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TOM TAT

Céac mi xyclic truyén théng duoc xay dung trén cac Ideal ciia vanh da thirc. Do viée thuc
hién don gian, cac mi xyclic nay dugc sir dung rong rii trong thuc té. Bai bio nay trinh bay mot
16p ma tuyén tinh mé&i duoc goi 1a cac ma xyclic cuc bd (XCB). Cac mi nay dugc xdy dung trén
cac phan hoach ciia vanh da thirc theo cac nhoém nhén xyclic. Cac mé xyclic truyén thong duoc
xem la mot 16p con cua cac ma xyclic cuc bo.

Tir khéa: ma XCB (xyclic cuc bd), ma xyclic, vanh da thic, lily dang, nhom nhan xyclic, giai ma
ngudng.

1. MO PAU

Cac ma khong ché sai (md kénh) 12 hudng kién thiét cho dinh Iy ma héa thir hai cua
Shannon. Trong d6 hudng chu dao la xay dung cac ma trén cac cau trac dai sd véi quan diém ma
duge xem 14 1 tdp con cb ciu trac trong mot ciu triic dai s6 nao d6. Thanh tyu ndi bat trong
hudng nay 1a cac ma xyclic truyén théng duge xay dung trén cac Ideal trong vanh da thirc v6i
Ideal 1a phan tir khong cta vanh cac 16p dong du [1]. Do dic tinh bat bién dbi véi phép dich
vong, cac ma xyclic rat dé thuc hién vé mat ki thuat va duoc ap dung rat rong rai trong thuc té
cho du chung thuong khong la cac ma t6t do kha ning han ché trong viéc lya chon cac Ideal. Bai
b4o nay dwa ra mot quan diém xay dung mot 16p ma tuyén tinh méi 1a cac ma xyclic cuc bg. Cac
ma nay c6 kha nang lya chon 16n hon nhiéu so véi cac ma xychc Ideal nhung van gitr dugc dac
tinh xyclic (bat bién dbi vai phép dich vong) thuan tién cho viéc thuc hién ki thuat. Hon niia,
theo quan diém xdy dung cac mi xyclic cuc bd, cac mi xyclic truyén thdng duoc xem 13 mot 16p
con déc biét cia chung.

2. PHAN HOACH VANH PA THU'C VA CAC MA XYCLIC CUC BQ
2.1. Nhém nhén xyclic trén vanh da thirc
Xét vanh da thire (Z,[x]/x" +1)=Z,

Cho a(x)eZz,
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DPinh nghia: Nhdm nhéan xyclic A trén Zn 1a tap cac luy thira khac nhau cua a(x)
A={a'(x),i=12,...}
Cép cua phan tir sinh a(x) ciia nhém

orda(x)=|A|

Pinh 1i [2]: Véin 1é, cép cuc dai ctia mot da thuc trong vanh dugc xac dinh nhu sau:

maxorda(x)=2"-1
Vi phén tich cia X" +1: X" +1=]]f(x)
f,(x): da thic bat kha quy
m = maxdeg f; (x)
Véin chin: n=2' (2t +l)
X" +1=T]f(x)
m = maxdeg f; (x)
maxorda(x) = 2'(2™ -1)

Dinh nghia: Pa thirc d6i ximg (da thic bu)

Pa thic dbi xtmg g(X) cua da thirc a(x) dugc xac dinh nhu sau:

LN

a(x)=e,(x)+a(x) véie,(x)= 3

I
o

Nhu vay néu a(x)=> ax' thi a(x)=> ax’

iel jel

1UJd=S,={012,..,n-1

trong dé
INd=¢

orda(x)=ord a(x)

a'(x)=a'(x)

Bo de:

Pinh nghia: Da thic luy dang
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Da thirc e(x) duoc goi 1a luy dang néu: e (X) = e(x)

Pinh nghia: Luy dang nudt
n-

1
Véinle, dathic e)(x)=>"x' 1aluy ding nudt e, (X) c6 tinh chét sau:
i=0

0 , w(a(x))—chan

{eo (x) " w(a(x)-le

2.2. Cac 16p keé xyclic va cac luy ding nguyén thuy

Pinh nghia: Céc 16p k& xyclic theo modulo n 14 cac tap sau:
C ={i2);j=012..}

Taco: S, = kiJCi

Vi du:
n=7
C, ={0}; C,={12,4}; C,={36,5
S,=C,uC, uC,

C,={0}; C,={124875}; C,={36)

C, ={0}; C,={1,2,4,8,510,9,7,3,6}
S, =C,uC,
n=15:
C, ={0}; C,={1248}; C,={36,12,9}; C,={510}; C,={7,14,1311}
S;=C,uC uC,uC,UC,

Nhan xét: V&i phan tich cua x" +1=] ] f,(x)
deg f, (x)=|C||
Vidu: n=7:x"+1=(1+ x)(1+ x+x3)(1+ x? +x3)

Taco: [Co|=1, |C|=3, IC,y|=3
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— Cac lily dang nguyén thuy la cac da thic co chira cac don thirc voi sé mii thude C,
Vi dy: n =7, cic luy dang nguyén thuy
C, ={0}:e(x)=x"=1
C,={12,4}:¢,
C,={36,5}:e,

— Tinh chét cia cac luy dang nguyén thuy:
+ Tong cua hai luy dang nguyén thuy 1a mot luy dang
+ Tich cua hai luy dang nguyén thuy 1a mot luy déng
+ S6 cac luy dang trong 1 vanh:
N,=2"-1
v6i u — s cac luy dang nguyén thuy
Vi du: n=7,u=3,N.=7
Céc luy dang nay 1a cac da thirc

e (X)=1,e(x)=x+x*+x", e (xX)=x>+x>+x°

e (X)+e,(X)=1+x+x*+x*, e (x)+e(x)=1+x"+x*+x°
e, (X)+e5(X)=x+x>+x>+x°+x°

6 .
e (x)+e,(x)+e(x)=> X

i=0

M&i luy dang 1a mot phan tir don vi ciia mot nhom nhén xyclic nao do.
2.3. Phan hoach ciia vanh theo cac nhém nhan xyclic [3]

Xét tap cac phan tir khac khong ciia vanh Z =Z \{O}. Ta thyc hién phan hoach vanh

theo m6t nhom nhan xyclic A nao d6 thanh cac 16p ké theo thuat toan sau:

VAO: - Z;

- a(x) e Z, (a(x) dugc goi la hat nhan cta phan hoach)
RA: Phéan hoach cta vanh Z:
Buorc 1:

— Xay dung nhoém nhan xyclic sinh badi a(x): A= {a‘ (X) =12, }

— ZT=Z7\A

Buoc 2:

738



Cac ma xyclic va xyclic cuc b trén vanh da thirc

a(x).

Pinh nghia: Mot phan hoach duoc goi 1a khong suy bién néu n6 chira moi phan tir ciia Z:

- Léy b(x)eZ,

— Xay dung cap sd nhan xyclic

B =b(x).A={b(x).a'(x),i =1,2,...|
- Z'=7"\B

Buorc 3:

Lap lai budc 2 cho téi khi Z: = ¢ . Cac kiéu phan hoach khac nhau phy thudc vao cap cua

B6 dé: Phan hoach vanh 14 khong suy bién néu va chi néu W(a(X)) 1¢

Véi moi gia tri n luén ton tai 3 kiéu phan hoach chinh sau:
— Phan hoach cyc tiéu: ord a(x) = 1, w(a(x))- 1é

khi d6 Z~ bao gdm 2" —1 16p k&, mdi 16p ké 12 mot phan tir trong Z~

— Phan hoach chuin: ord a(x) = n, w(a(x))- 1é

trong kiéu phan hoach chudn, mdi 16p ké c¢6 luc lugng biang n va uwéc cia n.

— Phéan hoach cyc dai: ord a(x) = max, w(a(x))- 1é

Vi du: n=>5

Phan hoach chuan: a(x) = x
1 2 4 8 16
3 6 12 24 17
5 10 20 9 18
7 14 28 25 19
11 22 13 26 21
15 30 29 27 23

31

Ghi chu:

Biéu dién nhi phéan cua cac sb mo ta da thirc tuong tmg
Vi du: 21=2"+22 + 2* &1+ X+ X*
Phan hoach cyc dai: a(x) =1+ x* + x* <> (024)

{(024),(034),(1),(013),(014),(2),(124),(012),(3),}

(023),(123),(4),(134),(234),(0)
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. {(13)412),(0234).( (22) ),(03),(34>,(3),(0124)}
01

24),(23),(0134
(14),(04),(0123),(02),(01),(1234)

Phan hoach cuc dai chi gém 3 16p Kké

A

A
(01234)

2.4. Dinh nghia ma XCB

Dinh nghia: Ma XCB 1a mot ma tuyén tinh ¢ cac ddu mi 1a mot tap con khong tréng tuy y
cac 16p ké trong phan hoach cta vanh da thirc Zk theo mot nhém nhén xyclic nao do.
Nhan xét:

— Néu tip con nay chita nhém nhan xyclic don vi | = {Xi =0,k —1} thi ma XCB 1a mot
ma hé théng,
— Néu chi chon 1 16p ké dé tao ma thi ta c6 ma xyclic,

— Néu cac 16p ké dugc chon nam trong 1 phén hoach cua vanh theo mét nhom nhén xyclic
thi ta co md XCB don nhip. Néu cac 16p ké duoc chon nam trong cac phan hoach khac nhau cua
vanh thi ta c6 md XCB da nhip. Néu cac 16p ké dugc chon ndm trong cac phan hoach cua cac
vanh khac nhau thi ta c6 ma XCB trén cac phan hoach hon hop [4].

— Cac mia XCB duoc mé ta qua cac truong 10p ké (phan tir dau tién cia 16p ké ) tao ma.

VD: Mi XCB (15,5,7) duoc xay dung tir cac 16p ké {1,7,11} trong phan hoach chuan.

1 2 4 8 | 16 7 1141282519 11 (2213|126 | 21
\/_/
5 d4u théng tin 10 d4u kiém tra

Ma trén sinh:

1000010011101 01
01000110011 1010
Gy=/001001110001101
000100111010110
000010011 10101°1

Ma xyclic (15, 5, 7) dugc xay dung tir nhom nhan xyclic A= {(024)i =1 2}

Day 1a mot mé xyclic hé thong c6 ma tran sinh:
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110110010100001
001110110010100
Gi=/10000111011001°0
010100001110110
110010100001110

2.5. Nhém nhén xyclic theo modulo [5]

Dinh Iy: Nhém nhén xyclic don vi theo modulo h(x), h(x)x" +1.
A={x'modh(x),i=012,..}

*

x"+1
La mot ma xyclic ideal ¢6 da thirc sinh g(X) =
h(x)
Vi f7(X) 1a da thie d6i ngdu cua f(x):
F7(x) =x9"f (x*)
Vidu: n=7, h(x) =1+ x+x°
A={l, X, X2, 14 X, X+ X2, 1+ X+ X2, 1+ xz}

X" +1

Ta co: ——————=1+x+x +x’
X +Xx+1

Nhu vy A 1a 1 ma xyclic (7,3,4) ¢6 da thic sinh g(x) =1+ x>+ x® +x*
2.6. M4 hoéa cho cac ma XCB

Qué trinh ma hoa cho cac ma XCB la qua trinh xay dung cac 16p ké tao ma.
Vi dy 1: Ma hoa cho cac ma (15,5,7) trén phan hoach chuan tir cac 16p ké {1,7,11} (hinh 2.1).

L Z 1+15

1 2 4 8 | 16 |= ¢—D_
| 1+5
\ y
> :C‘ RA

60— )—) >—*

B S B
TV 11+15¢—D_

Hinh 2.1. B6 m4 hoa cho ma (15,5,7)

741



Nguyén Binh

Vi du 2: Ma hoa cho ma (15,5,7) trén phan hoach cuc dai tir nhém nhan xyclic (hinh 2.2).
A={(024) i=12,..|

L @3i-2 i=11
1|24 8|16« —1 i
| 3i
b Y RA
~C d =
3i-2
Y Y
b—o——— -
3i-1

Hinh 2.2. B6 ma hoa cho mi (15,5,7)

B0 tao xung nhip twong trng dugc mo ta trén hinh 2.3.

3i-2 3i-1 3i
i=115
1%

i-1=0,15 j lj ;
»C] » » »
» L >

Y Y
4

Hinh 2.3. B0 tao xung nhip

Vi du 3: Ma hoa cho ma xyclic (7,3,4) xay dung trén nhom nhan xyclic (hinh 2.4).
A= {x‘ mod (1+ X+ x°), i =1,_7}

4/ 2/ l/
s

Hinh 2.4. B6 ma hoa cho mi (7,3,4)

g 1+7
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Vi du 4: Ma hoa cho ma xyclic (15,5,7) xdy dung trén nhém nhéan xyclic (hinh 2.5).

A:{ximodx5+x“+x2+1,i:0,14}
L LSS
6|8 af2]1
=

D=

Hinh 2.5. B6 m4 hoa cho ma (15,5,7)

Z 1+15

———————

Y
N
U™

X X2 e X1+ X T+ X+ X2+ X+ X 1+ X+ 3, X+ X2+ X5,

_{1+ X+ X1 X+ X XXX, X+ X+ XL X+, X+ X+ x“}
{1,2,4,8,16,21,31,11,22,25,7,14, 28,13, 26}

2.7. Giai ma nguwéng cho cac ma XCB

Cac ma XCB ¢ cac vi du 1,2 & 4 la cac ma c6 kha nang tryc giao. Cac ma nay co thé giai
ma dugc bang cac so do ngudng voi 2 cap.
Vi du 5: Giai ma ngudng cho ma (15,5,7) = {1,7,11} (hinh 2.6).

\—{1|2|4|8|16}<J\—{7|14|28|25|19}4JL{11|22|13|26|21}<J

—4
b 4
sanilp 4
\/4_?
M
: o ;3
d
ol \UPA |
X<
v De
i D¢
D«
) 4
D

) 4 4

D D

A\ >y A\ >y

4
| ) 4 <
! 16.1 | 8.16 | 48 | 2.4| 12 | > &r)—>
oD
b 4
D
L %4
Hinh 2.6. B giai ma ngudng 2 cap cho ma (15,5,7)
Hoat dong:
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— 15 nhip dau: Pua cac dau ma nhan dugc vao cac 6 nhé tuong ing
— 5 nhip tiép: Giai ma cho céac cdp dau ma

— 5 nhip cudi: Gidi ma cho timg d4u thong tin
Vi du 6: Giai ma ngudng cho ma (15,5,7) xay dung trén nhém nhan xyclic (hinh 2.7).
A={(024) ,i =115}

A={21,25,2,11,19,4,22,7,8,13,14,16, 26,28,1}
Hoat dong:

— 15 nhip d4u: Ghi cac ddu ma nhan dugc vao cac 6 nhé tuong tng trong thanh ghi A
— Nhip 16 ™ giai mé cho cap ddu 1.2

— Nhip 19 ™ giai mé cho cip ddu 2.4

— Nhip 22 ™ giai ma cho cip diu 4.8

— Nhip 25 ™ giai mé cho cip dau 8.16

— Nhip 28 ™ giai ma cho cip diu 16.1

— Nhip 31 ™ giai mé cho d4u thong tin 1

— Nhip 34 ™ giai md cho dau thong tin 2

— Nhip 37 ™ giai mé cho dau thong tin 4

— Nhip 40 ™ giai ma cho du thong tin 8

— Nhip 43 ™ giai mé cho d4u thong tin 16

L¢21|25|2|n|19|4|22|7|8|13 |14|1e|26|28|1pj
A

) 4
e
(D)<
A\ 4
(P
>«
) 4
D\
<
Yo} ) 4
g Se
D
>«
) 4
(D
/N
) 4
(1D
(>«
> 7
) 4 (1)
o =~ y)
Z /ra
) 4
» 161 | 816 | 48 24 12 >
B Y
@

Hinh 2.7. Bo giai ma ngudng 2 cip cho ma (15,5,7)
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Vi du 7: Giai ma cho ma xyclic (15,5,7) xay dung trén nhdm nhan modulo (hinh 2.8).

Hoat dong:

h(x) =x° +x* +x*+1

A={xi mod h(x), =0,T1}

A=1{1,2,4,8,16,21,31,11,22,25,7,14,28,13, 26}

— 15 nhip dau: Pua cac dau ma nhéan dugc vao cac 6 nhd;

— 15 nhip tiép: Giai ma cho cac cip ddu ma;

— 5 nhip cudi: Giai mi cho cac ddu thong tin.

L|l|2|4|8|16|21|31|11|22|25|7|14|28|13|26kj
A

$< 2
N
N v
¢ Sl N A
) i (>« — ) 4
= @
X *
D«
@
) 4
Het—— N
1 > ? v
?1 fﬁ T f
26| 13 | 28| 14| 7 25 [ 22 | 11 | 31 [21 | 16 8 4 2 |1 ) 4
» 1| 26 | 13| 28| 14 | 7 |25 | 22 | 11 |31 | 21 6 | 8 4 | 2 B
B
M=5
RA

Hinh 2.8. Bo giai md ngudng 2 cip cho ma (15,5,7)

3. PHAN HOACH VANH PA THUC THEO LOP CAC PHAN TU LIEN HQP

3.1. Cac thing dw bic 2 va cac phan tir lién hop [6]

Dinh nghia 3.1: Da thirc f(X) eZ, [X]/Xn +1 duogc goi 1a mot thing du bac 2 trong vanh néu
f(x)=0 va ton tai g(x) sao cho: g’ (x)=f(x)modx"+1
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Goi Qy la tap hop chura cac thang du bac 2.
Bo dé 3.1: Véin 1¢ moi f(x)=#0 déu la thing du bac 2. Mdi f(x) déu c6 mot cin bac 2 duy
nhat. Ta c6: |Q,|=2"-1

B6 dé 3.2: Vé6i n chén, f(X) € Q, khi va chi khi f(x) la téng cua cac don thirc c6 mii chin. Ta

c6: |Q,|=22-1

B6 dé 3.3: Vi n chin, cac cin bac 2 cia mot thang du bac hai dugc xac dinh theo cong thuc
Ssau:
g 1+ ij( X ]+ f
SR

n . N
trong d6 U la mot tdp con tuy y trong tap 82{0,1,...,5- } Ta c6 U=22. Néu

= Zfix2i thi wff (X) = Z:fixi («ff (X) dugc goi 1a can bac 2 chinh cua f(X)).

Céc g(x) duoc goi 1a cac phan tir lién hop.

Vidu:n=8.
Céc can bac hai cua cac X* duge cho trong bang sau:
x?! 2 4 6 8
T X X X X
1 1) ) ©) (4)
2 (014) (024) (034) (015)
3 (126) (125) (135) (016)
4 (137) (237) (236) (037)
5 (5) (6) () (4)
6 (045) (046) (047) (145)
7 (256) (156) (157) (246)
8 (257) (367) (267) (347)
9 (01246) (01245) (01345) (01256)
10 (01347) (02347) (02346) (01357)
11 (12367) (12357) (12356) (02367)
12 (02456) (01456) (01457) (12456)
13 (03457) (03467) (02467) (13457)
14 (23567) (13567) (12567) (23467)
15 (0123467) (0123457) (0123456) (0123567)
16 (0234567) (0134567) (0124567) (1234567)
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Chu y: Trong bang trén ta ki hiéu cac da thirc nhu sau:

Vi du: (01246) <> 1+ X+ X*+x*+x°

(a,+a,+..+a)" =a™ +alr +..+a

L6p chira cac phan tir lién hop ctia mot thiang du bac 2 duoc xem 1a mot phan tir trong vanh
chira cac 16p nay. Vanh nay dugc goi 1a vanh cac phan tir lién hop. Bang cach sir dung cac phan
hoach trén cac phan tir don vi va phan tir khong cuia vanh nay ta ¢ thé xdy dung duoc cac ma
XCB [6, 8, 9]).

Ngoai ra ta ciing c6 thé xay dung duoc cac hé mat trén cac cip s6 nhan xyclic [7].

4. KET LUAN

Cac ma XCB duoc xay dung c6 kha nang lya chon 16n hon nhiéu so véi cac ma xyclic
truyé€n thong nhung van gitr duogc tinh don gian cia viéc thé hién ki thudt cia cac ma xyclic.

Ta c6 thé thiy rd trén bang so sanh sau:

Kha nang lya chon Kha ning thé hién ky thuét
Ma xyclic it Don gian
Ma xyclic cuc bo Nhiéu Pon gian
Ma tuyén tinh ngiu nhién R4t nhiéu Phtrc tap

Ta c6 thé phan loai cac ma tuyén tinh xay dung trén vanh da thirc nhu trén hinh 4.1.

k chan_ "/anh cac phan o
lién hop

Vanh da thirc Zy

k bat ky

Vanh déng dw Phan hoach vanh theo nhém nhan
xyclic A={a'(x)}

: N

Idea_ma xyclic PH cuc tiéu PH chuan |  |PH cuc dai ord
i a(x)=1 ord a(x)=k a(x)=max
M4 tuyén tinh \ /
ngau nhién M3 XCB
Y
I={x mod h(x)} [* Ma xyclic

Hinh 4.1. Phan loai cac ma tuyén tinh trén vanh da thirc
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Cac 16p ma XCB dugc mo ta trén Hinh 4.2.

748

Ma xyclic
Ta(x) > a(x) >
b
) oo 200
c(x) l
Ma XCB da nhip a(x)

Ma XCB don nhip

X

Ma xyclic ideal

Hinh 4.2. Cac 16p ma XCB
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ABSTRACT
CYCLIC AND LOCAL CYCLIC CODES OVER POLYNOMIAL RING
Nguyen Binh
Posts and Telecommunications Institue of Technology, 122 Hoang Quoc Viet, Hanoi, Vietnam
Email: nguyenbinh@ptit.edu.vn
Traditional cyclic codes are constructed on Ideals of Polynomial ring. Depending on simple
technical implementation, these codes are used widely in practice. In this paper, a new class of
linear codes is presented. They are called local cyclic codes (LCC). These codes are constructed
on decompositions of polynomial ring according to the cyclic multiplicative groups. Traditional

cyclic codes are considered as a subclass of Local Cyclic Codes.

Keywords: Local cyclic codes, cyclic codes, polynomial ring, idempotent, cyclic multiplicative
group, threshold decoding.
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