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DAO DONG DUNG O TRUONG HQP SUY BIEN

NGUYEN VAN DiNH

Xét dao ddng divng véi bién 48 vi pha hing (o, 6) x4c dinh bdi hé hai phwong trinh (1.2,
dai 6 bic nhit theo u =sinfd, v = cosf véi cic hé s8 13 da thirc cda @ va A (85 léch tin).

Thudng, trwée hét, theo Iy thuyét hé phwong trinh dai s8 bic nhit, ching ta rit ra (u,v);
sau d6, theo cdng thire lwgng gide u? + v? = sin® § + cos? d = 1 suy ra quan hé bida - t3n.

Nhu th€ cin phin bigt hai trudmg hop khéng suy bién vi suy bién twong éng khi dinh thirc
cia hé bic nhit khdng trigt $iéu hofc triét tidu. Trwdng hop khéng suy bién, hé dai s8 cé nghiém
duy nhét (u,v) v d& ding suy ra quan hé bién - tin. Trudng hop suy bién hé dai s hojc vd
nghiém hojc c6 v s& nghiém; néu v4 nghiém, hién nhién hé lwgng gide cling v6 nghiém vi khang
c6 dao ddng dimg; néu 6 vé =8 nghidm dai s8 (u,v), nghifm ndo twong dng dao ddng dirng va
dao d8ng niy cé nhing dic diém gi ? Nhing nhin xét trinh biy dwéi diy nhim tim 15 gidi dép
cho cdu héi 43t ra.

51. DAO BPONG DUNG 0 TRUONG HOP KHONG SUY BIEN
Xét hé dao ddng 4 tuyén mb td bdi hé phuong trinh vi phin trung binh

i=<{A(A,q)sinf + B(A,a) cos? - 6(a,0)}

é=5{E(A,G)sin9+F(A,a.)cosG—G(A’a)} (1.1)

trong d6: @, & - bién d§ v pha bién thién chim; A - &5 Kch tin; A, B, C, E, F, G - nhitng da
thirc theo g, A; e - tham s8 bé; ddu “.” - ky higu dao ham theo thdi gian t.

Trigt tidu v& phai hé {1.1) din dén hé hai phwong trinh “dai 88 lirong gidc” x4c dinh bign 46
vi pha hing (¢,6) cda cic ch€ 45 dao ddng dirng:

Asinf'+ Beosf =C

1.2
Esind+ Feost =@ (1.2)

Diy 13 hé bic nhit theo hai 4n w =sind, v = cosd nén 1¥i gidj tuy thude cic dinh thie sau:

A B

Dy = £ F (1.3)
C B

Dy = G F _ (1.4)
A C e

D:=1% ¢ (1.5}

Chi ¥ réng cic dinh thic niy 13 da thic theo A, a,
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Goi 1a khéng suy bifn, trudng hop cic gid tri (4, ) - difm (4, a) trén mit P(A,a) khéng
lam triét tiéu dinh thic (1.3)
Dy #0 (1.6)
Khi 46, i '

u=sinf=—, v=cosf = — (1.7)
vi cbng thire lwong gidc w? + v2 = cos? 6 +sin® ¢ = 1 din d&n quan h§ bitn tin:

D I3

=i 22 19 - 1.8
D T 2 (13)

Wi(A, a]

Nhw & thdy dwéi ddy, (1.8) chi cho mdt nhinh cda dwdmg bién tin C : a = a(A), quy wéc
goi 13 nhdnh khéng suy bién Cj, nim trén mién (P — M) thda min (1.6).
A LY N o
52. DAO PONG DUNG O TRUONG HOP SUY BIEN

Nhanh thé hai cda duwdng bién tin 13 nhinh Cs & trudng hop suy bifn. D6 i trudng hop
mi diém (A, ¢} thudc tip M lam triét ti¢u dinh thic (1.3):

Dy=0 - (2.1)

Khi 46 hé dai s8 (1.2) theo (u,v) ¢6 thé vé nghi¢m hodc ¢é v6 s8 nghiém, v4 nghiém néu:
hang {Do] # hang [ D] (2:2)

vi ¢é v8 s8 nghiém néu _
hang [Dy] = hang [ D] (2.3)

trong d6 { Do), [ D] 1A ma trin hé s8 vi ma trin mé rong:

od=[s 2] DI=|s 5§ (24

Néu hé dai s8 (1.2) v6 nghiém thi hé lwong gidc (1.2) (véi A, o 43 bidt) cling v6 nghiém, dao
déng dirng khdng t3n tai trén mitn M dudng bién tin C chi ¢4 nhinh khéng suy bién C;. Néu
(2.3) thda min, hé§ dai s8 (1.2) <6 v3 s8 nghiém. D& don giln, gid thi€t hang [Do] = 1, diku kidn
(2.3) din dén:

D=0 {2.5)
D3 =0 (2.6)

v3 hé dai 88 (1.2) c6 v6 36 nghiém (mdt trong hai dn u, v ¢4 gid trj tiy ¥). Tuy nhién, hé lwgng

gide {1.2) (véi A, o thda min (2.1), (2.5), {2.6}) c6 thé v6 nghiém vi do d6 vAn khéng ¢ dao'ddng
dlrng twong ung. '

‘ D& hé luong gide (1.2) c6 nghiém, trong vé 88 nghiém (u, v) phii chon dwge nghiém thda min

diu kién u? + v = 1 vi do d6 tinh dwge géc 4 (pha cda dao dfng ding twong dmg). Didu kidn

42 hé lwong gidc {1.2) cé nghigm c6 thé vidt dwéi dang:

A®+ B> (2.7a)
B2+ F* > G : {2.7b)
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(Thudng chi cin xét mét trong hai di¥u kién (2.7) trir khi ¢4 ba 58 hang & mét didu kién trigs tidu
th1 phai xét didu kidn cdn lai)

§3. HAI NHANH cUA DUONG BIEN TAN - DIEM KY DI

Nhu*ng nhin xeb vira néu cho thay, néi chung, dwdng bién tin C:a= a(A) trén mit P(/_\ a)
gdm hai nhdnh: "

- Nhénh khéng suy bién G‘l, nim trén mién (P — M) thda. min (1.6) va du'o'c xéc dinh béi
hé thive (1.8),

- Nhanh suy bi€n Cy; néu ton tal, nim trén midn M thda min (2.1). Nhwng vi phii thda min
(2.5), (2.6) nén C; thudc t4p m C M, t4p m théa min ddng thai (2.1), (2.5}, (2.6). Hom niva cdn
phii thda min {2.7) nén C3 ¢ m c M c P(A, a)

Truc miu & (1.8), ching ta dwoc hé thic

W(A,e)=DZ+D:~-DE=0 : - {(3.1)

 Hé thiéc ndy cho phép tim cd hai nhinh khéng suy bién C; va suy bién Cz. Thue viy, hién

nhién C; théa min (1. 8) nén ciing thda min (3.1). Mit khic, nhénh C, thda min (2.1), (2.5),
(2.8) nén ciing thda min (3.1).

Tuy_nhién (3.1) cdn chéa nhirng diém khong thude dedng bién - tin v phii loai bd: d6 1
nhirng diém thda min (2.1), (2.5), (2.6) nhung khéng thda min (2.7).

Viy, d2 tim dwdng bién tin, ¢6 thé xudt phdt t¥ hd thic (3.1), chl cin x4c dinh chinh xdc
nhinh C; thda min (2.1), [2.5), (2.6) va (2.7). '

Mét djc diém ding chd y: nhinh O thude tip diem ky di cda dwdmg (3.1): W (A, a.) = 0.
Thye viy, chd ¥ dén (2.1), (2.5), (2.6) d& ding thdy, tai cdc didm cta G, céc dzo hiam rifng cda
haim W(A,a) dcu véi A, o d8u trigt tidu:

oW aD, ap aD
EKzz(Dl an TPz 3A2 Do aa0)=° , (3.2)
W 80, 3D, Doy _ '
a =D+ Dy Do) =0

Tinh chit cda didm kj di c6 thé dwge nhin bigt qua bidu thiec khai trién cda ham W{A,q) &
lin cin diém k¥ di. Trwdng hop thwdng gip, cé thé ding cic tién chuin quen bift (1] nhuw ndu:

(3.3)

dAda aAZ/\ Ho? <0 ¢6 diém lai

( 9w )2 _ (azw) (azw) { >0 cé didm nts

Cudi cing, chi ¥ ring khi di xdc dinh dwoc diém (A, a) trén nhinh C2, ¢ tim pha § ching
ta tr& lai hé legng gide {1.2). Thi dy, c6 thé ti phuong trinh thé nhit trong hé (1.2), rét ra

C

COS(Q—‘S) - W f

4=¢ £ arccoé

c LA
VErE: 73 (4]

§4. ON DINH CUA DAO DONG DUNG TRONG TRUGNG HOP SUY BIEN

Cé thé khio sit &n dinh cda dao ddng dirng & ci hai trwdng hop khéng suy bi€n vi suy bién
theo cling mdt trinh tw. Trwée hét, tir (1.1) 1ap hé bién phin

fa=e{A'sinf + B'cosd ~ C')6a + e(Acos & — Bsin§)s4

A T Y] N 1] S i - . (4'1)
00 = ¢(E'sinf + F' cosf — G')éa + £(E cosd — Fsin )i
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trong dé ddu “” I ky hiéu dac him riéng theo o
Phuong trinh dic trung cé dang |

P2 =+ Ehlp +h2 =0 (42)
vi didu kién dd d€ &n dinh tigm cin I

—hy = (4 —F)sin9+(B'+E]co§9 -C'<0
hy = (A"sind + B’ cosf — C'){Ecosf — Fsind) {4.3)
~ (E'sind + F'cosd — G')(Acosf — Bsinf} >0

Trudmg hop khéng suy bién, thay sind, cosf bdi cdc bidu thire (1.7), v& trdi cic ditu kién
(4.3) s& bidu difn qua {A,a) va cho phép xic dinh cdc doan én dinh trén nhdnh C; clia dwong
bién tin.

Trwdmg hop suy bién, géc pha 6 cling dwoc tinh tir (1.2), thi du theo cdng thic (3.4). Cac
diém cda nhanh C; thudng 1 r&i rac, mdi didm tng véi nhiéu pha nghia 13 Gng véi nhitu ché 46
dao d3ng dirng, cd thé cic pha d6 - cic dao déng dirng - déu 8n dinh hoic khéng &n dinh hodc
pha niy &n dinh trong khi pha khic khdng &n dinh

$5. HE THONG 80 - CUONG BUC & CONG HUGNG CO BAN

Trwdng hop suy bién thwdmg xdy ra khi c6 twong tic phire tap nhir & hé théng s§ cwéng bic
da xét trong [2] trén co s& cdc nhin xét vira trinh bdy. Dé mink hoa rd hon vi chinh xdc hon,
dudi diy lwoe t6m mdt s8 ket qud

Phuong trinh vi phin md ti hé <6 dang:

i+ wiz= s{ — ha® + Az — 4z® + 2pz cos 2wt + geos(wt + a)} ‘ (5.1)

trong 6 A>0,p>0,4>0,0< ¢ < 27,
Hé phu’o‘ng trinh vi phin trung binh theo bién d6 vd pha (a 9) la:

a= —5—{hwa+pasin29 + gsin(f -0']}
0 (5.2)

§= ——é—(-j—;{ (A - ilaz)a+pacoszﬁ +qcos(9.—a)}

Bién d3 vi pha hing (a,6) cla dao ddng dirng dwge xic dinh tir hé “dai s8 - lwgng gide” cé
dwoe khi trigt tifu v phai cda hé (5.2}, twong dwong véi:

hwasind — [(ig-a.z - A) - p]acosﬂ = —-é coso . (5.3a)
[(%az - A) +p]a.sin9 + hwacosf = gsino (5.3b)
Chiing ta c6:
D, = . hwa ) —[(%az - A) - ]a, - 22D (5.4)
' [(—?}az——A)—i—p]a hwa



D= (?41“2 _ A)z + h2w? — p? | | (575)
Dy = —qqs(i::i'? —[(i}azh;axﬁ) - ]a = —aq{hw coso — [(%llm2 - A) p] lsma'} (56)
T Ty Mo B RS (NP B

4 : .

Tép M lam trigt tiéu dinh thirc Do 13 dudng bién - t3n cda hé thulin théng 3 (g = 0)
3 2 ‘
D= (-}aﬂ -A) +RW? - pP =0 (5.8)

Trwdng hop khéng suy bién, Dy # 0, tir (5.3) c6 thé rit ra sind, cosd, tir d6 suy ra hé thic
x4c dinh nhénh C n3m trén mién (P — M) cda dudng bién tin

W.(4A,a?) = .
= Lo (hacone = [(51a? - 8) = gl sine)” s+ (hasing + [(522 = &) +5] cos0)" - 1 =
=£%3{[(37 2 A)+pc'0520']2+[hw+psin2cr]2}.—1=0 ' (5.9)

Dé tim nhénh Cy, trudc héi tin $3p m C M dong thdi thda min
Do=0 (@) Dy=0 (}) Da=0 (c) . : (5.10)
Hai digu kién (5.10 b, ¢} twong dwong véi hé:

hw+ psin2s =0 (a)

3 5.11
(%az—A) +pcos20 =0 (b) (511)
cho mét nghiém - mt diém I(A, a?) - hién nhidn théa min (5.10a):
p? 2
w? = h2sm 20 hayy A=-1+ h—zsm 20
(5.12)

39 2

4a =A— pcoszcr=—1—£—sm 2a—pc032cr

Viy tip m chl1i mdt diém I, dwoc chip nhin néu o? > 0. Tai I, digu kién cé nghxem cla hé
lwong gide (5.3} 1a:

3 2
h2w?a® + [(-102 - A) - p] > ¢%cos? o hay (4a%p® — ¢%)cos®a > 0

5 + (5.13)
['(fa* - A) + P] a® + h?w%a® 2 ¢ sin*o hay (4a°p® - ¢*Jsin’o 2 0
Viy I (nhdnh-C;) chi thudc dwdmg bién tin néu:
2. T | | '
a2 e : (5.14)
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Ci hai nhinh ¢4, C; cia duwdng bién tin déu thda méin hé thic

w(a,d®) = qz{ [(3“’ a? - A) + pcos 20]2 + [hw + psin 20']2} -a’D*=0 | (5.15) -

4

nhung d& ¢6 ding hai nhink €y, C; phai loai khéi dwdng (5.15) nhitng diém thda min (5.10 a, b,
¢) nhung khdng thda min (5.13).

: 2 2
6 thé chirng minh I I3 di#m nat khi o > 4—9—-5, didm i khi o% = f—z, diém ¢ 13p (khéng
2 P L
thude Cz) khi o < L. .
4p?

P& xét én dinh, trong [2| da l4p hd bién phan lip phwong trinh dic tinh, vi digu kign di 4@
¢ 6n dinh tiém cin 1a:

13’4-2(3'Y 2)[(347 2 A) +pcos25] >0 (5.16)

hay (thay cos 26 bédi bitu thirc tim dwoc khi triét tiéu vé phii cda (5.2)):

D+ 2(3: 2) [2(2410.2 - A) - %cos(ﬁ - cr)] >0 (5.17)
\ o y oD Dy
Trutrng hop khdng suy bién, d& ding tinh dwyc sinf = —D—, cosf = 5— vi didu kign (5.17)
Dy o »
dwa veé dang: 7
1 oW : '
= >0 5. :
532 >0 (5.18)

Trudng hop suy bién, nghia la tai 7, gidi hé (5.3) chiing ta dwoe:

cos(f +0) = —5"3; hay 0=-0c%§, ¢£= arccoszla% (5.19)

Digu kién én dink (5.17) tré thinh:
—2pcos 2o — EI—(:c)s(-?r?:l:&') >0 {5.20)
a

vi din dén:
" (¢® — 4p*a®) cos 20 F gsin 20/ 4a2p? ~¢2>0 (5.21}
Thidu: v=0,8, h=0,22,p= 0,25 ¢=0,1, ¢ = 3r/4 didm [ c6 “toa d6": A = 0,2913,
2 = 0,4855 > yye 0,04 vi didu kign én dinh 13 F¢ > 0, m&t trong hai ché &3 dao d6ng dirng
bidu dién bdi diém nit I 13 én dinh, dao d8ng kia khéng Sn dinh, duwdmng bién - tin cho trén hinh 1

KET LUAN ‘ ]

Ngi dung trinh biy trén cho thily sy cin thift phdi chd ¥ dén nghiém dao ddng dirng trong

trwomg hop suy bifn. Trén d1r<‘mg bién-tin nhing nghiém nay dwoe bidu difn bdi nhing diém ky
di, twong &ng nhitu pha, c6 thé @n dinh hojc khéng &n dinh. Dwa vio diém ky di ¢ thd phin
bigt cdc da,ng dwdng bién thn ¢6 thé ¢b trong h§ vi sw chuyen ddi cla cic dudmg bién tin theo
mét thdng s8 nio dé.
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SUMMARY

STATIONARY OSCILLATIONS IN DEGENERATED CASE

In the present paper, some remarks about stationary oscillations in &egenerdted case are
presented. It is shown that these oscillations may exist, may be stable or unstable and they are
represented by singular points of the response curve.
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CA hai nhinh Cy, C; clia duwdng bién tin d2u thda min hé thic
2
W(A,a®) = qz{ [(-sg-az - A) + peos 26] + [hw + psin 20]2} —a?D?* =0 (5.15)
nhirng dé c6 ding hai nhénh Cy, C2 phii loai khdi dwdng (5.15) nhirng diém théa min (5.10 a, b, -
¢) nhung khéng thda min (5.13).
2 2
C6 thé chitng minh T 14 didm nc khi o® > L5, didm i khi o = L5, didm c5 Igp (khong
L P
2
thudc Cz) khi a* < L5 .
P
DéE xét 8n dinh, trong |2] 43 13p hé bién phin, ldp phwong trink djc tinh, va didu ki¢n dd 48
6 6n dinh tiém cdn la: : '

D+2 (v%yaz) [(i}az - A) + pcos 26] >0 (5.16)

hay (thay cos 26 béi biéu thic tim dwec khi trigt tiéu vE phii ala (5.2)):

D+ 2(%}32) [2 (E’:%a.2 - A) - g— cos{f — 0')] >0 | (5.17)

D D .
Truwdmng hop khéng suy bién, dé ding tinh dwge sinf = b_l’ cosf = 53 vi digu kién (5.17)
- Da o
dwa vE dang: . '
1 W :

Trutrmng hop suy bin, nghia 1 tai [, gidi hé (5.3) chiing ta dwoc:
cos(f + o) = -4 hay f=—-c+§, €= arccos — {5.19)
2ap - 2ap

Didu kign 8n dinh (5.17) trd thinh:
~9pcos 20 — %cos(-—Zcr +£€)>0 (5.20)
va din dén:
(¢* — 4p®a®) cos 20 F ¢sin 20/ 4a?p? — g% > 0 (5.21)
Thidu: v =0,8, h = 0,22, p=0,25, ¢ = 0,1, ¢ = 3x/4 diém I ¢é “toa d§”: A = 0,2013,
a® = 00,4455 > i 0,04 vi didu kisn 8n dinh 13 ¥g > 0, m3t trong hai ché 43 dao déng dirng
2

bidu dién béi didm nit 7 13 8n dinh, dao ddng kia khong &n dinh, dung bién - tin cho trén hinh 1

KETLUAN | )

Noi dung trinh biy trén cho thiy sw cin thi€t phdi chd ¥ d€n nghidm dao ddng dirng trong
trudrmng hop suy bi€n. Trén dwong bién-tin nhitng nghitm niy dwoc bidu di¥n bdi nhitng didm ky
di, twong @ng nhifu pha, ¢6 thé dn dinh hojc khéng dn dinh. Dwa vio didm k¥ di ¢6 thé phin
bigt cdc dang dudng bién tin cé thé cb trong hé vi sy chuyén d8i cia cic duwdng bién tin theo
mdt thdng s8 nio dé.
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