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1. Mé dau

Trong céc cdng trinh [2, 3, 4, 6] 43 xét bii toin dao dbng cda din dwéi tic dyung cia mét vit
thé di déng. Trong [5, 6] cling di 48 cip dén bii todn dao ddng cda dim dwéi tic dung cda nhitu
vit thé di d6ng, nhwng t4e gid sd dung md hinh cdn thé vi cdn phidi st dung gii thidt vin téc cc
vit thé 13 nhw nhan. Trong céng trinh ndy ¢rén co sd ¢ twdng cda |1, 2, 3], ching t5i tién hinh
nghién ctru dao ddng udn cda dim mét nhip chin t4c dung cla nhitu vit thé di déng véi vin tdc
khic nhau thy §.

2. Thanh ldp c4c phuong trinh dao déng
Xét mé hinh d3m don gidn chi®u dii £, chiu tic dyng cda N vit thé di déng (hinh 1).
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Gil thi€t khdi lwong don vi dii cda da.m (,u}, 45 clmg chéng uon (EI ) 13 céc dai lwgng khong
d8i. Vit the thit ¢ c6 khdi legng m; (i = 1,2,..., N) &%t trén 15 xo c6 3 cbng k; (i = 1,. . N)
va gidm chin t§ & bic nhit véi vin tdc cé he 88 cdn nhét 1A d; (1= 1,..., N). Vin tédc ctia vit
thé thir ¢ 12 hing 8§ v;. Céc v; cé thé khic nhau. Gil sk trong qué trinh chuyen dong qua dim
cdc vat the khéng tich khdi dim vi cc van t8c cda ching théa min ditu kitn sao cho chc vit thé
'khong va dip vio nhau,

D2 thi€t 13p phwong trinh chuyn dong cda hé dim va cic vit thé di chuy‘e'n trén né, ta ip
dung phwong phip cic cdu trdc con. Tich hé dim - cdc vit thé di ddng thinh N + 1 cdu tric
con. Trong dé cdu tric con thé nhit I3 dim, N cfu tric con cdn lai 1 céc vit thé m; (hinh 2).
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Chon hé toa 45 nhw hinh 2. Truc Oz tring véi truc hinh hoc cda dim khi dim chwa Bi vong,
truc Ow hwéng thing diémg xudng dwéi, Toa 43 tuydt d3i xéc dinh vi tri cda vit thé ™ theo
phwong thing ding 14 2.

Go; 7; 14 thei didm vit thé thir « bit d3u vio ciu, v; 13 vin t8c cha vit thé thi s (e = const)

Ta ¢ hé thic , .
N = U,'(t - T{}. (2..1)
Dé thuin tién ta dwa vio toa a3 twong d8i cda vit thé m; (1) xdc dinh béi hé thic

(2.2)

H=4 + Wiy wﬂl' = W(z, t)lg__:f“'

Khi tich hé thinh cic ciu triic con, ta thay lién k& bing céc phin lwc lién két va didu kién bing
nhau cia cic dich chuyén & diém lién két. Lirc lidn k&t tdc dung 1én vit thé my (hinh 2b) cé dang:

Fy = kyyi + digi. (2.3)
Ap dung nguyén Iy d’Alembert, phwong trinh vi phin chuyén ddng cda vt thé m; cé dang:
miZ; = mig + Gising; — F, (2.4)

trong dé ¢; = it + .
Cht ¥ dén c4c cong thirc (2.2), (2.3) phwong trinh (2.4) c6 thé vidt dwdi dang:

w3 +dig + Rz = myg+ Gising; + dithy, + kiwy, _ (2.5)
voi n<t<T;+z, i=LN.
trong d6 T; 1A thod gian vit thd m; di qua clu: T} = ‘_f;. .
1

Biy gi¥ ta chuyén sang xiy dung phwong trinh vi phén dao dong uén cia dim. Qu4 trinh
thi€t 13p hodn todn twomg tw nhw thi€t 1ip phuong trinh dao ddng udn cda dim chiu téc dung
cla mét v4s the di dong [2, 8, 4]. K&t qua ta nhin dwgc phwong trinh dao him riéng mé té. dao
d6ng udn cla dim:

6‘9:4 aw“ at 812

Pé xdc dinh cwdmg 44 4p lye p(z, z,t) & v& phii cda phwong trinh (2.8) ta st dung cdc ham tin
hiéu logic va him Denta - Diric.

]."}I(a4 " Fu ) + #(aﬁw + ﬂ%—t:) = p(=z, z,t). (2.6)
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Ham tin higu Jogic £&(t) 12 him dwege x4c dinh béi hé thic sau:

1 khi n<t<Ti+n
Ee()={ i <t + 2.7)

0 khi t<nvit>T,+m,

_— . . . _— . e
trong d6 7; 13 thid diém vit thé m; bit d4n vio dam, T; = — 14 thcn gxan va,t the m, chuyen dong
. v

trén dAm. Ddo him theo th¥ gian cia him £4(t) bing khéng. -~ - -
'Ham Denta-Dirdc §(x — n;) 13 ham dwee xdc dinh bdi hé thic sau:

§(z—m) = ‘11_15(1) 5s(z — i) ) o (28)

1
—_— 1 — | <
5:(95 - fh’) = { 2e khi 'lx ml d

0 khi |z—-m>e.

(2.9)

Véi cic khdi niém ham tin hiéu logic vd ham Denta-Dirfc x4c dinh nhw trén, cwdng 86 4p
lee cda céc vit thé tic dung 1én dim c¢6 dang:

N
p(z,z,t) = D _ L(t)[mig + Gisingp: — mi&:]6(z = ;). (2.10) .

=1

Nhiw thé hé phwong trinh vi phin mé t4 dao ddng udn cda dim dwéi tdc dung cda nhidu vit thé
di chuyén trén dim c6 dang:

dtw a° 3%w
EI( az 4:;:) + (aﬂ +ﬁ ) p(=z, 2,1) (2.11)
() (mfi + didi + kiz) = L(8)(mig + Gusing; + dithy, + kewy,) (i =1, N) (2.12)

H& céc phuong trinh (2.11), (2.12) 13 mét hé hén hop gbm mst phwong trinh dao him riéng vi
N phuong trinh vi phin thwdémg. DE giii bii todn trén ta cin bit cic disu kién bién vi céc ditu
kién diu. Céc difu kidn bitn &3t véi mé hinh d‘é‘.rg nhw hinh 1 ¢é dang:

z=0: w(0,t)= izi;-i-im; 0 : | {2.13)
z=1{: w(ﬁ,t}=—6‘—2;1—-—§’—t}-=0 (2.14)

Céc didu kién d%u c6 dang:

t=ni ulen) =), 2488 g (2.15)

zi(n) =20, &(n) =40 (2.16)

3. Bién d8i hé phwong trinh vi phan hén hop (2.11), (2.12) v& hé phwrong trinh vi |
phin thudng

. Ap dung phwong phép Rits suy rdng, ta tim nghiém cda hé phwong trinh (2.11), (2.12) véi
céc digu kién bién (2.13), (2.14) dwéi dang:
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z,t} = Zq,-(t) sin I%E (3.1)

r=1

Tir 46 suy ra:

m = G(tw(s, 1), _, _-—&(t)z:q,(t)sm

. = &(¢) E (q, sin —— + ,.m;i cos rm;m) - (3.3)

(3.2)

Thé& bigu théc (3.1) vio phwong trinh {2.11) ta dwoc:

n
w . Rz
+p{ > 4 1n-——+ﬂ2qrsm—~]-p(w,z,t)

= {a+ [B2(F) s () w2
= %p(z, 2, 1), | (3.4)

Nhin c3 hai v& phwong trinh trén vé&i sin f—’;—x r3i ldy tich phan c4 hai vé theo z tir ¢ dén £. Do hé
thive

£
. FTX , %X
[sm —sin ——dz =
4
4 .

0 néur#s
£

- néur=s
2

ta nhin dwoc tir (3.4) hé phwong trinh vi phin:

: ¢

- Ela famy4 Er 2

g, + _P (T) +ﬁ]Qa -+ _(T) g4s = .ug fp(f"'r z, t) sm £ dz (3 =1 n) (3‘5)
0

Tich phin & v& phdi phwong trinh {3.5) ¢6 dang

£
/ p(z, 2, ) sin -—dz = Zh(t)(m‘g +Gising; ~ "V")f‘s(“’ = ) sin = ds
J | |

=1
=Z£.-(t)(m¢g+G; sin ; — mi%;) sin f—?— (3.6)
i=1 ’

Thay (3.6) vio phwong trinh (3.5) ta cé:
o+ Ei“( )+ 84, + (’;’)4:;,

_Zﬂ‘(t)(m,g+G sin p; — m;z,)smizf (s=1,n) (8
=1
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Thé cic bidu thitc (3.2) va (3.3) vio phwong trinh (2.12) ta dwec:

miE + dizi + kimi = mg + Gising; + 4(t) Z (d{ sin f"’Tfh'.)dr_’_
r=]1

n

, + £(t) Z (,ki sin fﬂ;”' + d;rr?;vi"cos rf;m ) gr (i=1,N) . (3.8)

r=1"
Nhe thé, nh¥ biéu thic (3.1} ta dwa dwgc hé phwong trinh vi phan hdn hop gbm mét phuong
trinh dac him riéng (2.11) vd N phuong trinh vi phéin thudng (2.12) v&8 hé (n+ N) phrong trinh
vi phin thedmg (3.7) va (3.8). Cichim cin tim &diy i g, (s=1,...,n) va & (i=1,...,N)
4. Phwong phap sé gidi hé phwong trinh vi phan dao déng

P2 tich phin bing s6 hé phwong trinh vi phin (3.7) vi (3.8) mét cich thuin tién, ta vidt hé
phuong trinh (3.8) lai dwéi dang nhw sau:

.e.mz( in 22 g, - Zse

sin r?fm gy oy ok
+e.(t)§:( et con Tl g, — it
G. . . T
+g+—sing; (:=1,N) (4.1)
m;

Thay % trong phueng trinh {3.7) béi bidu thire (4.1) ta dwoc

n

——E{Es EIO!( ) +ﬁ]+%§£&(t)d€5inﬂ?‘; sinr?:!m}.j,
e TP —g{a:%f(%>‘s4

i=1 =
2 4 ray s rvm TR
+a§&-(t)(d,- 7 sin 7 £ sin — }q,-
2 . amn f— ‘
t ; £(¢) (ki sin —E’h)z‘- (s =T,n) (4.2)
Trong céc phuong trinh (4.1} va (4.2):
1 khi r=
6: = { T T £ (4‘3)
0 khi r#s
pi=Mt+as; mo=ylt—n) (4.4)
Néu ta dwa vao k¥ higu ‘
q= [ql,...,qn,zl,...,zN]T, (4.5}

thi hé cdc phwong trink (4.2) vi (4.1) c6 thé vi€t dwéi dang ma trin nhu saw:
§=BH)f+C 07+ flt), - (4.6)
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trong 46 B (t) v C (t) 1& c4c ma trin vudng cip (n+ N}, con f(t) 14 véc tor cé (n -+ N) phin ti,

Ma trin B (t) c6 dang

[ bll 4 b]n bl'n+1 bl,n+N
bn]_ P bnﬂ bn'n.i_l bﬂ_‘n.{-N
B (t] = PRI . — N -
bﬂ.+l,1 e bn-l-l,n bn-{-l,n-}-l bn-!-l,n-{-N
-bn-z-N.l s bn+N,n . bn+N,n.+1 bn+N,n+N p
véi
- 52 Ela ( ) s +ﬁ] 2 i&(t)d . awv;ﬂ(t - 1) . rEu(t—n) ( )
- - { : SII1 s r= I
[ p \¢)° pt o Z L
sy [t~ 1 _— —
ba,n+i = —&(t}d __.3...(e_......._'._).’ ( =1n1=1, )
, reul{t—; R — J—
bn+i.r=£i(t);r;—'sm"_;‘(£—'ﬁ ' (""=1; 1= )n)
bn-l-i,n-h?' = “QJZ 1 (3:.7 =1, )
Ma trin C {t) c6 dang
( €11 cen e1n €1,n+1 Cln+N
fpl e Cnn Cr,n+1 Cnn+N
Clt)=| — — — — S
€nt+1,1 -+  Cntln Cp+in+l Cn+ln+N
-Cnt N1 R Crn+N,n - Cp+t N+l Cn4Nn+N -

i (t—n) . i\t —-7)7 . it — %
"-_ZL(][ roy; rwv‘( r)+k‘smr1ru.,( r)}smsn’u( 7)
£ 2 £
,EI AT _
_Er-;(-e—) , (s,7=1,n)

2 . smylt— —, —

S:M,_H f‘_z—#ﬂ,-(t]k,-sm——(-g—l-)-, (s=1,n; {=1,N)
cn.,.,,,.—ﬂ.(t){ i TT;U‘ cos nrv;(iaﬂ) +%sin M%:_El], (r=Tn; i=1,

. k; ..
Cntints = =0} o (Li=1N)

i

véc to F(t) <6 dang:

f = [fl!“':fn)fn+ix---:fn+N]T

. — G; . —
véi f, =0, (s=1,n), fapi=g-+ ;;sm(ﬂ,-t+ a;), {(t=1,N).
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Trén co s& thudt todn trinh bay & trén, mdt hé chwong trinh tinh toin dao déng udn cia dim
diréi tdc dung cda nhitu vit thé di dong di dwoc x4y dung. Trén hinh 2 cho ta k& qua tinh toin
d8 vdng d8ng lwe tai mjt cit gifra dim khi ¢6 mdt xe vA khi ¢4 dbng thoi hai xe qua dim véi cdc
vin t8c khdc nhau. Trén hinh 4 13 k& qud tinh todn ¥ng sudt déng lre tai mit cit gifta dim.

sO LIEU PAU VAo

L=382400m k1 = ky = 3 500 000 N/m a=0
4 = 2532,00 kg/m dy = dy = 420 000 Ns/m §=0
My, = 0,6223 m® Gi1=G3=0N btg = 1000
EI= 13 410 508 000 Nm2 Ql = nz =0 l'a.d/s rn = 0.777 (S]
my = mg = 2543 kg g=9,810m/s?"
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Dimm) 4D = / (mp) ! 4 ) |
! 1 L ! ! H !
-3<_ e Mgt xe qua dim vjn t6c v = 30 km/h
;fo o Mét xe qua dim vin t6c v = 20 km/h
_@ o Hai xe qua d3m v4n t3c v; = v = 30 km/h
@ ¢ Hai xe qua d8m vin t8c v; = 30 km/h, vz = 20 km/h
Yéi 15 Trwomg hop
khda sat Don vi
1 2 3 4
Miit cit m 16,200 | 16,200 | 16,200 | 16,200
D max mm 1,363 1,346 2,534 2,244
Thi didm buére 511 493 377 366

Hinh 8. B ving ddng lye tai mit cdt gitra dim £ = 16,200 m
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s6 LIEU PAU VAO

L=3240m ky = kz = 3 500 000 N/m a=0
u = 2532,00 kg/m dy = dy = 420 000 Ns/m g=0
M, = 0,6223 m® G =G;=0N btg = 1000
EI = 13 410 508 000 Nm? =0z =0 rad/s 3 = 0.777 (s)
my = mg = 2543 kg g = 9,810 m/s*
s TTITTT T T
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-E‘.‘xx,( E ’—’jl L/K?r\f\:::b{:l ‘F . "X-‘-..r'.l - | tes)
s, e v fet ot 243509
N LT A LA ]
A Y ’“*x;: A P e o] T !
. A Ay~ =¥ s ! '
: \ N -&"“m@: kx 2 "il il ; :, :
Sk T T T T
AN LA ]
' R R Wy | : a i |
| IO g | } i
+ T : 1 T,
S(N/m?) db= MMWZ) ’ { ! g |
— Ll i ! A i s L 1 L i
_@__o M5t xe qua dim van tdc v = 30 km/h
e xins ® MOt xe qua dim vin tc v = 20 km/h
® . Hai xe qua dim vin téc vy = v3 = 30 km/h
@o Hai xe qua dim vin t6c v; = 30 km/h, vz = 20 km/h
Yéu t6’ . Trutmg hop
khdo sat Donvi
1 2 3 4
M3t c3t m 16,200 16,200 16,200 16,200
S max N/m2 30 2053,79 298 662,06 543 591,37 | 453 267,37
Th¥i diém bude 511 493 377 366

Hinh 4. Két qui tinh todn tng suft ddng luc tai mit cit 18,200 m

K&t ludn

Trong bii bdo niy st dung phuwong phip cic ciu tric con di thiét 13p hé phrong trinh dao
d6ng cda dim dwéi t4c dung cda nhidu vit thé di dng. Ap dung phwong phép Ritz suy rong
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di dwa h¢ phuwong trink hén hop dao ham riéng v vi phén thudmg v& hé phuong trich vi phan
thudng.
Cic tinh todn bing s5 cho thiy a3 véng cla dim khi c6 nhi®u vit thé di chuyén trén né lon
hon nhidu so véi d6 véng cia dim khi chi c6 mét vat thé di chuyén.
*‘C4c két qui nghién céu thu dwgce Ja co s& cho vide tinh todn déng lye-hoc ciu dim dwoe xiy
drng khd phiéu & Viét Nam.

Céng trinh niy dwec hoan thinh véi s tro gidp kinh phi cda dhlro'ng trinh ﬁghién ctukhoa

hoc co bin.

Dia chi: Nhin ngdy 17/9/1997
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SUMMARY

ON THE TRANSVERSE VIBRATION OF BEAM UNDER
THE ACTION OF SOME MOVING BODY

In this work the structure method is applied for establishing the vibration equations of beam
under the action of some moving body. An algorithm is build to solve the vibration equations of the
considerable system. From this algorithm a computer program is set up with TURBQO PASCAL
6.0 language.
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