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" " "" , PHUONG PHAP THUAN NHAT HOA TRONG 
... , ~ ~ 

BAI TOAN CAU RONG COMPOSITE 
" "" - " , DAN HOI NHIEU LOP 

PH~M THJ TOAN 

Leri gi&i thi~u 

Trong [4], d3. srl:- dl].ng phtrang phzip thuln nha:t h6a d5i vai v~t li~u composite d1.ra v~ v~t 
li~u thuln nhgt tll'<mg dU'<>'Ilg (ly thuye't mo dun hi~u qua), s.r dvng cac h~ thilc xac djnh nay vao 
kh!o sat cac hai toan cv th~. 

Trong bai bao nay chung ta nghien cilu cac bhl toan tinh va do$ng trong moi tnrlmg v~t li~u 
composite nhi~u l&p c6 d~ng diu r~ng. Xet clu rSng ban klnh trong a, ban klnh ngoai b bhg v~t 
li~u composite dan hlli gllm nhi~u l&p v~t li~u t~o thanh Mi de b6 trong m6i b6 c6 N v~t li~u 
khac nhau (N ~ 1). Trong kho!ng [a, b[ c6 M b6 va ta gi! thie't M kha l&n. Cl!u true cda moi 
tr11'1mg Ia tva tuln hoan. G9i h = h, + h2 + · · · + hN Ia chillu day cda m9t b6 v%t li~u, H = b- a 
13. chi~u d3.y ella c'a.u r~ng. 

Ta gi! thie't r~ng chu ky h cda cO:u true tva tulu hoan Ia rO:t nh6 khi so sanh v6i H. Bhg 
each sd· dvng ph1l'<>'Ilg phap thuln nHt h6a ta dU'a v~ gi!i truy hlli m9t lo{'t bhl toan v&i v~t li~u 
thulu nha:t, cho phep xac dj.nh nghi~m xO:p xl v6i do$ chfnh xac tuy y. 

1. D~t bai toan 

TrU'&c tien ta xet ba.i toan tinh, d~ don gi!n ta gi! thie't r~ng cac v~t li~u trong m6i l&p Ia 
d~Ln h~i d~ng htrCtng. f>i'eu ki~n tren bien efta cau r~ng: 

(jrr = -po khi r = a, 

arr = 0 khi r =b. 

f)~ kh!o sat bai toan ta s,J, dvng h~ t9a do$ clu r, 0, 'P· Do diu dlli xilng, chju tl.i dlli xilng 
tam nen cac d{'i hrqng xac djnh chlla ham CUa r. Cac tha.nh phlln chuy~n djch 

u, = u,(r), u8 = u., = 0. (1.1) 

f)~t "= u,(r) do (1.1), tr{'ng thai ilng suO:t va bie'n d\'ng cda moi tru:lmg dU'qc xac djnh theo 
ca.c cOng th li-e 

du u 
rr., =(A+ 21')- + 2.).- ; r,e = re., = r.,, = 0, 

dr r 
du u 

"•• = ""'"' = ,),-d + 2(,), + 1')-' r r 
du 

err = dr , 

b day ,), va I' Ia ham cda r. 

u 
eoo = etprp = - , 

r 
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eo'P = ero = erpr = 0, 

(1.2) 



Cac thanh phli.n 11-ng suO:t tren phll thda miin phmmg trlnh can b£ng sau: 

dq" 2( ) -d +- CTrr- (J''P'P = 0. 
r r 

Thay tM (1.2) vao (1.3) ta nh~n drrqc phmmg trlnh xac djnh djch chuyEn u: 

trong d6 

d [ du ] du 
dr L,(r) dr + L2(r)u + L3(r) dr + L4 (r)u = 0 

du 
L,(r) dr + L2(r)u = -.po khi r =a, 

du 
L,(r)dr+L2(r)u=O khi r=b, 

L1 (r) = >.(r) + 2JL(r); 

L3(r) - 4JL(r) , 
- r ' 

L2(r) = 2.\(r) 
r 

L.(r) =- 4JL(r) . 
r2 

(1.3) 

(1.4) 

(1.5) 

Do cS:u true v~t li~u, cac ham >.(r), JL(r) tulin hoan v&i chu ky h trong khoAng [a, bJ. Djch 
chuy~n u va 11-ng sul!t q" phll thda man di~u ki~n lien I~Jc tren bien cda d.c l&p 

[u] = 0 khi r = r;, 

b day i = 1, 2, ... , N M va 
[/] = f(r + o)- f(r- 0). (1.6) 

2. Phll'O'llg pha.p ghl.i 

f) ' h · b'' -'-' b'' h h < r ' b'' h. - r U"a va.o at ten mv1: ten n an \. = h va ten c \lJil r = -H · 

f>~t o = ~ < 1 , khi d6 cac ham >.(e), I'W Ja tuli.n h~I.D. v&i chu ky 1 trong khoAng 

[*' il' bie'n e bie'n thien tren m9t nhan tu~n hoan 1;:: e;:: 0. 

B£ng each sd- d~Jng hai bie'n m&i €, r ta c6 thE vie't (1.4) dtr&i d~ng sau (d~ cho g9n, ta bd 
dgu g~h ngang tren bie'n ch~ r) 

trong d6 e= ~' 
0 

d [ du ] du 
dr L,(e) dr + L2(€, r)u + Ls(€, r) dr + L4(e, r)u = 0, (2.1) 

Lt(el =>.(e) +21'(€), L.(e,r) = 
2

>.(e), L3 (€,r) = 
4~"(e), L4 (€,r) =- 4",~e) . (2.2) 

r r 
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Di~u ki~n bien (1.5) Va di~U ki~n Jien t11c (1.6) trcl- thauh 

r; 
[u]=Okhi r=H' 

(L1(€) ~> L.(e, rJu] = o khi 

khi 

khi 

a 
r = 1I -, 

b 
r=­

H' 

r; 
r=-. 

H 

(2.3) 

(2.4) 

Do ci:u trUe v$t li~u 13. tv.·a tub ho8.n nen nghi~m u c6 thg vie't du-61 d<}D.g chulH, theo [1] 

(2.5) 

Cac ham N.,.(€, r) Ia ham tufu. hoan cda bi~n e v&i chu ky bAng 1 trong d6 N00 = 1, N1;(0, r) = 
Nq;(l, r). 

Ta c'an tinh c3.c d~ hAm sau 

(2.6) 

(i) 
d ' y(i) - d V(r) · - 0 1 2 - 1 0 1 2 N · - 0 L' • 0 h " 0 tr0ng 0 - dri I '& - I I I • • • I q - - I 1 1 1 , , • I 'l' - Vtrl 1. < 0{1-C q < J 

Nq; = 0 v&i i > q. 
Thay th~ ca.c h~ th1i-c (2.6) vao (2.1), din b~ng ca.c h~ sg dmg b~c v&i e, ta d[n dgn phlrang 

trinh sau day dg xac djnh cac ham dja phuang Nq;(€, r): 

d [ dN(q+2Ji] d [ dN(q+l)i ] 
d€ L, d€ +de L1N(q+t)(i-1) + L1 dr + L2N(q+1)i 

[
dN(q+l)(i-t) dNq(i-1) d'Nq;] d ( } 

+ L, de + 2 dr + Nq(i-2) + "'dr2 + dr L,Nq; 

dN(q+l)i dNq; 
+ Nq(i-1J(L2 +La)+ La d€ +Lay.+ L4 Nq; =h.;. (2.7) 

C ' h'- N h" h' • di~ k'" Ii" [N J 0 kh' < < h1 + h2 + ... + h,. ac a.JU qiP cut oaman eu I~n entv.c qi =. 1 ~=l",;n.= h 

[L ( 
dN(q+1Ji dN•; ) ] 

1 · de + dr + Nq(i-1) + L2Nq; = 0 khi e = e,., n = 1, 2, ... , N- 1. (2.8) 
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D~ c6 phmmg pbap duy nh~t tlm nghi~m ella ph1rcrng trlnh (2.7) d6i v&i cae ham dja phrrcrng 
m1ice (q + 2) lien tvc va tu'an hoan, ta coi rlng t~t d cac ham dja ph1rcrng drr&i m1ice (q + 2) c6 
tinh ch't sao cho: 

( [
dN(q+1)(i-l) dNq(i-1) cl? N,,l) 1 d ) 

h,, = L1 --d-~ -- + 2 dr + N,(i-2) + ~ + \ dr (L2N,i) 

( ) ( ) ( (
dN(,+1)i dN,,)) + (N,(i·- 1 ) L2 + L3) + L<Nqi + L3 d~ + dr , 

1 

trongd6 h-11=h-1o=O, q=-1,0,1,2, ... , i=0,1,2, ... (f)=Jf(E,r)d~. 
0 

( 
dN(H1)' dN,, ) s,, = L1 d~ + L 1 dr + L1Nq(i-1) + L2 Nqi . 

B3.i to<i.n truy hOi cho chuy~n d!ch c6 thg vidt du6-i d~ng: 

trong d6 

{ 

-po 
SooV + So1V(1) + y{q) = 

0 

00 q+2 

. a 
khtr=­

H' 
• b 

khir=­
H' 

x<•l = L"'Lh,,V('l, x<oJ =0, 
q=O i=2 

00 q+l 

y<•l = L"'Ls,,v('l, y<oJ = o. 
q=O i=O 

(2.10) 

(2.11) 

(2.12) 

Vi~e tim nghi~m ella phrrcrng trlnh (2.1), (2.2) drr&i d~ng (2.5) drra v~ gilt.i hai day bai toan 
truy hlli. Bai toan th1ic nha:t Ia day cae bai toan bien ella ly thuye't dim hlli thu'an nHt (2.11), 
(2.12). Bai toan thu hai Ia day b~i toan gilt.i lien tie'p ph1rcrng trlnh vi phan (2.7) d~ tlm eae ham 
dja ph1rcrng Nqi. 

3. Xap xl b~c khong (ly thuye't rna dun hi~u qua) 

Xet trrremg hgp q = -1, khi d6 eae h~ sil eda .. - 1 ph!i eho bling 0. Thay q = -1, i = 0,1 vao 
h~ (2.7) ta nh~n d1rqe 

d [ dNw ] 
h-1o= d~ L,~+L. =0, d [ dNu ] 

h-11= d~ L1~+L1 =0. 

Dih ~n lien tve [Nwl = o, [N11 j = 0 khi ~ = ~n· 
Dil!u ki~n tufu. hoiln (N10) = 0, (N11) = 0. 
Gilt.i h~ ph1rcrng trlnh tren ta nhan d1rcre 
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Phtrcmg trlnh thm nh~t h6a trng v&i q = 0 c6 d~ng 

khir=;, 

khir=~­
H 

(3.2) 

(3.3} 

D11a vao d.c ke't quit cua (3.1) ta tinh dm;c cac h~ sg cua (3.2) va (3.3). Ke't quit nh~n dm;c 
phmmg trlnh 

v3. di~u ki~n bien 

trong d6 

·d2V 2dV A 
-+--+-V=O 
dr2 r dr r2 

dV+BV={C 
dr r 0 

khi 

khi 

a 
r=­

H' 
b 

r=-, 
H 

(3.4) 

(3.5) 

A=(~) (21'- A)-(-1-) (4p(3A + 2p)) B ( 2A ) 
A + 2p A + 2p A + 2p A + 2p ' = A + 2p ' 

G=-poH(-
1
-)· .\ + 2p 

Nghi~m cua ph1rong trlnh (3.4) c6 d~ng 

{ 

C,r~• + G2 r>.' v&i 1- 4A > 0 

V = r-t (G1 sin ( ;/4A- 1 In r) + C2 cos { ;/4A- lin r)] v&i 1- 4A < 0 

,-qc, + G2 Inr] v&i 1- 4A = 0 

(3.6) 

d ' ' 1 ± vT=4A c c d ' d' h ' d'~ k" b'• ( 5) Ch A • -' trong o .11.1,2 = -2 
2 

, t, 2 trgc xac !ll tll" 1eu I~n 1en 3. . uyen V! cua 

v~t th~ x:k djnh theo ly thuye't x~p xi kh6ng 

u = (1 + eN10)V + eN11V('l, 

trong d6 N,o, N11 dtrqc xac djnh theo c8ng tMc (3.1), con V xac djnh theo (3.6), V( 1
) = ~: · 

4. Baj toan di}ng 

Phmmg trinh mo tl. chuy~n d{mg cUa c'au r~ng composite dan hili nhi~u l&p c6 d~ng 

Di'eu ki~n bien 
au { -p(t) 

L,-
8 

+ Lzu = 
r 0 
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khi r =a, 
khi r =b. 

(4.1) 

(4.2) 

• 



f)i~u ki~n lien t\}c tren bien cda cic l&p 

I u] = 0 khi r = r;, 

[£1 ~; +L2 u] =0 khi r=r;, i=1,2, ... ,NM. _ (4.3) 

Gia sd: rhg p(t) = p0 exp(iwt), p0 = const. Khi d6 nghWm cda phtrcrng trlnh (4.1) dm;rc tlm 
dtr&i d~ng sau 

u = U(r) exp(iwt). 

Thay th<f (4.4) vao (4.1), (4.2), (4.3) ta nh~n dU"\)'C 

Di~u ki~n bien 

L dU L U- { -po ,-+ 2 -
dr 0 

Di~u ki~n lien tl}.C 

khi r =a. 

khi T =b. 

lUI = 0 khi T = Ti' 

[L, ~~ + L2u] = 0 khi T = r;, 

trong d6 L1 (r) = >.(r) + 21'(r); 

L2(r) = 2>.(r) , 
T 

L ( ) 
_ 4Jt(r) 

3 r - ' 
T 

- 2 4Jt(r) 
£4 =pw --- · 

r2 

Nh1t v~y h~ (4.5) c6 d~ng ttrcrng tv nhll" bill to:l.n tinh. Ta tim nghi~m U dtreri d~ng 

(4.4} 

(4.5) 

(4.6) 

(4.7} 

Cach lim ttrcrng tv nhtr & m~c trU"erc, v&i xO:p xi b~c khOng, ph1tcrng trlnh ( 4.5) c6 d~g 

d
2
V 2 dV [ Btl -+- -+ A1 -- V=O 

dr2 rdr r 2 ' 

Di~u ki~n bien (4.6) dh Mn 

trong d6 

A,= w2 H(p)c: 21') , 

A2 = 2c:2). 

khi 

khi 

a 
r=-' H 

b 
r= H' 

B _ 2( A )(A-21')+ 4( 1 )(1'(3><+21')) 
1 

- A + 21' >. + 21' A + 21' >. + 21' ' 

B2 = -poH(-
1
-) · 

>. + 21' 
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(4.8) 

(4.9) 



Nghi~m cua phmmg trlnh (4.8) c6 d~ng 

V = r-t [c1J1 ( yiA. r) + C2 Y,(vfA. r)], 

J1 (v'A, r) !a ham Betxen lo('i m(it 

- 00 (-1l'(~ T+2k 
J, (viA. r) - (; k!r(1 + k + 1) , 

( 
r.- ) _ J1 (y'A, r) COS'Y!I- L 1 (y'A, r) 

Y1 y A1 r - . II , 
Sill'! 

trong do 'Y = ~V1 + 4B1 , C1 va C2 d1r'!c xac djnh tir di~u ki~n bien (4.9). 

Chuygn vj u cda mOi trtrOng se c6 d<;mg 

u = U(r) exp(iwt) = [v(r) + eN10V(r) + eN11V('l] exp(iwt), 

trong ~do V dlr\)'C xac djnh theo cong thli'c (4.10). 

5. K~t lu~n 

(4.10) 

BAng each sd- dvng phmmg phap thulin nHt h6a ta da tiil'n hanh thulin nhO:t h6a cac ph1rcrng 
trlnh can b~ng va ph1rcrng tr\nh chuy~n d(ing ctla cliu rBng composite l&p dim h1li. U"u the' cda 
ph~rcrng phap Ia cho phep xa:p xi nghi~m v6i di) chlnh xac tuy y, trong d6 vi~c gi!u nghi~m b xa:p 
xi b¥: khOng se Ia cac dii- li~u ban d"au cho vi~c xO:p xi nghi~m b b~c nha:t. 

Tac gilt xin chan thi>.nh dm ern Giao s1r Tiil'n sy Dao Huy Bich da h1r&ng din hoiw thanh ba.i 
bao nay 

Cong trlnh nay d1r9'c thvc hi~n v6i sv tai tr9' cua Ch~rcrng trlnh nghien cll'u Ocr ban Nha n~r&c 
trong Khoa h9c tv nhien 

Dia chi: Nh4n ngay 8/9/1997 
Trui'tng D~i hqc Giao thOng v4n tdi Ha Nqi 
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SUMMARY 

THE HOMOGENIZATION METHOD IN THE PROBLEM OF 
A SPHERICAL LAYERED ELASTIC COMPOSITE HOLLOW 

In this paper, by using the homogenization method for the partial differential equations we 
study the statics and dynamics problems of a spherical layered elastic composite hollow. 

We can determine the approximate solution with an arbitrary accuracy, by solving a recurrent 
series of problems with homogeneous material, where the solution of problem in zero degree (the 
effective modulus theory) is initial data. 
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