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OF VISCOUS - PLASTIC FLUID
BETWEEN TWO INFINITE PLANES

PEAM HOAI THANH
Department of Mathematics and Mechanics
Hue University of Sciences

ABSTRACT. In this paper we consider the problem on unsteady one - dimensional
pressure flow of Svedov-Bingham’s fluid between two infinite planes. ‘

We show that this problem can be solved completely by using Sliozkin - Targ’s method
with the approximation

=22
v - 30t Y=yo

We have some notices on the -possibility of the application of this method for solving a
class on unsteady flow of viscous-plastic fluid in pipe-lines without any supplementary
assumption. ‘ ‘ :

1. The motion equation and its conditions

Consider one-dimensional unsteady pressure flow of viscous-plastic fluid be-
tween two horizontal infinite planes,

The system of cartesian coordinates was given as in Fig. 1, where coordinate
plane zOy is between two infinite planes. Since considered flow is symmetric, so
we need only consider its upper half. Through the forthcoming, we shall adapt
the traditionnal terminologies and notations [1, 2|
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Fig. 1
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From the system of Henky-Iliusin’s motion equation of continuity and sym-
metry of flow [1, 2] we obtain the following motion equation:

ou Py Ap
Z g2+ 2 p<y<h 1.1
bor Mgty WSYsSh (1.1)
uolt) = u(yo,t)- ¥ <o o (12)

where
u = u(y,t) is velocity of flow in the viscous-plastic zone
ug = ug(t) = u(yo,t) - velocity of flow in the zone of elastic core.
Yo = Yo(t) - semi-width of elastic core (1.3)
A

-EE - pressure gradient,

n - structural viscosity,
p - density of considered viscous-plastic fluid

With. boundary conditions:

u(h,t) =0 (1.4)
(')u(yg,t) _
oy =° (1.5)
du(ys,t) Ap 1o
e 1.6
ot L pyo (1.6)

(The last formula expresses the motion equation of elastic core) and initial condi-
tions -

u(yso)_ =0 : (17)
Yo (0) =h
The size of elastic core yo(t) has to satisfy the condition

. ir .
Jim yo(t) = yo(eo) = E% (1.8)

2. Sliozkin-Targ’s approximation and corollary of first
average value theorem

The problems on unsteady flows of viscous-plastic fluid belong to the class
of problems with mobile boundary; it is difficult to find their complete solution
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even by approximate method. In [1] A. A. Abbasov gave approximate solution of
considered problem by using assumption

h h

- du = dy = =220 (2.1

el h —yo ] a7 k- yo at YTl e (21
Yo Yo -

In this paper we solve this problem by Sliozkin-Targ’s method by using approxi-
mation

1 du(y,t) .
= - d .
o(t) h_yO/ oW (2:2)
Yo -
without any sﬁpplementary assumption.
Consider the function [4]
f(z) = falz) = filz) (2.3)

where y = fi(z) and y = fa(z) are two parabolas with the common symmetric
axis. Without loss of generality we may assume that

bz? is a parabola (P;) (2.4)
az® + ¢ is a parabola (P;) (2.5)

fi(=)
fa(z)

i

where ¢ is the distance between vertices of two parabolas, z = 0 is common
symmetric axis and a # b # 0.

Corollary. Assume that two parabolas (P;) and {P;) are crossed at the point
Mo(zo,y0). (It is clear that zg # 0): Then there exists £ € [0, z¢] such that

1 7
flgy == f(z)dx (2.6)
$o!

and we always have

16) = 3¢ = 31£200) = £1(0)] = 3 £(0) (27)
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3. Results

Substituting QE in (1.1) by its average value in the viscous-plastic zone yo <
y < h (Sliozkin-Targ approximation (2.2)). We get the approximation equation:

2y Ap -
=+ — o (31
polt) =n57+ (3.1)

The solution of equation (3.1) satisfying (1.4), (1.5) is
Ap .o oy _ PPz % (Ap PP '
= ——(h* — — —{h* — — | —yo— — h— 3.2
Cult) = S0 =) = GO -y = (G- ) -y (32)
or A ”
‘ p \
={— —=}(h— —(h— ; <y<h.
u(y,t) (22” 2 ) [(F=w)*—(h—w)]; w<y<
The velocity profile (3.2} expresses a semi-parabola with vertex at the y = yo.

Applying the obtained corollary above with playing the role of f(z) and note

.,
that ¢ = 3_t|y=0 we have
1 fa 29 2 du(yo, 1)
U % U Yo,

= Cdy = = 20 3.3
PO =5 ¥ =35l "3 & (33)

Yo

Substituting (1.6} into (3.3} yields
27Ap To

)==(2P_To 3.4
o(t) =3(= - =) (3.4)

and velocity profile in the cross-section will be:

. (Ap To 9 9 Ap 27g |
= | —— — —_ | — P —_ . < < .
u(y,t) (6£p + 3nyo)(h y ) (3fny° 35, )(h y); wo<sy<h (3.5)

Ap 7o 22 Ap 270
62p_+ 3nyo ) (h )= (_

The discharge of flow is determined as follows:

wo(t) = u(yo,t) = (

h
' Ap 275 \ /2R, ys
1)y =2 t)+2 tidy = — —_— = .
Q) =200 +2 [ v,y = (G2 + 72 ) (% w0+ §) 1)
) Yo
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The size of elastic core in formulas (3.5), (3.6) and (3.7) yo = yo(t) is not
determines yet. Substituting (3.5} or (3.6) into (1 .6) we get differential equation
for determining elastic core o

reh? 15 Ap, Ap ; -
Sk TSPy 2P ] =22 _Tv 3.
[ 37 72 + 3y 3y + 3£nyo Yo (3.8)

The solution of this equation satisfying condition (1.7) will be

1 2 h
~(h? - y3) + (—rg -~ h) (h — o) + h21n5+

2 Ap
4ph i
L\ £ Zzh-m sy
—ry) — —roh — k¥ lnt— = ¢
[(Apfo) Ap" h]lngyo_m P
£

Denote by yb(oo) = {79/ Ap a semi-width of elastic core of respective steady flow,
we get :

1 h
5(’12 ~ y3) + [2yo(o0) — h|(h — yo) + hzlﬂ;“*‘

2 2y b = yo(oo )___32
[2y3 (00) — Ayo(o0) — R%]In ywo—yo(oo) = pt (3.9)

Drawing by computer, basing on numerical date for (3.9) and (3.5), (3.6) gives
plots of developing elastic core in Fig.2 and velocity profile in Fig.3 [5]
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Fig. 8
tl = 0010, tg = 0.067, t3 = 0227, t4 = 0.511, t5 = 2.237

4. Concluding remarks

- From the obtained results (3.5), (3.6), {3.7) and (3.9) we can get the well-
known formulae for the respective steady flow [1, 4]. Note that, the solution (3.9)
and (3.5) will satisfy initial condition (1.7) and condition (1.8) when ¢ — oco.

Note that we can always write one condition at the mobile boundary express-

i du ..
ing the motion equation of elastic core in form 3% = f(yo). So combining
¥=Yo

Sliozkin-Targ’s method and properties of velocity profile we can solve some other
problems on unsteady flow of viscous-plastic fluid with higher approximations.

This publication is completed with financial support from the National Re-
search Program in Natural Sciences
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CHUYEN DONG CO AP KHONG DUNG CUA CHAT LONG NHOT DEO
GIT A HAI BAN PHANG SONG SONG

Trong bai bdo nay chiing t6i xét bai toan dong chdy cé dp khdng dirng cila
chit 18ng Svedov-Bingham gitra hai bdn phing song song.

Chiing toi chi ra ring bai todn c6 thé gidi tron ven bing phwong phip Sliozkin-

2du

B 5—5; y=yo.

Chiing t4i ¢6 mét vai lvu ¥ vé khd ning ap dung phwong phap nay dé gii
I6p céc bai todn dong chdy khéng dirng cla chit 1dng nhét déo trong 8ng dan ma
khéng cin gid thiét phu ndo khéc.

Targ véi xap xi ()
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