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LONGITUDINAL SHOCK SOLID OBJECT
ONTO THE ELASTIC BAR PLACED ON
THE VISCO-ELASTIC FOUNDATION
WITH CONSTANT RESISTANCE OF
A PART OF THE BAR SIDE FACE

NGUYEN THUC AN, NGUYEN THI THANH BINH
Hanoi Water Resources University

1. Introduction

Basing on the theory of one-dimensional wave, authors have studied the prob-
lem of longitudinal shock of solid object onto the elastic bar placed on the visco-
elastic foundation with constant resistance of a part of the bar side face.

The purpose of this paper is to determine stress state of the bar. The diagram

of the problem is
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2. Formulation of the problem

2.1. The equation of motion of the part of the side face of the bar with
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constant resistance is determined as

82U ,/8%U .
ry (E:"*’_—Kl) with t>0;, 0<z<L;

" The genéral solution '6f"’E<’1';"(2.71) bounded on the zone la is

1
Ui(z,t) = p1(at — z) + §K1z2 — Kyatzx.
The general solution of Eq.(2.1} on the zones'1b, Ic is
1
Ui(z,t) = par{at — z) + EKI(LI -z)

The general solution of Eq.(2.1) on the different zones is

Us(z,t) = p1(at — z) + ¢ (at + z} + %Kl(Lj — )%

2.2. The equation of motion of the other part of the bar is

*U, 262U2 . Ly
gy =a 352 with Ly<z<L;t> -

Therefore we have
Us(z,t) = pa(at — =) + Ya(at + z).

Initial condition:

Att =0
ol oy . .
= 1J; —— = ] —_— = < R
U, =0 Ey 0, 3 ¢ witho<z <L,
U aou
Up=0, — =0, —2=0 withl;<z<lL.

Jdz ot
Boundary condition: .

At the shocked end of the bar z =0
' Uy P(t)

dzx - EF

Atz =1Ly - ) .
U, dU, oUu, aU,

dz 9z’ 9t ot
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where K9 and A are ela.stlc and viscid coeﬁiaents respectlve;y They are considered
is constants.

(2.6¢)

3. Determination of the wave functions of the bar

L
3.1. Considering wave functions in a limited duration 0 <t < —al~

According to [3] the force of the cap on the shocked head of the bar is

Cd’K,
— o—nt i i - 3.1
Po(t) = e ™(C; coswyt + Cysinw;t) + WTini’ (3.1a)
where CalK Ca?K
a 1 a n
Cr=-——%; Cz=_(CV—‘—z“—“l?)'

Basing on (2.6a} and (2.2a) the wave function ¢ (at — «) on the domain 1a
is defermined as

e1(at —z) = —E?Po(t — z) — Ky(at — z). (3.2)

According to the condition at the boundary of the zones 1a and ib with t = L;/a
the function Uy(z,t) is a continuous function on the regions 1b, 2a and ¢} (at — z)
has the form (3.2).

From condition (2.6b) we have
Yo (at + L) = ¢y (at + L1); tp'za(at — L) = p}(at — L1). (3.3)

With the limited duratlon 0<t< 1L— the wave function ¢} (at + L1) = 0, we have
Yaa(at + Ly) = 0, so that ¥, (at + m) = 0.
Basing on (3.2) we have 4 (at — z) of the bar in the zonez I, II:

! gt — 2 A —

| palat —z) = EFPO (t a) Ky(at — z). (3.4)

On the zones la, 1b, 2a and 3 we have ¥} (at + z) = 0, Yi{at +z) = 0.
According to (2.6c) we have

1-alX Ky

. K
)+ T2 (0) -

T 1l4a

Seh(Z - 2L) - (2 -2L),  (35)



with Z = at + L.
The general solution of Eq.(3.5).is

K% =Kg(Z-3L) STl —aX - K
$2(Z) = HeTrax e~ 1iar /CHM [l-i- A‘Pu( ) 1_+2A‘PII(T)]dT; (3-67) "

Basing on the continuous characteristics of function Uz (z,t) at the time ¢ =

a
_ L '
and z = L, we have: 9 (L, E) = 0and H = Hy = 0, where Hp is integral constant
of H in the limited duration % <t< L+1, .
. a

Z—2L
_ _f2 - a2 1-al K2
P2(Z) = e~ Trax (2720) / eT+aX [1+akgo':”-(1'] - 1+aAtpn(r)]dr. (3.6a)

The wave function ¥5(Z) at the bar end with J—Z— t< L _;Ll is
Z—-2L X lK
'ZY = — —2'?(2 2L) / —"ZTT[ - - ]
¥3(2) 1+aJ\e e ()~ payen ()] dr

1—ak K,
+iT APII(Z 2L) - 1+GASOII(Z“2L)-

The wave function ¥} (at + ) on the zones II and III in the bar is

Yalat +z) =
K at+z—-2L /\ K
= — 1325 (at+z—2L) —"g—f[lwa ) oy K2 ]
1+aAe ' x| T en(r) = ;e (r) | dr
0
1—aAr , K,
t+z—2L) — — .
T [""”(“’ tz-2L) - - sen(atte 2L)], (3.7)
where
1 | P . Ca’K
©rp(r) = mPO(T)—K” = TFa [e (CrcoswyT+Cy smwlr)—l-w%—_]_;;%] -Ki7

1
‘Pn / ((r)dr =
0

nr
EFa.(w ) [(Crwy — Can)sinwyr — (C1n + Cawy) coswy 7]
_ Kl 2 7 C’azKl'r

2 EFa(w? + n?)

Cyn + Cow,
EFa{w? + n?)
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According to condition (3.3) the wave function v} (at + z) on the zones 4, 5 and 9
in the bar also has the form (3.7).

Li 2L o
3.2. Considering wave functions in a limited duration —f <t< - with
: L
L=Lit+35

From {3} impact-pressing force of the cap on the shocked head of the bar with
this limited time has the form

Py(t) = e ™(C3coswit + Cysinwit), (3.1b)
where
L, wily 1 sty L, LNy
Cg = Po( ) cos - —wle [nPD( ) +P0( )] sinwylq,

Com LB () 1 ()] o 2 4 oAy (1) i

Wi

According to conditions (2.6b) and (2.2b) the wave function {at — z) on
the zones 1c, 2b, 4, 5 and 6 in the bar is

ol (at —z) = E}?—Pl (t - ;) — KiL;. (3.8)

Basing on (2.6b) the wave function 5 (at — z) on the zones III, IV, V and VI
also has the form (3.8).

From condition (2.6¢c) we have

1—-aA K-
¥2(2) = 7 P2 - 2L)—1+GA992(Z—2L].

':/JQ(Z)+1Jr =

The general solution of this equation is

(Z) = le—li‘“z _ 3.6b
P2(Z) = Hye THix
{(Zz—2L)
- 1-—-alX K2
+e” 1+a)\ 25 (Z-2L) / eTTax "[1 T aA(p'IV (T) — e aAgoIV(T)] dr,
Ly )

“where H; is integral constant, which is determined from continuous characteristic

- of the function Up{t,z) at z = L; t = L+ 1, R
- a
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* Basing on conditions (3.6a) and (3.6b) we have

Ly
L. Eap 1—-al ' 2 - 2L+L
e 1+GAL1/61+G [1+ )‘p'”,() 1+GA‘PII(T)]dT:H13 1+¢A( + 1)
- DY R o
So that
L, N K
a3l Kar [1—a
Hy = B [ 120 0) - TR on(n)]an
2 . .

The wave function 92 (at + z} on zones IV, V, VI and VII in the bar is

!bz((lt +z) = HIe—ﬁzﬁ(“H‘z)

at+z—2L \ K
_ K z— Kor 1 —a 5
+ e~ Trax (at+=—2L) ] eiFex [1+GA‘P}V(T) "1t ar aAthV(T)]dT
L,

So, the wave function ) {at+ z) on the zones IV, V, VI and VII in the bar is

2 —.H2_ R _
qb'z(a,t -+ :B) = — S {Hle itaA (at+z) + e ﬁf‘x(at-l-a: 2L),
' at+c—2L « ,
; ‘
f en+ax [l_l_aA&O'Iv( ) — ‘l—mw[v(r)]df}
L,
1—alX K,
+ i+ ,\pIV(at'*"m 2L) - T GA‘PIV(at + z — 2L), (39)

where

i _ ) ‘
ﬁp’IV( ) EFa,Pl( T) = EFae nt(C3CQSh)1T+C4SIIlw11') -~ KL,

. Cqw; +Can _
wrv(r) = /‘Ptv(”)df"— _EFa(wf T n?) e " -cqs wiT
L, _ .
Cswy —Cyn _ .y
EFa(wifn?)° Msinwr = Kalur + F,
with
C'4w1+C3n —nL, ' COqn — Cawy L, ..

F = . nin L nigy .

EFa(? + n?) e coswy g + EFa(e? + n2)€ sinw; Ly
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From condition (3.3) on zones 6, 7, 8, 10, 11 and 13 in the bar the wave function
4} (at + z) also has form (3.9). If the shock of a solid object to bar is still not

2L . .
finished yet in section 0 <t < — ; the study of the problem in the next sections
: a - ] o

is similar to the above section.

4. Determ_ination of stress status of the bar

We have in zone la
o = E[ - pi(at — z) + Ki(z — at)], (4.1)
in zones 1b, 2a, 2b aﬁd 3 - '
o = E[— ¢\ (at — z) + K1 (Ly — 1)], (4.2)
in the remained zones
o =E[-¢l(at — z) + ¢i(at + z) - K:i(L4 -—-:l:)] ‘ (4.3)
The stress on the zones in the bar without resistance has the form
o = E[ - pylat — z) + ¢(at + 2)]. - (4.4)

From conditions (4.1) and (3.2) we have the stress on zone 1a in the bar:

o:u—;,-Po(t—z) .

Basing on {4.2) and (3.2) the stress on zones 1b and 2a in the bar has the form

o= ——11;,—P1 (t - -E) + EK:(at — Ly).

According to the formula (4.4) and (3.4) we have the stress on zone I in the bar

1 .z A '
o= =P (¢ - ;) + EK,(at — Ly).

Basing on (4.4), (3.4) and (3.7) the stress on zone II in the bar has form

o= E{ - _1_Po(t‘,“ g) + Ky (at ~ z) ~ K2 - 82 (at4z-2L),

EF 14 aA
at+r—2L { 3 K
(B0 )]
el+ax 1+a/\<PU(T) 1+aA‘PII(T) dr+
0
1—-(1.)« ' ’ Kg
+ mp”(at+x 2L} - 1+aApII(at+$_2L)}'

62



From (3.8) and (4.2) the stress on zones 1c, 2b and 3 in the bar is

T
_n{-3)
_ o= F + EK;L,.
According to (3.7), (3.8) and (4.3) the stress on zones 4 and 5in the bar has the

form

_ _ AN —K3(at4z—2L),
U—E{ E'FPI(t a) Kje
at+z—-2L K
12
+.aA(pI[(T)] dr

1—ar ,
[1+ i) -

1—al
1+aA
8) an

Ky L
1+aAtpH(at+:r: 2L)+K1.1:}.

d (4.4) the stress on zone III in the bar is

From (3.7), (3.

. 1 z K2 %2 (atyz-3L)
O'—E{“EFPI(t‘- )+K1L1—-1+0‘Ae +alk .

at+x—2L
__2_,,,. l—a)« ) () Kg

l4ald —_
T lTFR I T T ax

ers(r )] dr

4]
1—aX K, ,
1+ APII(at+$ 2L)— 1+aA(pr(at+$—2L)}.

Basing on (4.4}, (3.9) and (3.8) the stress on zones IV, V, VI in the bar will be

0=E{——P1(t——)+K1L1

EF {Hle ﬁi}r(af-l'z)_]_e 1+a‘\(at+z 2L)

1+
- at+z—-2L .

+ / eTH T[
L,
1- aA 2
1+aA 1+ai
From (4.3), (3.9) and (3.8) the stress on zone 6 in the bar has the form:

7= E{ - _Pl (t B z) B I—II-{fz,\ {H e~ rer (36+2) +e” 525 (at+o- 2L$

1—ah | K
4 i aA"OIV(T)]dT}

ai
1—ak , Ky
1+ar’ v T)]dr}

1 +a,\‘P.rv(T) -

—phv(at +z —2L) - (,oIv(at'+:c—2L)}.

at+z— 2L

__2...
gltar [

L,

1—ar ,
1+GA‘PIV(G‘5+$ 2L)

Ky "
1+a/\(,on,-(a.t+x 2LI+KI}.
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By the same way we can determine the stress on the remaining zones in the bar.

5. Conclusion I I .

Using the well known wave method the anthors study the problem of longitu-
dinal shock of solid object on the elastic bar placed on the visco-elastic foundation
with constant resistance of a part of the bar side face, The purpose of this paper
is to determine stress state of the bar, '

Mechanically, boundary restrains in this problem are wider than some prob-
lems studied in {1-3].

Technically, this model is similar to the problem of piling in a non-homoge-
neous foundation.

The research is partly supported by the council for Natural Sciences of Viet-
nam.
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VA CHAM CUA VAT RAN VAO THANH DAN HOI TUA TREN
NEN DAN NHOT MOT PHAN MAT BEN CHIU LUC CAN KHONG BOI

Trén co s5& 1y thuyét séng mét chidu véi nghiém Pa 1¥m be cic tic gid 43 xét
bai todn va cham ctia vat rin vao thanh dan hoi qua dém gidm chin tuyén tinh,
mét phin cda thanh chiu lwe cdn khéng d6i v diu kia cia thanh chiu lye cdn din
nhét.

N&i dung chinh 13 tim cdc ham séng ¢'(at — z) va ¢'(at + ) va xdc dinh
trang thai tng sudt cda thanh trong thdi gian va cham.
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