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MOT DANG MO1 CUA PHUGNG TRINH
' CHUYEN DONG CUA CO HE KHONG HOLONOM

pb SANH

1. Mé& diu

Phwong trinh chuyén déng cia cic co hé khdng hé16ndm thudng dwoc viét trong dang phwong
trinh véi nhin td |2, 3] hodc dang phweng trinh chira cic phin luwc lién két theo so d6 cda Nguyén
I§ Phi hop [4].

Theo cich thi hai, cdc phin hye dwoe xic dinh ddc 13p 46i véi phwong trinh chuyédn ddng va
nh¥ &6 nhin dwoc biéu thire gili tich cia ching tir mét phwong trinh dai s8. Ditu ndy cho phép
nhin bi€t 1ép cic phin lwc lién két, né cd ¥ nghia quan trong d8i véi viée khdo sat If thuyét, vi
du d3i v&i bii todn digu khién chuyén déng hay 8n dinh chuyén déng. Tuy nhién theo so d5 tinh
todn niy sé gip phai khé khin trong viéc kh&ng ché sai s§ d6i véi viée thwe hién cdc phwong trinh
lién két ma trong nhige bii toin, digu 46 lai 13 muc tiéu quan trong nhw trong bii toin chuyén
ddng chwomg trinh [4].

Trong bii bio niy d8 xuit mdt dang phwong trinh chuyén ddng cda co hé khdng hsléndm mi
khi st dung phwong phép s6 d2 gii né rit thuin tién.

2. Mot dang phwong trinh chuyén dong cda hé khong héléném

Khio sét co hé, vi trf cda né dwoe xdc dinh nh¥ cic toa ¢4 hdlondm ¢; (z = T, n}. Biéu thic
ddng ning cla hé cé dang:
1
T= EqTAq, (2.1)
trong 46 q 12 ma trin n x 1 cda céc vin t8c suy rong, cdn q7 13 ma trin chuyén vi cda né. DS 1a
ma trin 1 X n, ¢6 dang saw:
qT = |IQ1 q‘z ras ‘jn”; {22)

A 13 ma trn quin tinh, né 13 ma trin xéc dinh dwong cip n X n, c¢é hang bing n, cic yéu t8 cia
nd 1 him cda cic toa d6 suy rong.

Céc lwc suy rong cda cic hrc hoat ddng dmg vé1 cac toa dd suy rong ¢; dwoc ky hidu B Q;
(1 =1,n). Goi Q(t,q,q) 1A ma trin cic lrc suy rong. D6 1

QT =1Q: Q2 ... Q- (2.8)

Co hé c6 biéu thirc dong ning (2.1) vi lyc suy réng (2.3) goi tdt 13 hé holéndm. Nhw 43 bids
phwong trinh chuyén ddng clda hé héléndm dwoc viet trong dang [5]

Aq)d = Q(t,q,4) + G(g,4), - (2.4)
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& @6 G 13 ma tran cip n x 1, cdc y&u t3 cda né dwge xac dinh nh& ma trin quén tinh A{q).
Gid st chc lién két dit 1n co hé ¢b phwong trinh dang:

b +bo =0, (2.5)

& d6 b 1A ma trin s X n, ¢6 hang bing s, bo 1 ma trin s x 1. Céc yéu t5 cla cdc ma trin niy
trong trwdmg hop tdng quét 13 him d3 hiét cda cac toa d5, vén t8c va th¥i gian, tire

b =b{t,q,q), bo=bolt,q,q),

§ 1i ma trin n x 1, cde y&€u t& cda né 14 chc gia t8c mé réng.

Co hé ¢6 ham dong ning (2.1), lwc mé& réng (2.3) chiu lién k& (2.5) goi tit 13 hé khéng
hé16n6m. :

Theo Nguyén Iy Phii hop phwong trinh chuyén d3ng cia hé khéng haléndm cé thé dwoc vidt
trong dang sau: .
A(d)§=Q(tq,q) + G(q,4) +R, (2.6)
& @6 R 13 ma trin (n x 1) cda cdc phin lwe lién két (2.5) ¢in dwoc xéc dinh d@ chuyén déng cda
hé khéng héldndm dwge mé t4 bing phwong trinh (2.6) ¢é nghiém nim trén da tap (2.5).

Nhw 43 biét [4], phin lrc R dwgc xdc dink tir hé phwong trinh dai s8

BR+B,=0, (27)
DR =0 S - (2.8)
Tir 23y tinh dwoe ‘
R =R{t,q,q) (2.9)
Thay (2.9) vio (2.6) ta nhin dwoe
AlQ)d=Q(t 9 9) + G(q.9) + R{t, ¢, 4). (2.10)

Phuong trinh (2.10) véi digu kién d3u
a{0) = qo; 4{0} =do (2.11)

cho nghiém dang . ‘
q,,t = Q(t, 90, (-10); '51* = Q(t: qo, (.10): (2‘12}

né mé t chuyén ddng cda hé khong héléndm.
Thay (2.12) vio (2.9) ta tinh dwge phin lyc lién két

R = R(t, q0, 9o)- {2.13)

Do sai 8 tinh todn, dic bidt trong vidc tinh toin ma trin B, & d6 cin phii tinh ma trin

ngwoe cda ma trin quin tinh [4], nén nghidm (2.12) c6 thé khéng thda min phwong trinh lién k&t
(2.5), tie lign k&t (2.5) khdng dwoc thie hién chinh xdc. Lic dé

b{q", 4%, t}G" +bo(q", 4", t) =€ #0. (2.14)

Digu cin luu tim & ddy 13 rdt khé khin khdng ché sai s8 e theo sai s8 cda so db tinh todn khi
gidi (2.7), (2.8) v2 (2.10).
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D& tranh khé khin ndy ta lwu ¥ dén phwong tzinh (2.8}, né dwoc xdy dung ir didu kién ly
twdng cda lign két (2.5).

Nhw di bidt [4], ma trin D cip (k X n), & d6 k = n — s. Hang cda ma trin nay bing k. Céc
yéu t& cla ma trin D I3 céc hé s8 trong bifu théc gia téc mé rong khi biu didn ching qua cic
gia t8c mé& réng déc 13p. Ché ¥ ring D = D(¢,q,q).

Tir phwong trinh (2.6) ta cé:

v} khi thay né vio (2.8) ta nhén dwee

Aot,9,4) 4 = Clt,0,4), (2.16)

& dé

Ay=DA; C=D(Q+G). (2.17)
Phuong trinh (2.16) vi (2.5) s&€ mb ta chuyén dong cda co hé khong hdléndm.
Vi hang ciia ma trin D bing k, hang cda ma trin A bing n nén hang cda ma trin Ao bing

k. Theo gil thift ma trin b c6 hang s (s + & = n) nén ti cdc phuong trinh (2.16), (2.5) véi dign
kién diu (2.11) ta tim dwoc nghiém cda ching

q" = q* (¢ q0,90)- (2.18)

Nghi¢m (2.18) dwoc tim trye ti€p tir hé cdc phwong trinh (2.16) v3 (2.5) trong d6 (2.5) chinh 14
phwong trinh 1ién két. Vily do d6 sai s§ pham phdi khi thee hién lién két (2.5) cling chinh 13 sai
£8 khi gidi phwong trinh chuyén d6ng cda co hé. Bing cich nhw viy cé thé thift 18p méi quan hé
gifta sai s8 gii phwong trinh chuyén ddng va sai s8 thyc hién lién két.

Ché ¢§. Néu lién két 44t 18n co hé c6 dang phi tuyén d3i véi vin tSc, hojc dang tuyén tinh
d8i véi v4n t8c thi chuyén d8ng cda co hé s€ dwge md td bing hé phuong trinh vi phin cdp hai
vi hé phwong trinh vi pkin cip mét. Trong trwdmg hop hé holdndm véi toa 49 suy réng thira thi
chuyén d6ng cda hé dwge mé t4 bing hé phwong trinh vi phin - dai 8.

D¢ minh hoa ta xét hai thi dy sau

Thi du Apen (1]

Khio sit chuydn d6ng co hé ¢6 ham Lagoring dang:

1 .. . .
L= —2~m(:1:2 + 42 + %) + mgz

chiu lién két ¢é phwong trinh dang

2 -d?(F +9%) =0
Lién k& nay thudc loai lién k&t khdng hdléndm phi tuyén d8i véi vin tdc, nd cb thé dwoe vidt
trong dang twong dwong zau:

23—-d?(3E+4§) =0

Chon céc toa 46 suy rong ddc 14p I z va y. D dang tinh dugc

1 0 o%3/z

m 0 0
A=10m 0 f D=|| 2.y
0 0 m 0 1 a%y/z

; QT =00 mgz]..
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Vi A 1 ma trin hing nén

GC=0
Theo (2.17} ta tinh dwec
o |1 0 a?z/z| _||m 0 ma3s/z
Sl U ot o Lt
C=D Q)= 1 0 o%z/3 g _ | mga?z/z
=DQ+G)=14 1 .2y =l mga2g/s ||
mg
Theo (2.16) ta cé: s
m 0 mali/z|| ||5] _ || mgai/z
0 m ma?y/z ‘z " imgaly/z ||

Viét trong dang khai trién né ¢é dang:

. aE ,&
mz+ mae°— 2 =mgae” -
2 z
mij + mazg- = mgazg
z S
N6 cing véi phwong trinh lign két

2..’2 "32(:;_‘2 +g2) =0

mé t4 chuyén ddng co hé.

Thi du xe trwot bing trén mit phing nghiéng [3]

Khio sét chuyén ddng cda xe trwot bing. Gid thi€t didm ti€p xhc clia binh xe vi trong tim
ctia xe ciing nim trong m¥t phing nghidng véi mit ngang mét géc . Xem bénh xe nhu lre&i dao
mdng, mit phing cda né chira trong tim C cida xe. Gil st xe cé kh&i luong bing m, ¢4 bin kinh
quén tinh d6i véi truc qua tiép diém bing p. Khodng cdch gifa tiép difm vi trong tim C bing a
(Hinh 1).




~ Chon toa 5 suy réng 1a 7, y, ©; & dé: z, y 12 toa 8 cla tifp didm, o - gdc nghiéng gifra truc
Oz va dudmg thing qua tiép diém vi trong tim C.

Biéu thitc déng ning cia xe c6 dang
1 ‘2 ] 5.2 . . .y .
T= 5[(m + ¥+ )+2a(cosrpy-—smgox)so:|.

Bifa thitc thé ning cda xe 13
Il = —-mygsin o z.

Vi binh xe dwgc xem nhw ledi dao mdéng, nim trong mit phing vuéng géc v&i mit phing
nghidng vi qua C nén vin tdc tidp di€m ¢é phrong qua C. Ditu niy dwoc bidu thi bing hé thirc

g"tgpm=0:

né 13 phwong trinh lién ké khéng héléném tuyén tinh 48i véi vin tdc.

C4 thé vi&t phwong trinh lién két trong dang twong dwong sau
§—tgpi—(t+ ytgp)p=0.

D3u tién ta tinh cdc ma trin A, Q vi G. D& ding nhin duoc

m 0 —ma sin
A= 0 m macosy i,
~masing maecosp mpZ.
QT = ngsin‘a 00|, GT = ||~ macosp?® — masinp® 0.

Chon céc toa d6 suy réng déc 18p 13 = v . Ta cd

_ |1 tgp O
o= % 3l

Theo cong thire (2.17) ta tinh dwoc

m ] —ma sin p
AO=DA—-”(§ tgop 2“ 0 m MG cos ©
—-masing macosp mp?
_ m tge 0
Tl —masinge macosp mp®
. . . a .o
B _ It tee 0O |mgsina —macospp?| | mgsine— ——p
C_D(Q+G)_“0 ¢ 1 —masin p P2 - coste
Phwong trinh (2.16) ¢ dang saun
d om mtg @ 0 g _ | mgsina — macos p p*
—~masing macosp mpe ; - Q
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Khi trién khai ta nhin dwgc:

ma
coz p

—mEi+mitgely=mgsing — &2,

— masin @ £ + ma cos p i + mp°H = 0

ching ciing v&1i phwong trinh
y—tgps=0

md t chuyén déng co hé.

3 Két ludn

- Phwong trinh chuyén dong cﬁa. co hé dwoc vids trong dang (2.16), {2.5) dwoc thift lip theo
so 45 khdng phdi tinh todn ma trin ngwge cla ma trin quia tinh hay nhin t& Lagoring. Pidu
niy rit quan trong &3i véi cdc co hé phic tap, vi du hé nhitu vit, & d6 chitu cla ma trin quin
tfnh rit lém.

- 06 thé thiét lip méi quan hé giita sai s8 thwe hién lién két véi sai 88 tinh nghiém cda phwong
trinh chuyén d3ng cia co hé. Didundy céy y nghia lén d3i véi cie bi todn didu khién chuyén ddng
co hé theo chwong trinh.

Céng trink niy dwoe thye hign véi sw tii tro cda Chwong trinh nghign cdu Nhi nwéc trong
Khoa hoc ty nhién
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SUMMARY

A NEW FORM OF EQUATIONS OF MOTION
OF NONHOLONOMIC MECHANICAL SYSTEMS

In the paper it is given a new form of equations of motion of nonholonomic mechanical systems.
The obtained equations are written in a matrix form and in order to establish them it is unnecessary
to calculate the inverse matrix of the matrix of inertia. It is important that it is possible to
obtain the relation between the error of realizing constraints and that of computing the solution
of equations of motion of the system under consideration.
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