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BUCKLING OF NONLINEAR CREEP PLATES 

1. Introduction 

To VAN TAN, PRAM QUOC DOANH 

Hanoi University of Civil Engineering 

Note that [1] the buckling of structures with immediate mechanical behaviour 
of the material (elastic, plastic) corresponding to the bifurcation points (of a state 
of strain or a process of strain) . However, the buckling of creep structures takes 
place after a determined period of time and corresponding to the pseudo-bifurca­
tion points. In this paper the theory of pseudo-bifurcation points and a criterion 
of creep stability [1] are used to solve the problem on buckling of nonlinear creep 
plates according to Rabotnov's theory of hardening creep (2). 

2. Stability of nonlinear creep plate 

Using Rabotnov's theory of hardening creep, we have 

. 3 . 1 -p a: P.· -- - A_,..n- S · · - 0 ,, 2 v 'J - ' 

where 
• 2 2 . . 

P = 3Pi;P,;, 

u, P - stress intensity and creep strain intensity; 

Pt.; - creep strain components; 

s,; - components of stress deviator; 

E, A, a, n - material constants determined by experiment. 

Assume that u9 .. e9. , W 0 - stress, strain, deflection in the basic st ate. 
'J 'J 

(2.1} 

u1;, et.;, W - stress, strain, deflection in the adjacent state such that the 
"stimulus" 
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We shall use the basic equations in terms of "stimulus" to solve the problem 
on creep stability of rectangular plate _(a > b) with simply supported edges and 
compressed in the direction of long edges . 

. • Geometric equations 

• Relations moment - stress 

h/2 

ll.Mi; = J ll.ui;zdi, h- thickness.· 

- h / 2 

• Physical equations 

(2.2) 

(2.3) 

Using the theory of pseudo-bifurcation points of N-degree, from (2.1) the 
"elastic analogy" can be written in following form [1], [3] 

(2.4) 

where 
- Eau [2 . UijUks] 
Ei;ks = EP N -N(hikh;s +hi;hks)- K 2 + au 3 · u 

K = EP[N(n- 1) - 1] ' 
( ) 

i,j,k,s = 1,2 
EPn + au N + 1 

(2.3) 

• The equilibrium equations 

ANi;,; = 0 

AMii,ii + Ni~AW,i; = 0 
(2.6) 

From the equations (2.2), (2.3), (2.4), we obtain 

(2.7) 

From (2.6) . we have 
AM· ... - h,. .. !J..W .. - 0 . 

L.l. t ],t] v l] ·'1 - . (2.8) 
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Using the criterion of creep stability (N = 2) [1], and substituting (2.7) into (2.8) 
we obtain 

3 UijUks EP + 2o:u 
2L\W ···· -- -K -L\W · ·k + 9 u · ·L\W ·· = 0 

•'''' 4 u2 •'1 8 Eauh2 '1 "' 

whence 

. · (. 84 L\W 8 4 L\.W 84 L\W) ·- ~K84L\W EP + 2au 8 2 L\W _ 
2 ax4 + 2 ax28y 2 + ay4 . 4 Bx4 + 9 Eauh2 Uu ax2 -

0 

For simplicity, we neglect the symbol L\ in L\ W, we have · 

(
a4 w a4 w a 4w) 3 a 4 w EP + 2au a 2w 

2 ax4 + 2 Bx28y2 + 8y4 - 4K. ax4 + 9 Eah2 ax2 = 0 (2.9) 

For the rectangular plate simply supported we find solution of (2.9) in the following 
form: 

W C 
. m1rx . 1ry 

= s1n - a-smb 

Substituting (2.10) into (2.9), we have 

m
2 

(m
2

b
2 

a
2 

) 3 m
4 EP + Bau ~2 

2a2b2 ~ + 2 + m2b2 - 16K a4 - au'E a 2b2 = 0 

Denoting 

4 1r
2 Eh2 

UE = g b2 

u 
w= - , 

UE 

J = EPn ' ( ) JL = 0.5 
auE 

then from (2.11) we get 

whence 

2L- ~..\ EP[2(n -1) - 1] - (J + 2w) = 0 
· 16 · EPn + 3au n ' 

2(L- w) - J - ~ ~ J(2n- 3) = 0. 
n 16 n J + 3w 

Performing transformations, we get 

J 2 + J [- 2n(L- w) + 3w- ~..\(3- 2n)] - 6n(L- w)w = 0. 
16 . 

The positive solution of this equation is written as follows 

8 1 
J = - + -\/ 82 + 24nw(L- w) , 

2 2 
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(2 .10) 

(2 .11) 

(2.12) 

• I • 

(2 .13) 

(2.14) 

(2:15) 



where 

fJ = ~~ - w + 2 [n(L- w) - w- ~~(n - 1)) 16 16 . 

The particular points of a process of strain corresponding to the minimum value 
of J, i.e. the derivative aJ 1 a>.. must be zero, we get 

aL 3(2n - 3)J 
-a>.. 32n(J + 3w) 

In other side, from (2.12) we obtain 

Then, from (2.16), (2.17) we have 

_3 (:......,2,.--n _- _3--'--) J-"7'" = 
1 
__ 1 

8n(J + 3w) >.. 2 

(2.16) 

(2.17) 

(2.18) 

If w = 1, the buckling occurs immediatelly and J = 0. From (2.18) we have>.. = 1. 
If w = 0 from (2.18) we get 

>..o=M 
1+-

2n 

(2.19) 

We find that the relation J - w in (2.15) is an approximate straight line on the 
plane J- w connecting the point (j = 0, w = l) to the point (J0 ,w = 0), (in the 
case w = 0 we have the value J0 ). 

On the basis of (2.13) and (2.18) we have 

L 
3 , 2n- 3 Jo 

2 + -A -- =0, 
16 n n 

(2.20) 

then from (2.20) and (2.19) we get J 0 = nQ, where 

1R Q = 1+ - 1 + - . 
2 2n 

(2.21) 

D · J E p h · . h 1· . I . . enotmg 77 = - = - - , t e approximate straig t me m p ane 77 - w IS written 
n CtUE 

in the following form (the critical equation): 

11 + Qw = Q . (2.22) 
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From this . it follows that 

where 

EP 
-- = Q-Qw, 
CX.UE 

p = Q{1 - w)cx.uE 
. . E , 

From the relation of hardening creep {2.1) it follows that [3]: 

ppa = Aun. 

In this case u = const. We have 

(2.23) 

{2.24) 

pn+l 
PadP = Aundt ~ t = { ) {2.25) . 

ex.+ 1 Au" 

Substituting (2.23) into {2.25) we obtain the formula for the critical time 

t . - [cx.Q(uE - u)]a+ l 
cr - A( ex.+ 1)Ea+lun ' . {2.26) 

where 

1~ Q = 1+- 1 + -
2 2n 

(2.27) 

3. Example 

Determine the critical time for a plate made of Aluminum D16T at a temper­
ature 250°C with following mechanical characteristics [4] 

E = 5.9 ·104 N/mm2
, A = 9 · 107

, n = 1.36, ex. = 0.36, 
h 
b = 0.01. 

First we determine the critical stress defined by Euler's formular for the plate 

4 E1r2h2 
2 

uE = - = 25.8 N / mm 
9 b2 

with the help of {2.26) we find the critical time. 

They are given in the table 

u 

(N/mm2) 
0 .5 8 10 12 15 18 20 22 25 25.8 

u 
w =- 0 0.19 0.31 0.39 0.47 0.58 0.7 0.78 0.85 0.97 1 

UE 

ten h 00 26.53 11.31 7.11 4.61 2.44 1.22 0.71 - 0.35 0.035 0 
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Construction of Diagram w ,.... tcr 

4. Conclusion 

1 

~75 
450 
0,25. 

0 tO 15 20 tcr,h 

Using Rabotnov's non-linear creep theory (the theory most supported by ex­
periment for metal) and Cliusnhicov's method to study creep stability the authors 
of the paper have considered the problem on creep buckling of plate and estab­
lished the analytical formula for critical time (when the buckling of plate takes 
pl_ace if the load is given). From this formula it is seen that the buckling of the 
hardening creep plate occurs by any load, i.e. not exist the long stability limit. 
This is corresponding to the nonlimiting creep property of metal. 
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sv MAT oN DJNH cUA TAM TU v~T Litu TU BIEN PHI TUYEN 

D~ giro bid toan 5n dinh ella tam c6 tinh chat tir bien phi tuyen dtr<!C mo 
ta theo thuyet tir bien tai ben ella lu. N. Rabotnov, cac tac gia bai bao Str dvng 
phrrong phap xay dlplg "cac tmmg tl! dan hoi" va tieu chucin 5n dinh tir bien ctl.a 
V. D. Cliusnhicov. Ket que\ Ia tlm dtrC?'c bi~u thl!c thai gian teri h~ cho phep xac 
djnh thai di~m tam mat 5n djnh v&i t<ii trQng xac djnh cho trrr&c. a day cho thay 
do tinh chat tir bien khong h~ che ctl.a kim lo~i, tam c6 th~ mat 5n d!nh cho du 
tai tr9ng nh6 bao nhieu. 
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