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NON-LINEARITIES IN A QUASI-LINEAR SYSTEM 
SUBJECTED TO EXTERNAL AND PARAMETRIC 

EXCITATIONS OF DIFFERENT ORDERS 
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In [1], using the multiple scale method, A. N. Nayfeh has studied the interaction offundamental ~· 
parametric resonance with subharmonic resonance. Essentially, the system considered belongs to_ 
the clase of oscillating ones, subjected simultaneously to two excitations (external and parametric) 
of different orders of smallness (e and e2 , respectively). It has been shown that, depending on the 
dephase between two excitations the system may be enhanced or extinguished., 

Below, to obtain some more informations about this phenomenon, we shall plot the resonance 
curve of the combined oscillation. The asymptotic method [2] will be used, the roles of quadratic 
and cubic non-linearities will be analysed. 

§1. SYSTEM UNDER CONSIDERATION AND ITS AVERAGED EQUATION 

Let us consider an oscillating system described by the differential equation: 

x + w2 x = e(.Bx2 + qcos 2wt} + e" {- hx + <lx- -yx3 + 2pxcos 2(wt + u)} {1.1) 

where: :z: - an oscillatory variable; e > 0- a small parameter; /3, 7 - coefficients of quadratic a:nd 
cubic non-linearities, respectively; q > 0,- 2p > 0 and 2w, _u (0 ~ cr < 1r) - intensities, common 
frequency and dephase between the external and parametric excitations, respectively, .:l = (w2 -1) 
-the detuning parameter (1- the natural frequency). Using the asymptotic method, in the second 
approximation, the solution of (1.1) will be found in the form: 

x =a cos .p + eu1 (a,9, .P) + e2u2 (a,9, .P) 

a= eA1 (a,9) +e2 A2 (a,9) 

0 = eB,(a,9) + e2B2(a, 9), .p = wt + 9 

{1.2) 

(1.3) 

where: a, 9- slowly varying 'amplitude and dephase of the oscillatory regime; u,, u2 (A1 , B1 , A2, 
B2 ) - unknown functions of a, 9, <p(a, 9) which are periodic relative to 0, .p (0) with period 211". 

Introducing (1.2) into {1.1), using (1.3) comparing the terms of like powers of c; then, those of 
same harmonics of ,P, we obtain.~ 

A1 = B1 = 0 

1 { .Ba2 .Ba2 + 2q cos 20 2.,. q sin 20 . ·'·} u1 =- -- cos 'f'- ---sm2'f' 
w2 2 6 3 

{1.4) 

a=-;: a{ hw + (qcos2u- !~) sin29- (psin2u) cos20} 

ali=- ;>{[A- e: -:~:)a2] + (psin2u) sin 20 + (pcos 2u- !~)cos 29} 
(1.5) 
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§2. PURE FORCED OSCILLATION 

The equations (1.5) admit the trivial solution a= 0, corresponding to the pure forced oscilla­

:o=ou1 =- oq2 {cos2,Pcos26+sin2,Psin26} =--;.cos2wt 
3w __ __ 3w 

tion: 
(2.1) 

The stability study of this "quasi equilibrium regime" can be based on the following variational 
system 131: 

a = - ~~ { hw + (P cos 2<r - :w~) sin 26 - (p sin 2u) cos 26} 

0 =- ;: {a+ (psin2a) sin26 + (pcos2<r- !q2) cos26} 

Let us write (2.2b) as: 

-a= (psin2a) sin26 + (pcos2u- :W~) cos 26 

and, by X, we denote: 

or 

X= (P cos 2u- .B~) sin 26- (p sin 2u) cos 20 
3w . 

From (2.3a), (2.3b), it is easy to deduce: 

X=±~ (pcos 2u- :w~ f + (psin 2a)• ..., a• 

The stability conditions are of the form: 

Re{ hw ± v (pcos2a- :w~) 2 
+ (psin2a)•- a2} > 0 

Since h > 0, w "" 1, only the second inequality (sign -) is retained: 

hw > v (pcos2u- :w~ )2 

+ (psin2u)2- a• 

( 
,Bq )2 A2 > pcos2u-

3
w2 + (psin2a)2 - h2 w2 

§3. COMBINED OSCILLATION 

(2.2a.) 

(2.2b) 

(2.3a.) 

(2.3b) 

(2.4) 

(2.5) 

(2.6a) 

(2.6b) 

More interesting stationary regime is the combined oscillation of amplitude ao a.nd dephase 
6o, determined from the equation: 

(P cos 2<r- ::.) sin 26 - (p sin 2u) cos 26 = -hw -

(p sin 2a) sin 26+ (P cos 2o-- !q2) cos 20 = rc; -:~:) a2 -A] 
(3.1) 

After eliminating 8, we obtain the resonance curve 

. [(3'~ s{:J•) 2 ]
2 

2 2 (- fiq )·2 2 . 2 W= ---a -A +hw- pcos2u-- -p sm 2u=O 
4 6w2 3w2 (3.2) 
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To study the stability of this regime, we introduce the variations Sa = a- <>o, 69 = 9 - 9o 
m, establish the variational equations: · 

6a=-e""{(31 - sp•)a•-t.}o9 
w 4 6w2 

. e
2 

(3-y 5{3
2

) 2. 2 69 = - - - - a Sa~ e h69 . 
wa 4 6w2 

The characteristic equation of (3.3) is: 

e
4 {(a, 5{3

2
) ·} (31 5{3

2
) p• + e'hp + w• 4- 6w• a•- D. 4- 6w2 a• = 0 

Since h > 0, the stability condition is given by the inequality: 

, in compact form: 
aw 
a a• > 0 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

Remark. As it has been shown· in [4], we must examine also the critical case where the 
1terminant (of the algebraic equation (3.1)) 

D = (pcos2<7- ::.) -psin2<7 

(pcos2<7-:J) psin 2<7 
= (pcos 2<1- P; )2 

+ p2 sin2 2<7 = o 
. · 3w 

(3.7) 

However, form (3. 7), We deduce <1 = o, tr/2, w' = {3q/3p so that the algebraic equations (3.1) 
imit no solution 

§4. ROLE OF QUADRATIC AND CUBIC NON-LINEARITIES 

The relationship ( 3.2) can be written as: 

(
31 5/3

3
) . V( . pq )• --- a2 =b.± pcos2<7-- +(psin2<7)2- h2w0 

4 6w2 3w2 
(4.1) 

For simplicity, we suppose that {3 > 0, 1 > 0. Obviously, the resonance curve may exists only 

z = (P cos 2"- :w; r + p2 sin2 2u- h2w2 ~ o 

For illustration, let us fix h2 = 0.00006; {3 = 0.1; p = 0.012; q = 0.12. In figure l, (a.) 
epresents the straight line .f2• = h2w2 and (b) (c) (d) (e) (f) (g) represent the curves zl = 

:p cos 2<7- tw; r + p2 sin2 2<7 corresponding to 0" .= o, "Ir/12, "Ir/6, "/3, "Ir/2, 2"Ir/3 respectively if 

r = O, the equation z = 0 admit;s three solutions w~ < _w~ < w~ and the ·resonance curve may 
~xists w·hcn z ~ 0 i.e. if.w3 :$ wf-_Or-Wi $ w2 ~ wi. For each ot~r chosen values u, we have only 
me solution w and z ;::: 0 if w2 :5 oP. . 

However, the existence of the resonance curve depends also and notably on the "ratio" between 

;he quadratic non-linearity and the cubic one, more exactly, on the value wz = sp• 131 , vanishing 
. 6 4 

· a sp• 
;he coefficient lo(w2) = ..:1 - -

2 
• 

4 6w 
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Fig.1 

Let us denote the right-hand side of (4.1) by: 

Zz 

y = w2 -1 ± V (pcos2u- f.},)'+ (psin2a)2- h2w2 

Assume that the graphic (a) of y, exists 
in the interval J(w~ :$ w2 :$ w~) and is of the 
shape given in figure 2. · 

. - H w~ < w~, then k(w2 ) > 0 in the in­
terval I, th-erefore the· resonance curve a2 = 
yfk(w2 ) is given by the curve of shape (bl) 

- H w~ > w~, then k(w 2 ) < 0 in" the inter­
val!, therefore the resonance curve a2 is given 
by the curve of shape (b2 ) 

- If w~ < w~ < w~, the resonance curve 
.consists oftwo branches (b3 ) and (b4 ), admit­
ting as asymptote the ordinate line of abscissa 
w2 - w2 . - . 

ln reality, depending on the chosen order 
of smallness, ~he acceptable parts of the reso­
nance curire are ~early straight lines. 

Some typical resonance curve are given in 
fig..- 3, 4. 

It is clearly that the soft-hardness of the 
oscillating system depends on w~. H w~ is 
small enough, the resonance curve leans to the 
right, the system belongs to hard type; on the 
contrary, if w~ is large enough, the resonance 
curve leans to the left, the system belongs to 
soft-type; if w~ is in the neighbourhood of 1, 
the system is neutralized; it becomes a linear 
one. 

Fig. tt 
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h2 = 0.0006, p = 0.012, q = 0, 12, 
(3 = 0.1, " = 0 
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a' 

1,499 

h2 = 0.0001, p = 0.012, q = 0, 12, 
(3 = 0.1," = 0.785 

(a): 1 = 0.005 (b): 1 = 0.04 (c): 1 = 0.01 (a): 7=0.005 (b): '"f=0.04(c): '"f=0.01 

CONCLUSION 

We have examined a quasi-linear oscillating system subjected simultaneously to external exci­
tation of order e in subharmonic resonance and parametric excitation of order e2 in fundamental 
resonance. It has been found if the quadratic and cubic non-linearities are of order e and e2, 

respectively, the soft-hardness of the system depends on both these non-linearities; in particular 
case, the system examined <;an be neutralised. 

This publication is completed with financialsupport from the National Basic Research program 
in National Sciences. · 
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PHI TUYEN TRONG Ht A TUYEN CHJU KICH DQNG NGOAI 
VA THONG so a CAP KHAc NHAU 

Dii khM sat h~ dao dqng a tuye"n chju kich dgng ngohl cgp e: c9ng hwng 1/2 va kich dgng 
thong sil citp e:2 c(ing hwng chinh. Nhi-n thi(y rlng ne"u cac ye"u til phi tuye"n dan hlli b~ hai va 
b~ ba tmmg li-ng it citp e: va e:2 thl tinh cli-ng - m"Om cna h~ se ph\1 thu{k vao d. hai ye"u til d6; 
tru-img hqp rieng, h~ c6 th~ bi trung hoa. 
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