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ABSTRACT, In the paper the method for constructing programmed motion is repre-
sented. The requirements for the programmed motion are treated as ideal constrainis in
analytical mechanics. The programmed motions expressed in lagrange coordinates and in
quasi coordinates are investigated.

By applying the form of equations of motion of a constrained mechanical system [7},
a schema for calculating programmed motions has been established. By this schema the
errors of realizing programmed motions have been reduced and controiled,

For illustration of the method some examples have been investigated.

§1. Introduction

In the theory of controlled motion, there exist some requirements, that restrict
the motion of the system under consideration.

In other words, the process occurring in this system must satisfy some pre-
set requirements. The conditions, that a process with specified properties the
systermn must realize, are called the programmed and the motion of the system
corresponding to this process is named the programmed motion,

The problem of programmed motion has been investigated by many authors
2,8,9..]

In [4, 5] for constructing programmed motion the author has used the principle
of compatibility, which gives an unique poinf of view for investigating this problem.
By this it is possible not only to calculate the needful controlling forces for realizing
the given programmed motion, but to find out their construction - this fact serves
for qualitative investigations of dynamical processes, for example, stable or optimal
investigations, etc,...

However, in the mentioned method it can meet errors in realizing programmed
motions caused by calculating for example, the inverse of the matrix of inertia.
This results the deviation from the required programme and sequently the pro-
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gramme is violated.

In this work a method, that allows to overcome these difficulties, is represent-
ed.

§2. Construction of a pi‘ogrammed motion given in

Lagrangian coordinates

Let us consider a holonomic mechanical system. Denote the generalized co-
ordinates by ¢; ( = 1,n) and the generalized forces corresponding to them by
Q:(t, gj,4;)- The n X 1 matrix of generalized forces is designated by Q. Kinetic
energy of the system is of the form

L
2

T=-GTAq (2.1)

where A is a quadratic symmetric and inversible matrix of order n. The elements
of this matrix depend on generalized coordinates, but @ - the (n X 1) matrix
of generalized velocities. The letter T located on the right corner designated a
transposed matrix.

In brief, a mechanical system with the kinetic energy 7" and the generalized
forces matrix Q is called the nature system. .

As known [3], the motion of a nature system is described by equations
AG—-G=Q (2.2)

where G is an {n X 1) matrix, the elements of which are only drawn from the
matrix of inertia.

The problem of constructing the programmed motion is stated as follows:

Design a mechanical system in such a way so that the programmed motion of
the form

gp(t,q,4) =0 B =15 (2.3)

is one of the possible motions of this system. In other words, the trajectories of the
designed system must locate on the manifold (2.3). We assume that the equations
(2.3) are compatible and independent in a certain given domain Q0 of the phase
space for all £ > ¢g.

It is clear, that the subject of the present consideration associated with the
problem of synthesis of a system performing a prescribed motion.
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The programme is called to be complete when ¢ = n and uncomplete when
s < n.

First, we shall consider the case of performing the programmed motion (2.3)

with the help of additional-controlling forces--Such-a system-is named a.open one...

Equations of motion of the system realizing the programme (2.3} can be writ-

ten as follows:
A§-G=Q+u (2.4)

where u is the (n x 1) matrix of the controlling forces required.

Of course, the motion of the nature system (2.2} are not in general, identical

with the programme (2.3). The problem is stated now as follows:

Find the controlling forces u so that the system (2.4) realizes the programmed
motion (2.3).

Here we shall confine overselves to a consideration of the case of incomplete
programme, i.e., 8§ < n. In the case there is no restrictions putting on the con-
trolling forces it is possible to treat (2.3) as the equations of ideal constraints
in analytical mechanics, but the controlling forces - the reaction forces of these
constraints. This is quite agreable with the postulate of constraints in analytical
mechanics: “It is possible to regard a constrained system as a free one (a freed
system) if the constraints should be substituted by their reaction forces”. For
raison of compatibility, the initial conditions must satisfy the programme, i.e.

gﬁ(tO,Q(to.),fI)(to)) =0. (2.5)

We also assume that all functions that are encountered in this work are con-
tinuous together with their derivatives in the considered domain (2, where the rank
of Jacobi mairix
{2.6)

5%
9gi
is equal to s for all ¢ > ¢, and q, 4 > N. In addition we suppose that algebraic
equations are compatible and differential equations satisfy conditions of existence

and uniqueness of solution.

Because the programme (2.3) is treated as a set of ideal constraints and u is
the reaction forces matrix we have then {3, 6, 7|

Du=0 | (2.7)

where D is an (n — 8) X n matrix the elements of this matrix are coefficients in
the expression of accelerations written in terms of independent accelerations.
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From (2.4) and (2.7) we draw:
D g=Q" (2.8)
where the matrices D* and Q* are of the form
D'=DA, (29)
f$=DG+DQ. (2.10)

The matrix D* has (n — s) X n dimension, but Q* - the (n x 1) dimension.

In such a way we obtain n equations (2.8) and (2.3), which describe the motion
of the designed system.

Tt is noticed that equations (2.8) and (2.3) are of a set of algebraic - differential
equations. Let

a=qft), a=4q(), a=4(). (2.11)
be the solution of the equations (2.8) (2.3) with the initial conditions, which satisfy
(2.5)

The controlling forces then are calculated by (2.4), that are

u(t) = A(a(1)a - Q(talt). (1)) ~ G(t, al), a(r)- (2.12)

By of acting of these additional forces the system will realize the programme (2.3}.

Differing from the method represented in [4, 5] in the above given algorithm
it is unnecessary to calculate the inverse of the matrix of inertia. This reduces
calculating errors of realizing the programmed motiomn.

It is important that the equations of required programme are directly included
in a closed set of equations described the motion of the system under considera-
tion. Therefore, the errors of the required programme just are ones of computed
algorithm. This allows to control the deviation of the programme in the process
of realizing it.

Example 2.1. Let us consider the motion of a particle of mass m in Newtonian
field of attraction force [2, 5]

Determine the controlling forces so that the module of the velocity vector of
the particle is constant. Let us choose the generalized coordinates io be spherical
coordinates 8, ©, r.
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The cartesian coordinates of the particle are of the form =z = rcosfcosp,
y = rcosfsing, z = rsinf. It is easy to calculate the module of the velocity

vector of the particle:

v=1/324+ 52 4+ 22 = /7% + r2cos2 02 + r2g2 (2.13)
Kinetic energy of the particle is now
: . 1 . .
T = —z-m(v‘2 + r2 cos? 852 + r26%). (2.14)
The (3 x 3) matrix of inertia has the form
r? 0 0
A=]0 rcos®d 0] , (2.15)
0 0 1
but the potential function will be
~mM um
II=- e (2.16)

where: ¢ = yM, but « is the gravitation constant, M-the mass of gravitational
centre. The 3 x 1 matrix Q takes the form

QT=H0 o -HT. (2.17)
" |

The condition of constant module of velocity vector of the particle complies the
programmed constraint of the form

(8, 0,16, P, ) = 202 +rlcos?p? +74 - C =0 (2.18)

which is treated as an ideal constraint. The (2 x 3) matrix D in the formula (2.7)
has the form

10 —r2d/F

, 2.19
0 1 —r?cos?dp/r (2.19)

D~

The (3 x 1) matrix G will be now

.|| =m(2rdf + r? cos 8 sin 52)
G = || —2m(r cos? 87¢ + r2 cos § sin Bétb) . (2.20)
m(r cos? 8% + rf?)
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In accordance with the formulas (2.9) and (2.10) the (2 x 3} matrix D* and
the (2 x 1) matrix Q* take the forms respectively
mr? 0 —mr2d/¢

2.21
0 i mricos?d —mrlcos?lp/F ( )

o

. | - 6

. —m(2r76 + r? cos fsin6?) — rim [(r cos? 85 + rd?) — %] T

Q' = ) . -
' —2m{rcos? 87 + r? cos 0sin §6) — mr? cos? 4 [(r cos? 92 + rd?) — E] £

rly
(2.22)

Equations (2.8) and (2.3) described the motion of the system under consideration
take the form now

r# — rF = — (2726 + r cos 8 sin 67p?) — [r%(cos® 8% + 6%) — pr]é
ri cos? 0@ — rcos? 8pF = —2(cos® 872 + r cos fsin 69(,61")
- [r2 cos? §(cos? 8% + 92) - p,r] &,
r§? +r?cos? 0o +7:1 - C =0.
In [2] this problem has been investigated by means of the Lagrange’s equations

with multipliers. It is easy to see that by eliminating multipliers we will obtain
the above established equations.

Let the solution of these equations with the given conditions be of the form
8=106(C), p=ptC), r=r(tC)
and substituting them into (2.12) we get the required controlling forces, that are

ugﬁug(t,C), t, =u,(t,C), u,=u,tC).

The programmed motion (2.18} can be realized, of course, by one controlling
parameter C.

§3. Comnstruction of a programmed motion given in quasi
coordinates

First, it is noticed that the Appell’s equations written in the Lagrange’s coor-
dinates take the same form as (2.2). In other words, the Gauss’ function is written

as follows: [5]
1, . . ,
U:-z-qTAququ... o (3.1)
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where the now written terms don’t contain accelerations, but A and G have the
same meaning as in (2.2).

Suppése that the quasi velocities are of the form

Ws = Z Csrgr, s=1,n , (3'2)
r=1 :
which in the matrix form is written as follows
w=Cq ' (3.3)

where w is an (n X 1) matrix, but C - a inversible quadratic matrix of order n.
Equations of motion of the nature system (2.2) in quasi coordinates take the form

Ayw=Go+Qo—-AC'w ' (3.4)
where C* is the inverse of C, but
Ag=AC" (3.5)

‘Go=G(a,4(w)), Qo = Q(t,q, q(w)). (3.6)

Suppose that the programme, that must be realized, is of the form

ga(t,q,w) =0, f=1,s. | (3.7

Let us consider the case of open controlled systems. As above, it can act additional
controlling forces on the system so that under action of these forces the system
will realize the programmed motion (3.7).

Equations of motion of the system are written in the form then
Agw=Go+Qo—~AC w+u(q,uwt) (3.8)

where u is the (n X 1) matrix of controlling forces.

In the case there is no any restrictions putting on the controlling forces it is
possible to treat the programme (3.7) as ideal constraints in analytical mechanics.

The condition of ideality of the constraints (3.7) take the following form
Dou=0 (3.9)

where D is the (n — s) X n matrix, which is constructed in the same way of the
matrix D in (2.7).
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In accordance with (3.8) and (3.9) we obtain
D'w=10 : (3.10)
where D* is the (n — s) X n matrix, which has the form
D' =DoA, o (3.11)
but 8 is the (n x 1) matrix, which is of the form
2=D,Gy+DoQo-DoAC N (3.12)

Equations (3.10) and (3.7) describe the motion of the system under consideration.

Let q(t), w(t) and w(t) is the solution of these equations with the given initial
conditions. The controlling forces required are calculated by the formula

u(t) = Aol q(t),w(t))a(t) — Go(alt),w(t)) -
-~ Qo(t q(t),w(t)) — C*(q(®))w(t). (3.13)

Under action of these forces the system under consideration will realize the pro-
grammed motion (3.7).

Note - In the case when the equations of motion of the nature system are
written in quasi coordinates, for example, in the Appell’s equations by means of
quasi coordinates it can directly apply these equations.

Example 3.1. Find the controlling forces imposed on a body in order that the
motion is of generalized pression of the vector w. :

As known (see, for example (3, 4, 3|, the condition of generalized pression of
the vector w is equivalent to the programmed constraint of the form.

pi—gp+r(p®+¢%) - Ap* +¢H)*¥? =0 (3.14)

where p, q, r are of the projections of the vector of the instantaneous angular
velocity vector w on the rectangular orthogonal axes associated with the body, but
A is an arbitrary constant.

The Gauss function is of the form

1,,. : :
= E(Apz + B¢* + Cr*) +2(C — B)grp + 2(A - C)rpg
+2(B — A)pgr = Qpp — Qe — Q-7+ ...
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where the nonwritten terms don’t contain p, ¢, ¥, but A, B, C are the moments
of inertia of the body about the principal axes of inertia.

Equa.tions‘of motion of the nature system can be written as follows [1, 2]

Ap+(C —Blgr = Q, _
Bi+(A-Clpr =@, (3.15)
Ci+ (B — A)pg=Q»

where: Q,, @4, @ are the generalized forces corresponding to quasi coordinates

The relation to power gives us:
PQr+4Qq+7Qr =9Qp +0Qo +4Qy - (3.16)

where: ¢, 8, 1 are the Euler’s angles, but Q,, Qg, Qy-the generalized forces
respectively. '

As known [1, 2| we have

p= ll;sinﬁsintp-*-écos(p
q=1sinfcosp — fsingp (3.17)
r =f,5cosﬂ+go'.

Substituting (3.17) into (3.16) we obtain:

_ sin
Qp = —ctgdQ, + cos Qs + g Qy, |
‘ : oS |
Qq = —ctgfcos pQ, —sinpQy + pr‘b’ (3.18)

sin @

Qr - Qtp-

As above, equations of motion of the system, realizing the programme (3.14)
can be written in the form:
Ap+(C—B)gr =Qp tup
B¢+ (A-C)rp=Q,+uq (3.19)
Ci+(B— A)pg = Q. +ur

where: up, uq, u, are the controlling forces in order that under action of which
the system realizes the programme (3.14).
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The (2 x 3) matrix D¢ in (3.9) has the form now

Dozhfl’ qé” (I)H (3.20)

Equations (3.10) take the form now

P[Aﬁ-%—(C—B)qr—Qp] +q[Btj+(A—C)rp—-»Qp] =0

. (3.21)
Cr + (B - A)pq = Qr—
The first of equations (3.21) can be written as follows:
App + Bqg + (A — B)pgr — pQp — ¢Qq = 0. (3.22)
From (3.16) we have
pr + QQq = Qong + 9Q9 + ¢Q¢ —rQ,
= 0Qp + ¥{(Qy — cos8Q,;) (3.23)

Equations of motion of the system, which must realize the programmed mo-
tion (3.7) are of the form now

App+ Bgq+ (A — B)pgr — Qo + t(cos 0Qy ~ Qy) =0,
CF + (B — A)pg = Q. - (3.24)
pi —gp+7(p* +¢%) - Mp* +¢%)*% = 0.

Let the solution of these equations with the given initial conditions be

p-——‘p(t), ﬁ:.ﬁ(t)a q:q(t), ‘j:‘j(t):

r=rlt), F=F1), =90, p =), 0=06() (3.25)

and therefore:

Qo = Qult), Qo= Qolt), @y = Qult), Qp = 0, (1),
Q0 = Qut)s @r = Qult).

From (3.19) we calculate the controlling forces for realizing the programme (3.14),

that are:
up(t) = Ap(t) + (C — Bla(t)r(t) ~ Q,(t),
uq(t) = B{(t) + (A~ C)r(t)p(t) - Qq (2},
u,(t) = CF(t) + (B — A)p(t)q(t) — Qo (t).
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It is easy to see that the equations (3.24) can be leaded to ones established [3].

§4. Conclusion

In the work an algorithm for calculating a programmed motion has investi-
-gated. The requirements for a programmed motion are treated as ideal constraints
in analytical mechanics.

The following results have been obtained

1) A schema for calculating programmed motion have been established. By
represented schema the calculation of the inverse of the matrix of inertia has been
avoided. This result has an important meaning for numerical methods, especially
in the case of the systems of big dimension.

2) In represented schema, the equations of programmed motion include in the
closed set of equations described the motion of the system under consideration.
This allows to control the errors of realizing the given programmed motion.

This work is completed with financial support of the council for Natural Sci-
ences of Vietnam
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XAY DUNG CHUYEN DONG CHUONG TRINH CUA HE GO HOC

Trong bai bdo trinh biy mét phwong phdp xiy dung chuyén déng chwong
trinh ctia hé co hoc. Céc yéu cau déi v&i chwong trinh dwoc xem nhw 13 nhitng
lién k&t Iy twdng trong co hoc gidi tich. Pa khdo sit chwong trinh dwoc biéu dién
trong toa do Lagrang va trong tua toa do. :

Dé gidi quyét bai toan di 4p dung trye tiép dang phwong trinh chuyén dong
cda co hé dwoc trinh bay trong [7]. D4 dwa ra mét s8 so 40 cho viée tinh toin
cc chuyén déng chwong trinh. Véi so db ndy sai sé trong viée tinh toén chuyén
déng chwong trinh di dwoc gidm va dwoc khdng ché.

D3 khio sit mét s6 thi du d€ minh hoa cho phwong phép dwa ra.
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