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STABILITY OF VISCOELASTIC PLATES IN SHEAR

PrAM QUOC DOANH, To VAN TAN
Hanot University of Ciwl Engineering

1. Introduction

In {1] the stability of viscoelastic plates in compression is investigated

In this paper we consider the stability of viscoelastic plates in shear. The
problem is solved by theory of pseudo-bifurcation points and ”elastic analogy”
method {2] in two cases: isotropic viscoelastic and orthotropic viscoelastic plates,

2. Stability of viscoelastic isotropic plates in shear

A. Elastic stability of plates in shear

Let us consider elastic stability of plates (a x b) with simply supported edges.

From [3] we have the elastic stability equation of plates in shear as follows:
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where Ny, = 7z, - 6 : shearing force
6 : thickness of plates

AW : "stimulus” displacement.
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The critical stress of elastic plates depends on the rate a/b:

72D n2§?

e/b 10 11 12 13 14 16 1.8 20 30 50 oo

K 934 847 797 757 73 6.9 664 647 6.04 5.71 5.34

B. Viscoelastic stability of plates in shear

Let us consider the equation of state [4]:

1(0) = 2o — 21+ 9(0)] f r(e) Kt t1)dts (2.4)

where: 7(t), 7(t) - shearing stress and shearing strain and

__ E@
G(t) = EEI0) (2.5)

It can be assumed that E(t) = E = const, G{t} = G = const, ¥(t) = ¥ =
const, from (2.5) we get :
E

T 2(1+9)

We denote 7o(t}, o(t) - strain and stress in basic state, 4(t), 7(t) - in the
adjacent state such that '

AT=71—-19 €7, AY=9—7 €9, A7, Ay —called "stimulus”.

Equation (2.4) can be written for A7, A~ in the form:

t
A
A“f(t) = /AT tl)K t , 1 dtl
0
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With the help of (2.6} we have:

ar _é_[AT .—.E/EA K t,’idtl] _______________ (27)

N) (¥)
Using the definition “pseudo - bifurcation of N-degree (PBN) [2] (A7 #0, Ay #
(¥) (K)
0, Ar=0, Aqy=0,K=0,1,...,M; K# N and N < M} and expanding the

function A7(ty) into a series we can get “elastic analogy” of N-degree.

First of all, we use the definition of “pseudo - bifurcation” of 0-degree (PBO) -

and expand A7(ty) in (2.7) into a series, as a result of simple transformations we
obtain “elastic analogy”

Ar = éOA'h
where s
~ -1
Go = G[l - E/K(t,tl)dtl] : (2.8)
0
Using PB1 similarly, we get: N
At = Gl * ;Y)
where
~ . -1
& =cl1-1 / (b1~ )R (1 t2)der] (2.9)

For PB2, siniila.rly, as a result we get:
A = Gy - A5,
where

Gz__G

e

t
/t1 ~1)2K(t, t;)dtl]—l. (2.10)

On the other hand, from [2] it is known that PB2 point is the limit of the stability
region (criterion of the creep stability), we can use PB2 to determine critical time.

In this case, in the formula (2.3) we replace G by G from (2.10), we have:

t
7252 E -1
—2—/ (t1 — £)2K (2, tl)dt] .
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If we denote — = w, where 7* - stress acting really, 7., - critical stress by Euler.
TC'I"

We get:___-___r B ) \
= [1 - —f—_f(tl - 1!3)_212'(1:,:rl)dtl]“T . ' (2.11)
0

T*
Ter

To determine critical time, now we choose creep kernel (in practice for concrete)
in the form [4].

K(t,t) = 5?—— [e(t)(1 - e-"’(t“t‘))], (2.12)
1
where p(t1) - function of oldness with the condition lim p(t1) = Co in [4):

tp(tl) =Co+ Aoe_ﬁtl : . (2.13)

Ca, Ag, B - material constants.

Substituting (2.12), {2.13) in (2.11), we obtain:

’}’2t2
W= {1 "'l"ECO[l - e"’t(l-l—'rt + T)]
EAN? [ _g  — —BY2 421y ~1
.|._.,.__01.§_[e Bt _ . qt[l_}_(,,i__ﬂ)t_l_(')' ﬂ) ]]}
(v-8) 2 (2.14)
For concrete (5] we have:
| d
E =2-10*Mpa, 'r=0.026i, Ao = 0.482 - 10~3 -
day Mpa
1
=0.03-—, Co=0.09-107%
B 037 Co=009-107Fn

Using these material constants and formula (2.14) we can represent w in terms of
t.

We now construct the diagram w ~ ¢
(7))
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From this diagram, we arrive at the conclusion:
- If w < wop - equilibrium of plate is always stable for any value of ¢.

- If w > wq - the loss of stability is in determined time.
) _ .
1+ ECy’
On the basis of the diagram or the formula (2.14) we can determine critical
time ., for given stress w or 7°.

w = wp - the limit of long time stability, wo =

Example. For a square plate with simply supported edges: a = b = 3m, v = 0.25,
6 = 6cm, we can obtain

D

Ter = 93475

= 65.4TMpa.

Using this 7., and (2.14) we get the relation r* ~ ¢.,

7*(MPa) 65.5 64.4 58.6 40.8 41.6 35.5 31.4 28.6 26.8 25.6 24.8 24.3 23.9 23.4

ter(days) O 25 50 75 100 125 150 175 200 225 250 275 300 oo

Now we choose creep kernel in the form :

~4A

Ke-t=5

where 0 < o < 1, A > 0; A, a - material constants

Substituting (2.15) into (2.11) we have:

ter =

AEa{a+1)

Using the following constants (for polymer)
2

m KN
- o =075 FE=0267 10%"% .

— 9, -4_ v
A=2-10 KN-day1/4 ) CIIl2

We can find the critical time for plate acted by a given shearing force.
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3. Stability of viscoelastic orthotropic plate in shear

We denote e?j, a?j strain and stress in the basic state, €;;, ;; strain and stress
in the adjacent state, such that

9

- . R s e O
52 Aaij =0 — 04y <& Uij'

Deyy=e; —e; e ;

15

The viscoelastic orthotropic law for elements in plane stress can be written

t
Adll(t) = bllAell(t) - bl]_ ‘/’Aell‘(tl)Rll(t,tl)dtlﬁ_
6]
t
+ bizAegaft) — bl2/ACZZ(tl)RI‘Z(t:tl)dtl:
0

t
Adgg(t) = bglﬂeu(t) — bgl / ﬁﬂll(tl)Rgl(t,tl)dtl*i’* (3.1)
8]

¢
4+ baaAeas(t) —522]AeZZ(tl)R22(t:tl)dt1:

0
t
AO’lg(t) = 2b*Aelz(t) — 20" / Aﬁlg(tl)ng(f.,tl)dtl
0
or in more general form:
t
AO’{J'(t) = b,‘jmnAemn(t] — bijmn / Aemn(tl)Rijmn (t,tl)dtl (3.2)
0

((i=1,2; j=1,2)

where
S B, . 0B _ 0B
(3.3)
bn:_ﬁm- 25*:(;12:_&&__,_
1-91d; 2(1+ P50}

Rijmn(t,tl) - relaxation kernel assumed isotropic.

Expanding Aemna(t1) in {3.2) into a series and using definition of pseudo-
bifurcation of N-degree we obtain “elastic analogy” as follows:

(N) ~ N
Ao ijmn — bijmnA(e)mn
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where

t
~ 1
b$jmn - b;Jmn T / tl ""'t ‘Ijmndtl] . (3.4)
0 .

In [6] the critical shear stress of elastic orthotropic square plate (a x a) with
fixed edges in the condition:

Di1 = 10Dy3; Djg + 2Dgg = 1.67D4y is determined:

Doy 8
=503.6 - ke 42;5522 (3.5)
where
D & b
22 = 12 22-

According to the criterion of creep stability (N = 2) from (3.4) we have

By = 522

t\D!b—l

/t (t, — t)2B(t, tl)dtl]. (3.6)

Substituting 322 into b2z of (3.5) we can get

w = =1-

i
1
- t—-—t tt ty. 3.7
T=1-3 [t - PR )i .1
0

If we expréss the curve of stress relaxation in the form

A (5.)

where <, a - material constants, og - initial stress,

then relaxation kernel will be:

R{t,t1) = yoe™™* 0<y<l, O0<a<l). (3.9)

Substituting R(t,¢,) from (3.9) into (3.7) we get

w=—=1—'f[1 (1+at+——it—2-)] (3.10)
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Let us consider a plate made of polymer with v = 0.5, @ = 0.3. According to
the formula (3.10) we can plot the curve w ~ t, (Fig. 2).

40 1, days

Fig. 2

Consequently, if w < wg the plate is stable for all the time, if wy < w the
loss of stability is in determined time. w = wq - the limit of long time stability,
wo=1—1.

4. Conclusion

Using the theory of pseudo-bifurcation points and new criterion of creep sta-
bility the authors have solved the problem of stability of viscoelastic (isotropic and
orthotropic) plate in shear and obtained the analytic formula of critical time.

In choosing different kernels the similar type of relation w ~ t., is determined.
‘The difference is only in the formula of critical force by Euler.
In relation w ~ t., let t — oo, we can find the limit of long time stability. If

stress is smaller than this limit the equilibrium of plate is always stable.

This publication is completed with financial support from the Council for
Natural Sciences of Vietnam.
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ON DINH CUA TAM PAN NHOT CHIU CAT

Trong bii bdo cée téc gid da st dung Iy thuyét vé céc diém phin nhénh gia
va phwong phip “twong tw dan hdi” dé gidi bai todn on dinh cla t&m din nhét
(ding hwéng va truc hudng) chiu cdt. Véi cdch lam trén da 14p dwoc quan hé cé
dang gidng dinh luit Hic nhung véi mé dun dan hdi gid tao, st dung két qud da
tim dwoc & trang thai din hdi (theo Euler) 48 di tim thdi gian téi han dng véi
tai trong tic dung x4c dinh. Cé xét d€n cic nhan tir bién khic nhau.
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