.1) con ch&a nhii'Ilg di~m khong thu{ic dtrlrng bien- thn va ph!J.i lo')i bo: d6 Ia 
nhii'Ilg di~m thOaman (2.1), (2.5), (2.6) nh>rng khOng thOa miin (2. 7). 

V~y, d~ tlm d1rCrng bien t'an, c6 th~ xuS:t phit tU. h~ thU.c (3.1L chi c'an x<l.c d!nh chlnh x<l.c 
nhanh c. thOa man (2.1), (2.5), (2.6) va (2.7). 

M{it d~c di~m dang chu y: nhanh C2 thuo)c t~p diSm ky dj cU.a drri'rng (3.1): W(t>.,a) = 0. 
Th1)'c v~y, chU y Mn (2.1), (2.5), (2.6) d~ dang thity, t~i de dii!m cd.a C2 , cac d~o ham rieng cd.a 
ham W(~, a) d5i v&i 6., a d-eu tri~t tieu: · 

aw ( aD, aD. aDo) at:. = 2 D, a A + D2 a A -Do a A = 0 

aw = 2(D, aD,+ D
2 
aD._ Do aDo)= 0 aa aa aa aa 

(3.2) 

Tlnh chirt etta dii!m kY di c6 thi! dtrqc nh~ bigt qua bii!u thfrc khai trii!n cd.a ham W(A, a) & 
lin c~n di~m kY d!. 'fru·Ong hgp thuCrng g~p, c6 thg dUng cic tieu chu[n quen biet [1] nhu ngu: 

( a•w)• -(a•w)(a•w) 
at:.aa aA2 aa2 {

>0 

<0 

c6 di~m nUt 

c6 di~m lUi 
(3.3) 

CuSi cilng, chU y dng khi dii xac djnh drrqc dii!m (A, a) tren nhanh C2 , d~ tim pha 0 chUng 
Ia tr& l')i h~ hr'!fig giac (1.2). Thl dv, c6 thi! tir ph>rang trlnh thfr nh~t trong h~ (1.2), rut ra 

. c 
0 = e ± arccos r~;=;;;;r 

yA2 + B• 
A 

tg€ =­
B 

(3.4) 

"' ' .... ' ' ' ~ §4. ON DJNH CUA DAO DQNG DUNG TRONG TRUONG HQ'P SUY BIEN 

C6 th~ khlw sat lin djnh cna dao di)ng dtrng & d hai tmi'rng hqp khOng suy bi<fn va suy bign 
thea cung mo)t trinh tv. Trmrc Mt, tir (1.1) l~p h~ bie'n phan 

6a = e(A' sinO+ B' cosO- C')6a + e(AcosO- Bsin0)60 

60 = e(E' sin 0 + F' cos 0- G')6a + e(Ecos 0- F sin 0)60 
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(4.1) 



trong d6 difu "'" li kY hi~u d<_to him rieng theo a 

Phtrcrng trinh d~c tru·ng c6 d<,Lllg , 

/ + eh 1P + hz = 0 

vi di'eu ki~n dU d~ 5n djnh ti~m c~ Ia 

-h1 = (A'- F) sine+ (B' +E) cose-C' < 0 

h2 =(A' sine+ B' cos e- C')(E cos e- F sin e) 

- ( E' sine + F' cos e - G')( A cos e - B sin e) > 0 

( 4.2) 

(4.3) 

Tru-Crng hgp khOng suy bidn, thay sin 8, cos & bdi c<i.c bi~p. thfrc {1.7), ve tr<i.i c<i.c di'eu ki~n 
(4.3) se bi<!u di~n qua (t., a) va cho phep xac djnh cac do~n 5n djnh tren nhanh c, cda dtrong 
bien t'a.n. 

Trtr&ng hqp suy biifn, goc pha e cung dlr<!C tinh tlr (1.2), thi dv theo cong thfrc (3.4). Cac 
di~m cUa. nhcinh 0 2 thl.l'Crng li rCri r<}c, m~i di~m U:ng v&i nhi'eu pha nghia li li-ng v6i nhieu chg d9 
dao d9ng dtrng, c6 th~ c<i.c pha d6 - c<i.c dao d9ng dirng - deu 5n d!nh hol?-c khOng c3n d!nh ho~c 
pha nay 5n djnh trong khi pha khac kh8ng 5n djnh 

§5. H:¢ THONG s6 - CUQNG BlJc o· CQNG HUCJNG ca BAN 

Tru-Ctng hqp suy bien thU'Crng xffy ra. khi c6 tu·ang t<i.c ph li-e t<).p nhtr (y h~ thOng s5 cu·Ong btrc 
da. xet trong [2] tren CCI slY cic nh~n xet vira trinh bay. D~ minh hqa rO han va chinh xic hon, 
du·6i diy hrqc t6m m9t s5 kdt qui 

Phuang trlnh vi phiin m8 taM c6 d~ng: 

£ + w2 x = •{- hx2 + Llx- "(x3 + 2pxcos 2wt + qcos(wt + o-)} (5.1) 

trong doh> 0, p > 0, q > 0, 0:::; o-:::; 2?T. 
H~ phuang trinh vi phan trung binh theo bien eli? va pha (a, 0) Ia: 

a=-
2
: { hwa + pasin20 + qsin(O- o-)} 

0 = -
2
:a { ( t. -

3

4
1 

a 2
) a+ pa cos2 e + q cos(e -a)} 

(5.2) 

Bien d? vft ph a hang {a, 8) cda dao d9ng d1rng du·gc xic dinh tlr h~ "d~i s5- lu-gng gi<i.c" c6 
duyc khi tri~t tieu vif phii cda h~ (5.2), ttrang dtrang v&i: 

Chung taco: 

Do= 

hwasinB- [(
3

4
1 

a 2
- .6.)- p)acos8 = -qcoscr 

[C
4
1

a2 -t.) +p]asinO+hwacosO=qsino-

hwa 
= a2 D 

hwa 
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(5.3a) 

(5.3b) 

(5.4) 



v&i 

D = c: a2
- A)'+ h2w2

- p2 {5.5) 

D, = ~-q~oso- -[C: a2
- A)- pJal = -aq{ hwcoso-- [C; a2

- A)- p] sino-} 
q sm o- hwa (5.6) 

-qcoso-1· { . ((31 ) ] } qsina = aq hW sinO'+- 4a
2 -l:i + p cosO' (5.7) 

T~p M lam tri~t tieu djnh th.Xc Do h1 du:crng bien- tlln cda h~ thulln thOng s5 (q = 0) 

(5.8) 

Truccmg hqp kh8ng suy bign, Do# 0, tir (5.3) c6 tM rut ra sinO, cosO, tir do suy ra h~ th.Xc 
xac djnh nhanh C n~m tren mih (P- M) ella drremg bien tlln 

W1{A, a 2 ) = 

= a2q~2 { ( hw coso- - ( c: a2 
- A) - p] sino-)' + (hw sino- + [ c: a2 

- A) + p] coso-) 
2 

- 1 = 

= a2q~2 {[C7a2 -A)+p<oszo-r +lhw+psinzo-J
2}-1=o {5.9J 

ug tim nbanh C2 , tru·ac he't tim t~p m c M dllng thiri thda man 

Do =0 (a) D1 = o (b) D2 = 0 {c) 

Hai dih ki~n {5.10 b, c) trrO'ng drr=g v&i h~: 

hw + psin 2o- = 0 {a) c: a2
- A)+ pcos2o- = 0 (b) 

cho m9t nghi~m- m9t di~m I{ A, a2 ) - hi€n nhien thda man (5.10a): 

{5.10) 

(5.11) 

{5.12) 

V~y t~p m chi 13. m9t di~m J, drrgc clutp nh~n ngu a2 > 0. T<].i I, dieu ki~n cO nghi~m crl.a h~ 
lrrqng gh(c {5.3) !i: 

h2 w2 a2 + [ c: a 2
- A)- pr 2: q2 cos2 o- hay {4a2 p2

- q2
) cos2 a 2:0 

rc; a2
- A) + pr a 2 + h2w2a2 2: q2 sin2 a hay {4a2 p2

- q2
) sin2 a 2: o 

Vf!.y I {nhanh·C2) chi thu9c du-Cmg bien t"ll.n ngu: 

2 
. 2 > q a -

- 4p2 
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Ci hai nhinh C 1 , C2 cda dm'mg bien t'an d~u th6a man h~ thd-c 

W(t.,a2
) =q2 {[C

4
7 a2 -t.) +pcos2Jr +[hw+psin2JJ2

} -a2D
2
=0 (5.15) . 

nhtrng d~ c6 dung hai nhanh C1 , C2 ph!ti lo~i kh6i dm'mg (5.15) nhfrng d.ii!m th6a man (5.10 a, b, 
c) nh=g khong th6a man (5.13). 

~ .4 ' • ' . ·~ ' • q2 ·.J '. • q2 
Co the chtrng mmh I Ia diem nut khi a2 > 

4
p2 , diem lUI khi a2 = 

4
p2 , dii!m co l%p (kh8ng 

2 

thuoc C2) khi a 2 < L 2 • . 4p 
D~ xet 5n d~nh, trong [2] da l~p h~ bie'n phfi.n, l~p ph1.rang trlnh d¥c tinh, va di'eu ki~n dli d~ 

c6 5n d!nh ti~m c~ lA: 

(5.16) 

hay (thay cos 28 b&i bii!u th1Xc tlm dm;rc khi tri~t tieu yg ph:\.i cda (5.2)): 

(5.17) 

Trtrerng h'?'Jl khong suy bign, d~ dang tinh dtrc;rc sin 8 = DD,, cos 8 = DD2 va di~u ki~n (5.17) 
. 0 0 

du·a v~ d<tng: · 
1 aw 

--->0 
D aa2 

Trtrerng hqp suy bign, nghia Ia t~i I, gi!U h% (5.3) chling ta drrc;rc: 

. q 
cos(8+J) = -- hay 8= -u±(, 

2ap 

-q 
(=arccos-

2ap 

Di~u ki%n Bn djnh (5.17) tr& th1mh: 

va d[n den: 

-2p cos 2u- :1. cos( -2u ± () > 0 
a 

(5.18) . 

(5.19) 

(5.20) 

(5.21) 

Thi d\1: 7 = 0,8, h = 0,22, p = 0,25, q = 0, 1, u = 3rr/4 di<~m I co "t9a dg": A= 0,2913, 

a2 = 0, 4855 > 4~2 = 0, 04 va dih ki~n Bn dinh Ia 'Fq > 0, mgt trong hai eM d<} dao di/ng d\rng 

bi~u di~n b&i digm nUt I li fin d!nh, dao d9ng kia khOng 5n d!nh, du-&ng bien - t'an cho tren hlnh 1 

" A KET LU~N 

NQi dung trlnh bay tren cho thS:y sv ckp thie't ph!i chU Y dEfn nghi~m dao dQng d lrng trong 
tru·Crng hgp suy bie'n. Tren d1rCmg bien-tart nhU·ng nghi~m nay du-gc bigu di~n bd-i nhli-ng digm kY 
dL tU'ang <rng nhieu pha, c6 th~ 6n d!nh ho~c kh&ng 5n djnh. Dva vao di~m k)r dj cO th~ ph.in 
bi~t d.c d~g du·Crng bien t'an cO th~ c6 trong h~ va. SlJ chuy~n d5i cUa c<l.c du·Ung bien t~n theo 
m9t thOng s.:l nfto d6. 
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SUMMARY 

STATIONARY OSCILLATIONS IN DEGENERATED CASE 

In the present paper, some remarks about stationary oscillations in degenerated case are 
presented. It is shown that these oscillations may exist, may be stable or unstable and they are 
represented by singular points of the response curve. 
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Cit hai nhanh C1 , C2 cua dtrlmg bien t'an dh th6a man h~ thu·c 

W(A,a2
) = q2

{ [C47 a2
- A)+ pcos2crr + [hw + psin2cr]2

}- a2 D2 = 0 (5.15) 

nh=g dii co dung hai nhanh C1 , C2 phlti !o~i kh6i dtrlmg (5.15) nhirng di~m th6a man (5.10 a, b, 
c) nhucng khong th6a man (5.13). 

2 2 

C6 thg chU:ng minh I Ia diiim nut khi a2 > 
4
: 2 , diiim lui khi a2 = 

4
: 2 , di~m co l(ip (khong 

2 

thu9c C2) khi a2 < 4~2 • 
D~ xet 5n d~nh, trong [2] da l~p h~ bie'n ph5.n, l~p phtrang trinh d~c tinh, va dieu ki~n dd d~ 

cO Bn djnh ti~m c~n Ia: -

(5.16) 

hay (thay cos 20 bd-i bigu thu·c tlm dtr<rc khi tri~t tieu vg phi.U ella (5.2)): 

(5.17) 

Tnrang ho;rp kh8ng suy bign, & dang tinh du-7c sinO= ~1 , cosO= ~2 va di~u ki~n (5.17) 
. 0 0 

du·a v'e d<]-ng: · 
1 aw 

-- ->0 
D aa2 

Trucang h'!P suy bign, nghia Ia t~i I, giii h~ (5.3) chUng ta dtr7c: 

. q 
cos(&+ cr) = -- hay 0 = -cr ± ~' 

2ap 

Dih ki~n 5n djnh (5.17) tr& thanh: 

-q e= arccos­
Zap 

-2p cos 2cr- '!.cos( -2cr ± ~) > 0 
a 

(5.18) 

(5.19) 

(5.20) 

(5.21) 

Thl d11: 7 = 0, 8, h = 0, 22, p = 0, 25, q = O, 1, cr = 37>:/4 digm I c6 "tga dg": A = 0, 2913, 

a2 = 0, 4855 > 4~2 = 0, 04 vi>. dih ki~n iln djnh Ia 'Fq > 0, mgt trong hai eM dg dao di}ng dlrng 

bigu di~n b&i di~m nUt I Ill 5n d!nh, dao d9ng kia khOng gn d!nh, d1rC:tng bien- t'an cho tren hlnh 1 

" . . 
KET LU~N 

Nc$i dung trlnh bay tren cho th5:y sv c'a.p. thigt ph3.i chU Y de'n nghi~m dao d9ng dirng trong . 
tru·Crng hqp suy bie'n. Tren du·Crng bien-t"5.n nhii:ng nghi~m nay du·qc bi~u di~n bd-i nhiing di~m k:Y 
dj, ttrang li-ng nhi~u pha, c6 th~ 5n d!nh ho~c khOng &. d!D.h. Dva. vao di~m kY d~ c6 th~ ph5.n 
bi~t cc1.c d<,tng du-Crng bi€n t'an c6 th~ c6 tr~ng h~ va BlF chuy~n d5i cU.a c<ic du·(rng bien tl.zt theo 
m9t_ thOng sg nao d6. 
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SUMMARY 

STATIONARY OSCILLATIONS IN DEGENERATED CASE 

In the present paper, some reznarks about stationary oscillations in degenerated case are 
presented. It is shown that these oscillations may e~ist, may be stable or unstable and they are 
represented by singular points of the response curve. 
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