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REDUCED IMPEDANCE OF BRANCH
COMPONENT WITH HYPERSTATIC INTERFACE
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Hanot University of Mining and Geology

1. Introduction

An analytical technique proposed by Berman (1] allows an exact representation of a branch
component within the model of the main structure by congsidering the impedance matrix of the
component and its inverse.

This paper has its genesis in an early study [3] in which reduced impedance of a statically
determinate branch component was found by using component modes. It is intended ic apply the
method to the case of hyperstatic interface.

2. Definition _

Consider a structural system composed of the main component “M” and a branch component

“E" as illustrated in Fig. 1.’
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Fig. 1
It is convenient to rearrange and partition the elements of the two impedance matrices in the

Zee  Zis zZi Zf,
M {ng fo] 'an & [fo Z& ?

where f refers to interface coordinates and £ - to non-interface coordinates.

following way:

The impedance of the system, then, may be formed by superimposing these matrices in the
form:

Zye Zys 0
Z,=\|Zre Z11+25; Zf,
0 z5 zk,

If a valid model of component “4” could be formed using only the interface coordinates, the
impedance of the system could be written as

e[, .
’ VA7) Zfe-f-Z}“f !
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where sz is called reduced impedance of component “k”.

3. Reduced Impedance

7 Consider a branch component the mterfa.ce of which is assumerl hyperstatu: Its displacement
may be expressed by the vector

q(t) = [g] = E«E (3.1)

-

in which g, are rigid-body displacement on the connection interface and g, the remainder of dis-
placements on the connection interface.

The equation of motion of the component is
Mi+ Kq=F, (3.2)

where the mass, stiffness and force matrices are

Mrr Mrc Mr.‘! Krr Krc K,-ﬂ F,-
M= Mcr Mcc Mcﬂ ; K= Kcr K, ch i F=|F,
My My My Kee Koo Ky 0

The displacement of any point iz found by superimposing the motion excited by the main
component through the interface and the elastic motion relative to the latter, so that

qr qr |

9e =[¢’r ¢'c ¢pl qc | » (3-3)
q¢ Yp

¢, iz rigid-mode matrix which can be considered as having resulted from arbitrary displacement
of each of the statically determinate conatraints g,. It can be partitioned as

I

¢r= ¢cr 3
‘iblr

and it must satisfy the basic condition

¢ is the constraint-mode matrix, which is produced by giving each redundant constraint g, an
arbitrary displacement while keeping all other constraints fixed: '

0
¢ = I 1
¢’£c

¢p is the natural mode matrix, which is formed by fixed-constraint natural modes of vibration of
the component;

0 0 0 0
go=1o0|=l0o o .. olf,
b)Y 2 :
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(7)

where z;

are eigenvectors of the equation

{Keg - AMH]ZE = 0,

and the corresponding eigenvalues will be designated by

Wiy Way ... Wy

Replacing ¢ by (3.3) in (3.2) then multiplﬁng by [#r $c $p]T the equation {3.2) becomes

Merr LE" Lgr ar 0 o 0 qr F. + ¢LF. "
Loy me Lg:: g [+ |0 kee © 9e | — F, ) : (3‘5) .
Lor  Lpe mpp Yp 0. kpp Yp 0
where
Myer = ¢‘TM¢1-: Lr:r = qﬁ{M{f),—, kcc = ¢3‘K¢c,
Mee = ¢Z'M¢c; Ly = ng‘Mﬁbr: kpp = QSEK‘}SP?
Mpp = ¢?,‘M¢p: ch = ¢§‘M¢c-
The equation (3.5) can be written in the form:
mrrar +L£§G+Lg‘r§p = Fr +¢2:-ch (3'6)
Lc_rar + mcc'-ie + Lg‘cﬁp + keege = I, (3‘7)
Lprdr + Lpede + Mpp¥p + kpptlp = 0. (3.8)
For a harmonic excitation .
Fo=F ,.e"m,
= wt (3.9} -
F, = F,&*,
a steady-state solution is assumed of the form:
QI‘ = Er eJ-Wt!
g = 3o, (3.10) '
yp = gpe"ﬂ“'t. ’
Substitution of (3.10) into (3.8) yields:
~w? Lpey — w0 Lpel, ~ @M, + kippT, = 0
or, alternzitively -~
—w? Liy G — 0P Lic§, — WP ma¥; + ki, =0 (5=1,2
w 1f'qf' W chc W muy, ’+'kuy‘ ('& ' ,...,ﬂ).
From this and taking into account ki; = myw? we have:
_ w? _ ~ '
¥~ (W — o) (L% + Licke). (311

44



Introducing the notations:

1 1

'_"'Lg;-Lir = Mrr,i: _L?;Lic = Mcct'

mis g " (3.12)
N 1,7 .
;;TLicLir = Mer i, _W?LirL"G = M;c s,
i

and substituting (3.10) into (3.7), taking into account (3.11) we obtain

Fc:_ Lcr+Zw2 "”]q wz[mcc‘-‘jf""zwg

=1 * i=1 3

— Mec;]g.- (3.13)

Similarly, substitution of (3.10) into (3.8), taking into account {3.11) and (3.13) yields:

_ n 2 .
Fp.= = —w? [mrr chrLcr + 12; w? o2 ( rri ¢chcr 1)] . (3-14)
k n
- w? [L mcc T wc + Zl w? o2 cr 1 ¢cr Mcc, )]
gz

The equations (3.13) and (3.14) can be rewritten in the form:
F.] _ [ 2 Zm] g
= | = B I 3.15
Fl-1z ] o e
According to the definition of reduced impedance, it follows from (3.15) that

7k er Zrc
fo - [Zcr ch] !

the elements of which are defined in (3.13) and (3.14).

4. Example

Consider a simple rod as a branch component which is assumed to interface a main component
at both its ends and to be submitted to a longitudinal motion u(z) (Fig.2).

uix)
- | . ES, M
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Fiyg. 2
The equation of motion of the rod is:
ESu" — i =0.
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From which we have the modal frequencies

and the corresponding moede shapes and the generalized masses:

pilz) = Csin s,

L
L
My / ppids = —CzuL
0
The rigid-body mode is given as )
¢f‘($) = 11

from which we obtain the rigid-body mass
L
Mypp = /ﬂ‘ﬁr‘ﬁrdx = pL.
5 .

The constraint mode takes the form:

¢c(z) = % '
from which it follows that

L
| meo = [ ubuuds = Jul,
o -
L.
koo =/E’S¢'q§'dz~ %ﬁ .
0
L
Ly = fﬂf@sc{é‘rdz = %F-L,
.0
4507' =1,

and

L
L, pr,(;s dz = Cpu L——M
E
o .

cosim

L R |
f pideds = —CuL
Q

cosimy 2
My = 201 (~28TY,
aw
1
My = ZFL;Q—W? ,
— CO8 'lﬂ'
Mrc i = Mcr,t = 2#L 1252 :
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Finally, we obtain the elements of reduced impedance

Z_ = sz'_l__!_zi w? l—cosiw]
S TRMLS Lwi-w? g2 D
1 = w? 2cosim ES
—_— 21 _ anmserl =~
Zoe = -ul?[g -2 =
ri e w? 1 ES
_ 2
Zoo = —plw .ngzw?—wz 'izﬂ'zl A
i=1 *
1 2 w?  1-cosim]
— 2=
Zcf'_'_p‘Lw 2+22iw12-——w2 7;27(2 ] .
1=

5. Conclusions

A method has been developed for determining the reduced impedance of a branch component
attached hyperstatically to the main component by using modal synthesis techniques. As an
illustration of the method a simple longitudinal model was analyzed as a branch component.

This publication is completed with the financial support from the National Basic Research
Program in Natural Sciences.
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TRG KHANG THU GON NHANH ¢& TIBP NOI SIEU TINH
M6t phwong phép x4c dinh tré khdng thu gon cda nhénh cé ti€p néi sifu tinh véi cdu tric

chinh &3 dwee trinh biy. Phwong phip dwa trén ki thudt téng hop cic dang thinh phin. Mat
mé hinh nhinh don giin dwéi dang thanh 43 dwee khio sit nhe mdt vi du.
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