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PHUONG PHAP THUAN NHAT HOA TRONG
“ y 4, x
BAI TOAN CAU RONG COMPOSITE
DAN HOI NHIEU LOP

PHAM THI TOAN

L& giéi thidu

Trong [4], 4 st dung phuong phip thuin nhit héa d8i véi vt lifu composite dwa v vit
ligu thu¥in nhit twong dwong (ly thuy&t mé dun hig¢u qud), st dung cdc hé thire xdc dinh nay vio
khio sat cic bii todn cu thé.

Trong bii bdo ndy ching ta nghién céu cdc bii todn tinh vi ding trong mbi iredmg vit lidu
composite nhidu 1&p cé dang cdu réng. Xét ciu rdng ban kinh trong a, bin kinh ngoii b bing vit
liéu composite din hdi gbm nhigu lép vit lidu tao thinh bédi cdc béd trong mdi bé cé N vit lLigu
khic nhau (N > 1). Trong khoéng [a,b] ¢4 M bé vi ta gil thi€t M khd I6n. Cdu tric cia méi
trwdmg 13 twa tuln hodn. Goi b = A; + kg +- - + Ay li chitu day cda mét bé vit lisw, F=b—a
14 chidu diy cda ciu rong.

Ta gil thi€t ring chu k¥ A cda ciu tric twa tuin hoda 13 rit nhd khi so s4nh véi H. Bing
cach sd- dung phwong phip thuin nhit héa ta dwa v& gidi truy hoi mét loat bii todn véi vit lidu
thuin nhit, cho phép xdc dinh nghidm x8p xi véi 46 chinh xic thy §.

1. D4t bai todn

Trudc tién ta xét bai todn tinh, ¢ dom gidn ta gid thift ring cic vit lifu trong mdi lép 1a
dan héi ding hwéng, Ditu kidn trén bidn cha ciu rdng:

o,.; =—po khi r=a,
gpr =0 kbi r=4¢

DE khio sit bai todn ta st dung hé toa 46 cBa r, 6, . Do ciu d4i xémg, chiu tdi d5i xtmg
tdm nén cdc dai lwgng xdc dinh chi 1 him cda r. C4c thanh phin chuyén dich

Uy = u,(r), ug=1u,=0. (1.1)

D3t u = u,(r) do {1.1), trang thai dmg suft va bién dang cda méi trudmg dwoc x4c dinh theo
cac cong thic

du U
O'rrz{)‘+2”)g; +2)‘;; Trﬂ:TBP:T‘P"=O’ .
du U
09 = Opp = A;{: +2(A -HA);' ) 7 (1.2)
du u
erf=$ 3 eﬂﬂ:ewﬁ’:;’ top = €rg = €pr = 0,

& ddy A v p la ham cda r.
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Céc thanh phin dng sufilt trén phii thda man phuwong trinh cin bing sau:

dopr

2,
72 2 ) =0 (13

Thay thé (1.2) vio (1.3) ta nhin dwgc phuong trinh xéc dinh dich chuyén u:
d du du ‘
= [Ll(r)$ + La(r)u] + La(r) - + La(r)u =0 (1.4)
vi ditu kién bisn din dén:

LA+ I(Ju=—po ki r=g,

du (1.5)
Lir) - + La(rju=0  khi r=4,
trong dé
Li(r) = AMr) + 2u(r);  Lafr) = 2.\r(r)
Ly =0, =2

Do cfu tréc v4t lidy, edc ham A(r), p(r) tulin hodn véi chu ki h trong khodng {a,b]. Dich
chuyén u vi #ng suit o, phii théa min didu kién lién tyc trén bién cda cic 16p

[u] =0 khi r=r,

[Ll(r)%:-:— + Lgu] =0 khi r=r,

ddiy :=1,2,...,NM v

[fi=f{r+0)—f({r—0). (1.6)
2. Phwong phdp gidi
Dura vio hai bifn méi: bién nhanh ¢ = % v bifn chim 7 = ?} -

Pit €= % < 1, khi 46 cic hdm A(£), u(¢) 13 tuidn hodn véi chu ky 1 trong khoing

b
[Z h] bi€n ¢ bin thién trén mét nhin tuln hoan 1> ¢ > 0.

Béng cich s& dung hai bifn méi &, 7 ta ¢6 thé viét (1.4) dwdi dang sau (A4 cho gon, ta bé
diu ga.ch ngang trén bifn chim ¥)

ar [Ll +La(é,r) ]+La(s, N4 +L4(£, rju =0, (2.1)

trong 46 £ = z .
£

(O = M0 + 20, Lalen) =2 pen =2 - 20 )
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Di%u kién bign (1.5) va ditu kién lién tuc (1.6} tré thinh

. a
du . —po.H khi r= 7o _
Li(€) 5 + La(Sir)i = b (2.3)
T : 0 khi r=—, .
_ H
Do 14 R
[M]—O khl r"H’ e e .
[LI(E)E—- + Lo(t,r) u =0 khi r=73- (2.4)
Do ciu tric v§t li¢u Ii twa tuin hoin nén nghiém u cé thé vit dwéi dang chudi, theo [1]
e g (4) '
w=3 ety Nate,n Sl (25)
g=0 i=0

Céc ham N (£, r) 1a him tuln hoan cda bién ¢ véi chu ki bing' 1 trong 46 Nog = 1, N,(0,7) =

Ny(1,7).

Ta cin tinh cic dao him sau

oo g+l

du dN(g11)i
@ =D [+ G VO
q= =0
d o0 q+1 d d )
o [Lau] = qu > [d—E(LzN(m)s') + = (LaNg)+ Lqu(i—ll]V('}'

=0

dN(q+1)(=—1)

Slng)= £ oS () s 2 e
e

N(q-i-l)t] [Ll qu:] + 1 dNg(i—1)

T dr
NPT [LlN(q+1)(= n]+ [LIN -] +Lqu(f—2)}V{i}: (2.6)
(%) .
V) = 0,1,2,..., g = -1,0,1,2,..., Ny = 0 véii < 0 holic g <0,

trong @6 V) =

e dré
Ny =0vdii> g
Thay th& cic hé thic (2.6) vio (2.1), cAn bing cic hé s8 cling bic véi ¢, ta din dén phwong
trinh san diy d€ xic dinh cic him dia phwong Ny (¢, r):

d 1 dNigsau]  d - ANy
r [L1 M] + 2 [LIN(q—I-I)(i—I) + Ll% + LQN(q+1]i]

df d¢
dN, 1Y(£~1 dN, i=1 CPN d
+ L1[ (q-;g)( ) -+ 2 2‘ ) + Nq(i—z] + Tzq"] + J(Lqui}
dN i
+ Nyg-1)(Lz + Ls) + L ;’;1’ + 152 d L 4 LNy = hy. (2.7)

h1+h2+"‘+hn
h

Céc ham Ny phéi thda min difu kién Lién tuc [Ny =0 khi £=¢, =

dN(11;  dNg .- oo :
[Ll( .ffé L d:‘+Nq(,-_1))+L2Nq,-]=o khi €=¢,, n=1,2...,N-1 (2.8)
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D& 6 phwong phép duy nhit tim nghi¢m cla phwong trinh (2.7) d8i véi cic hdm dia phwong
mitc (g + 2) lién tuc vi tuin hodn, ta coi ring t4t cd cic him dia phwong dwéi mire (g + 2) ¢6
tinh ch&t sao cho:

AN -y |, N1 & Nyi
hq£2<L1[ dz +2 Ir +N(1 2)+ o ]) < (L2 q;»
CIN( 1) dN,
+ Ny (B + L))+ {LaNys) + (L (=55 + ), (2.9)
_ 1
trong 6 h_y3 =h_10=0, ¢=-1,0,1,2,..., ¢=0,1,2,... (f)= f F(&,r)dé.
0
b dN, N,
i dN,
S = (L ‘;;” + L o LNy + L3Ny ). (2.16)
Bai todn truy h3i cho chuyén dich ¢6 thé viét dwéi dang:
hooV + hotV Y 4 RooV (@) 4 x {0} =, (2.11)
~po khir= % ,
SooV + So V) 4+ vil = ;
0 khi r = —ﬁ y
trong 46
o0 q+2 .
xlat = Z £t Z hq.;V(‘), Xt =g,
=0 =7
) (2.12)
o0 g+1
yie = z ! ZS vy g
q=0 t=0

Viéc tim nghi®m cda phwong trinh (2.1), (2.2) dwéi dang (2. 5) dwa v& giii hai d3ay bii todn
truy hdi. BAi todn thé nhdt 1d ddy cic bai toin bién cda 1y thuy€t dan hdi thuln nhit (2.11),

(2.12). Bai todn thi hai 13 ddy bai todn gii lién ti€p phwong trinh vi phin (2.7) € tim cdc him
dia phwong Ny;.

3. Xap xi béc khang (If thuy&t md dun hidu qui)

Xét trudmg hop ¢ = —1, khi d6 céc hé s8 cda e~ phii cho béng 0. Thay ¢ = —1,4=10,1 vio
kg (2.7) ta nhin dwoc

dNy,

: de +L1]=°

dNo
| h_1= E[Ll d¢

Digu kién lién tuc [N1o] = 0, [Ny3] = O khi é = £,..
Ditu kign tuln hoan (Ng) = 0, {Ny3) = 0.
Gii h¢ pheong trinh trén ta nhin dwoc

d
d¢

+ Lz] =0, h-11= [Ll

: _ £ -
N1°=}2?0/[<A-:2u><).:2u> 1")‘])‘1&2;1’ N“=/[()‘+2“)’1(A':2P> lml]dél
. ]
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Phwong trinh thuln nhit héa dng véi ¢ = 0 ¢ dang
(234 2 SN 7 o [+ 2 1+ B2)) + (0 5B 57

o (@B Ly s

Ditu kién bién

. a
ANy, —po.H. khir= T

d¢

+L2)V+ (Ll——- +L1)%K (3.3)

(Ll d¢

b
0 khir=—"
| ir=g

Dira vio cdc két qui cda (3.1) ta tinh dwoe cic hé 8 cda (3.2) va (3.3). K&t qud nhin duge
phwong trinh
BV 2dV A
r

il Ay- 3.4
mrty g tel=0 (3:4)

v digu kién bién

a

dv B H
Vo= 3.6
dr+rV i ( )

H

trong d6

:(AiA2u>_<i”+_22)_<,\:2p)(4;‘()\31_;”2”))’ Bz(ﬁ%ﬁ)’ G:_p"H(,\:éJ'

Nghiém cia phwong trinh (3.4) ¢6 dang

CirM -+ Car véil1—44 >0 :
V={r4Csn(vVEIA=1Inr) + Cocos{(VEZA—1Inr)] véil—44<0 (3.6)
r=%[C1 + CyInr] véil—44=0
1, v1-44

trong 46 Ay z = —3 + — C1, Oz dwge xéc dinh tir didu kign bién (3.5). Chuyén vi cda
. vit thé xdc dinh theo Ij thuyét xip xi khéng

U= (1 -+ E‘N]_O)V + EN]_IV{I),

' dv
trong d6 Nyg, Nq; dwoc xdc dinh theo céng thirc {3.1), cdn V xdc dinh theo (3.6), V1) = -
4. Bai todn dong

' Phwong trinh md ta chuyén ddng cla ciu rdng composite dan hdi nhitu 16p cé dang

a Ay ' du 8y '
2l 2 oy =2, 4.1
3 [L1 3 +L2u] +Ls 5 +Lyu=p o (4.1)

Ditu kién bién P
du ~plt khi r=a,
Li— + Lou= 4.2
gy Tl {0 Khi r=b (42)
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Pisu kién lién tuc trén bién cda cic lép

[u]=0 khi r=r,

[Lléﬁ'-i-Lzu]:O khi r=1r;, i=12 ., NM. (43)

Gik st ring p(t) = po exp(wt), po = const. Kh1 dé nghiém cﬁa phu‘o‘ng trmh (4. 1) du'o'c tim

dwéi dang sau
u = U(r) exp(iwt). (4.4)

Thay thé (4.4} vio (4.1), (4.2), (4.3) ta nhin dwge

au
dr

d

U .
by ={. 5
- + L ]+L3dr+L4U 0 (4.5)

&

Pi€u kign bién

dU —Po khi r=a.
Li— + LU = 4.6
Yar T8 { khi r=¢b. (4.6)
Diku kién Lén tue
[U] =0 khi r= ri,
al ’
[Ll—d? + LgU] =0 khi r=r, _ (4.7)

trong 46 Ly () = A{r) + 2(r);

Ly(r) = Q;(L)_ o Ls(r) = U N U

Cich 1im twong tw nhw & muc trwde, véi x4p xi bac khéng, phwong trinh (4.5) ¢é dang

%+%§V [Al——-—]V 0, (4.8)
Ditu kién bién (4.6} din dén
v Az B K m%’ (4.9)
dr =~ r 0 khi r=o,
trong dé
Al:wQH(p)()\-!—l2p.)’ By = 2()\:2“)(;” >+4()\-:2p>(#(13\)‘+-2im>’
NP
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Nghiém cda phwong trinh (4.8) c6 dang _
V = r—% [O]_J.T(\f‘ Ay 1") + OQY-T(\/ Ay T)], (4.10)
Jy (\/:4? r) 13 him Betxen loai mét
VAL ry 113k
J (‘ /A T) — i ( ) ( 2 ) 7 .
T e T (4 k) -

Y-;(\/A—lr) = Jo (VAL 1) cos oIl = J_, (/A1 1) |

sin 41l
trong 4 v = %\/ 1+ 4By, Cy va C; dwoc xdc dinh tir didu kién bién (4.9).
Chuyén vi v cda mdi trwdmg s€ c6 dang
u = U(r) expliwt} = [V{r) +eNyoV(r) + anV(l)] exp(iwt),
trong d6 V' dwge xdc dinh theo cong thic (4.10).
5. Két luin
Bing cich st dung phwong phép thuin nhit héa ta di tifn hinh thuin nhit héa cdc phwong
trinh cin bing vi phwong trinh chuyén déng cda cin rdng composite l6p dan hoi, Un the cda
phirong phap 13 cho phép xip xi nghiém vé&i 43 chink xdc thy ¥, trong &5 viéc giki nghiém & xdp ,
i bac khéng sé 13 cdc di¥ liéu ban diu cho viée x4p xi nghiém & bic nhis. e
“T4c gil xin chin thinh ¢dm on Gido sw Tién s¥ Do Huy Bich 43 huéng din hoin thinh bii
bdo nay
Céng trinh ndy dwge thwe hidn véi sy t3i trg eda Churong trink nghign ¢éu Co bin Nhi nwée
trong Khoa hoc tw nhién
Dia chi: Nhin ngdy 8/8/1997
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SUMMARY
THE HOMOGENIZATION METHOD IN THE PROBLEM OF -

A SPHERICAL LAYERED ELASTIC COMPOSITE HOLLOW

In this paper, by using the homogenization method for the partial differential equations we
study the statics and dynamics problems of a spherical layered elastic composite hollow.

We can determine the approximate solution with an arbitrary accuracy, by solving a recurrent
series of problems with homogeneous material, where the solution of problem in zero degree (the
effective modulus theory) is initial data.
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