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High projects, soft structure are destroyed due to aerodynamic instability. The action mech-
anism of aerodynamic force is very complicated, which makes the mathematical problem of mul-
ti-degree freedom system more difficult to be solved. The system of mono-degree of freedom with
some type of aerodynamic force and the analysis of solution for the case has been considered in
[1, 2]. In [3] we have conducted a survey in the non-resisting equation system of two-degree of
freedom with the aerodynamic force as in [5|. In this article, we will continue to study the above-
mentioned mathematical problem with the regard to the resisting element of environment make
some suggestions for the solution and survey its stability.

1. Formulation of the problem

The mechanical system is considered as a high column, the mass quantity M is concentrated on
the column top end, the vibration of the system with the regard to the resisting force is described
in the following equation:

F 2w +wir - rp? =(1—a)—’f
r

; (1.1)
prap=>b-p
where: v, a - resisting coeflicient,
el
M ,
¢ - corresponding rigidity of the system; a, b - coefficient of aerodynamic force.
The second equation of system {1.1) has an initial integral:
Cy rPe™t (1.2)
where: O - integral constant.
Substitute (1.2) into (1.1), the first equation of (1.1) reduces to:
2
F4 2f + wlr — Orrittle—2at o (l—a)-r— (1.3)
Using variable change method:
r = (sp)t/%e™ (1.4)

g, A are arbitrary coefficients, which will be chosen in the solution process, from (1 3) we have:
B+2(v—da)p+s(w? +ax? - wd)p = (1- w) L P KRt CLC UL O 5)
s/ p
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‘We choose s and A providing that:

25
a+ib=0 and _s—+1=0’ (1.6)

then the equation (1.5) will be taken of the form: o

'; + C]_. (1.7)

2
: 20)5 - 2b(o? + S+ 2%aw)p = (14 2
p—l_—2(v+ba)p Zb(aw bza Zbcwp 1 26)

Hereafter. we will consider some cases, when the equation (1.7) has analytical solutions.

2. Cases .
1- 2= -
-=0 (2.1)
Equation (1.7} has form:
£+ 2{v — 2a)p + (aw? + 42 — dav)p = C, (2.2)
A = (v~ 20)? ~ (aw? + 4a® — dav) = 1* ~ aw? (2.3)

2.1. A > 0 the equation (2.2) has a solution of following style:

= (O {v=2a)t [ 2 m1/2 ] Gy
p= Cae ch|(v? —aw®) "t + 4| + yrcIem {2.4)
where Cz, -y - integral constanis.
Basing on (1.6), (2.1) from (2.4), (1.4} we have
i ot 2 av1/2 Che2at 1/a
=g _— t . .
r=e {Cge h[(v* - aw?) +a]+ 40? - 4av + aw? } (2.5)

Solution (2.5) has a special structure: it seems to be the sum of two terms, each of which has own
resisting coefficient and integral constant.

- When a > 0, the solution (2.5) will be stable if v, & at the same time are positive values,
unstable if at least one of v, o has negative value. The resisting coefficient v or o negative value
when aerodynamic resistance is bigger than structure resistance.

- When a < 0 the solution (2.5) will be written in the form:

1

r= “Zat 1/a (2.6)
1/a vt 2 g2} 117 Cie
a {Cge ch[(u aw ) t+fy] + i —4ay+aw2}
The toot of (2.6) is stable, not depending on the sign of v, a.
2.2. A <0, the equation {2.2) will have a solution of following style:
p= Cae~ =320t cos [(a.w2 - vg)l‘/zt + '1] + Cy (2.7)
402 — dov + aw? '

where Cy, v - integral constants.
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Replace (2.7) into (1.4) paying attention to {1.8), (2.1) we will have:

(2.8)

_'_ . . ) . . 1/2 C e-—-ﬂﬂf 1/a
r=a /a{czﬂ ** cos [(aw? - %) IH'”"]-l-44::2—14ou/+ac..r2} '

- The solution (2.8) will be stible when a, v, a are positive, unstdble when at least ;o'ne of v, @ has

negative value.

3. Cases .
v+ -b-a =0, (3.1)
Equation (1.7) will have following form:
. 2 s 2 ay g | 7
- a(aw -vi)p= (1+2b);+0‘1. . (3.2)

. . dz . . . .
Setting up p% = z; 2’ = p the equation (3.2) will be taken of Bernoulli equation type:

zn;(%+2)§=2é1+4b(w2 _'é)p, (3.3)

The equation (3.3) has a solution

. . 1 2 V2 b a - & .
2=—201a 1p——4b(w —:—);p +Cgpu+2.
) -4
from ehich we have: ; 52 _
sz - —201 mp - 4a—z(aw2 -— llz}p2 + Czpf-l-z; (3.4)

where C5 - integral constants.

According to [3], the equation (3.4) can be solved in cases, when the right member is the 2,
3, 4 degree functions in accordance with p.

3.1. When
=1, . {3.5)

o= | 5

equation (3.4) has form: : -
;}2 =—-C)p — 4{aw® — VZ)PZ + Cap° (3.6)

a. If to satisfy the condition:
4{aw® - %)% + 010, 2 0,

and suggest that the right member of (3.6) has 3 real solutions, which are arranged as follows
€1 2 €3 2 e3 = 0, the equation (3.6) will have solution as following

N

p= eganz[(*—fﬂt+1),k], (37)

- 13 . - e
where: « - integral constant, k - module of elliptic function, k = — -
€1
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However, in this case in order to have 3 solutions of the right member of equation (3.6)
uranged in the above order we must have Cz < 0, therefore in this case the solution (3.7) does

104 exist.
If satisfying the condition: —C,/C; < 0, from (1.2) €y > 0 we find out that Cp > 0, then the

ight membér of (3.6) will have 3 solutions, which are arranged as follows: ¢y > ¢z = 0 > e3, then

she equation (3.6) will have the solution of following
p = eacn? [(\/ Coes —es)t + ‘1’), k] (3.8)

ey — €3
Replace (3.8) into (1.4) we will have:

r= { — 2aezen? {(\/Gz(el — e3)t + 'r),k]}

The solution of (3.9) is stable, periodical and moderating when both v, a are negative and
the score 1/2a must be even. It is unstable when both v, a are positive or have opposite signs.

whgre k=

A
- 2a
€

-t (3.9)

b. If satisfying the condition:
4(:1012 - v2)2-+ C1Cz <0
the right member of equation (3.6) will have one real solution and two combined complex solutions:
ey =0, exties, e3>0.

In order to solve equation (3.6) we set up:

p=-—22 1-vi-g (3.10)
cosfy 14++/1—¢%

—e R
here, tgd; = == , B is an obtuse angle.
€1

Then the equation (3.6) will be changed to the form:

¢ = Cad(1 - ¢)(1 - ¥¢?) (3.11)
in which:
8 g 1 €
2 _ a3, Ty _ 2 o2
k* = sin (2+4) 2(1+ '__“cff+s§)'

Solving the equatioli (3.11) we find the solution:

a=on{[VCi(et + ) /'t + 4], k} , (3.12)
where: 7 - integral constant, k - module of elliptic function.
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Replace {3.12) into (3.10) we will have solution of equation (3.6)

l1-en [\f@;(82+e2)1/4t+')' K
p=yfed+el (vt + b} - (313)

é 1+ cn{ [}/@E(eg +e2)% +_1]__, ic.} :

~ Replace (3.13) into (1.4) we will have:

L
1 —end [/Ca(e3 + 3 1/4t+1,k e
r= {--Za\/ef+e§ {[ 2l + ) ] } P (3.14)

14 cn{ [\/E';(e% + eg)l‘“t +7], k}

in whi 1o 2
in which: k2=§(1+\/m).

The solution (3.14) is not stable, because 1 + cn{ [\/C’g(ef + eg)l‘“t +al, ic} is periodical
according to ¢, therefore in (3.14), at the zero value of denominator becomes infinite.

8.3. When a = 2b, the equation (3.4) will have form:
. _ 2
P = *‘3:0119 — {aw® —v?)p® + Cap*. (3.16)

Setting aw? — 2 = #3, we have:

. 2
pz = —'501;) - 92}33 + Czp4. (3.17)

If sa.tiafyii;_g the condition:
SR h IR 82 - g2 \3 Cp 42
&> () +Gg) <o

the right member of equation {3.17) will have 4 real solutions e; > ez > e3 = 0 > ¢4, then the
equation (3.17) has a solution as follows:

—egeg3n? [(%Mt + '1), k]

p= : (3.18)
y ey — ey —egang[(%-\102elegt+1),k}
Fro e can sée p varies within 0 < p < e5.
- o ’lﬁng_{‘318) into {1.4), we have:
T (0 I L
tapm { —g . e e -, .
L ey — €4 — e38n32 [(%\/C’gelegt + 7) , Ic]
Wher a < 0: the solution is stable, if a < 0 and unstable if o > 0,
=1 7 (4.1)
1
aw® — % 4 §(u+a)2 =0 {4.2)
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According to 2], in this case the equation (1.7) has the solution:

Cy 2 2
- Cpedvrakt 4 1] . - 43
P 2(cr._w2 + o + 2va) [ 2¢ (4.3)
Replacing (4.3) into (1.4), we have: -
C a %'1' !.{ | =
Y Nt Ll St Z{a—2p)t —at] @
- (am2 + a? 4 2va) [G’ge : te ] ’ : (¢.4)

- If a < 0, thé solution (4.4) will be stable when
a >0, a—2v>0 (4.5)

and not be stable when

a>0, o-2w<0, ora<0, a-2v>0, ora<0, o-2r<0 (4.8)

- If a > 0, the solution (4.4) will be stable when condition (4.6) is satisfied, not be stable when
(4.5) is satisfied. :

5. Conclusion

In the surveyed system figure five parameters, it has analytical solution only when there exist
definite relations of these parameters,

The variety, stability as well as instability of solution depend strictly on the relations and
characteristics of parameters, especially a, b, o, v.
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MAT ON DINH KHf Béyc CUA CO HE HAI BAC TU DO
¢O KE TO1LUC CAN

Trong bai niy ching t8i xét bai todn m#t on dinh khi ddng cda mdt hé co hoc b ké téi luc

cdn vi dao dgng theo hai phwong, Pwa ra dwge mdi quan hé gifa cic tham s dé hé ¢é nghiém
gidi tich v3 phén tich én dinh cda nghiém.
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