Tap chi Khoa hoc va Céng nghé 52 (3) (2014) 259-267

GLOBAL ANALYSIS IN THE NUMERICAL TREATMENT
OF THE SKYRME EQUATION
Nguyen Ai Viet

Information Technology Institute, Vietham National University
E3 Building, Xuan Thuy Street, Cau Giay, Hanoi, Vietnam

Email: naviet@vnu.edu.vn
Received: 18 February 2014; Accepted for publication: 19 March 2014

ABSTRACT

The Skyrme equation used widely in Physics is singular at the boundary r = 0. The
singularity causes uncontrollable instabilities in the numerical solutions. This paper presents a
new computa- tional schema to overcome this difficulty to give the solutions with an arbitrarily
high accuracy by combining the numerical methods with a global analysis.
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1. INTRODUCTION

It was Skyrme who has shown that nucleons can be modeled as solitons of a non-linear
differential equation [1]. In the static and spherically symmetric case, it simplifies to the Skyrme

equation
G(r)

E(v) ’
K= stn(2r())(~(r (0 + Emp L 1) IO L M) (o

; = 4
for the real-valued function F (r) of the radial coordinate r. The solutions of the Skyrme equation
can be found numerically with the following boundary condition

Fo ()= @(r) = Zsa®(F())+ %,

F(O}=Nm , F(e}=0 (2)
where N is an integer. Adkins, Nappi and Witten [2, 3] have shown the numerical solution of
Eq.(1) describes nucleons within 30 % errors.

The idea of Skyrme has become very popular, but the solutions of the Skyrme equation have
not been studied systematically, except the approximated analytic solution of Atyiah-Manton
[4]. It is not clear whether topologically non-stable solutions exist besides the topologically
stable ones. In the recent numerical experiments [5], we have shown that the solutions presented
in [2, 3] are problematic in the infinitesimal neighborhood of the origin r = 0, and the numerical
results are not reliable.
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In this paper, we will conduct a systematic schema by combining the numerical treatment
with a global analysis, leading to more reliable numerical results

2. THE NUMERICAL EXPERIMENTS

Using the forward shooting method [6] starting from the boundary point F(0) = Nz, we can
obtain with an arbitrarily high precision the numerical solutions which oscillate with damping
around the F(r) = 0 axis. These solutions have infinite energy.

We can obtain the finite energy solution by following procedure: At the large value of the
variable r, Eq.(1) simplifies to

FU(r}= m®sin(F(r) }— - F'(r} (3)
which has the following asymptotic solution at large r

-l

Firy=c 2

(4)

where C is an integration constant. We can use the backward shooting method starting from the
point r = R = 20 with the asymptotic formula (4). Varying the value of C, one finds a solution
within a certain chosen error as shown in Fig. 1 for both cases m = 0 and m # 0.

P

Figure 1. The profile function of a skyrmion withm =0 (a) m = 0,48 (b).

These solutions become unstable, if a too high precision is required. It can be explained as
follows:

Let us draw the solution curve with m = 0 in Fig. 1 with a magnification, in the
neighborhood r = 0 to the distant of 10—11 in Fig. 2.
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Figure 2. Magnification of the curve m = 0 in Fig.1a in the neighborhood of r = 0.

The above curve goes very close to F (0) = m, but turns sharply to the points F (0) = 3n/2.
So, the topological charge of the solution derived from this curve is not 1. If a too high precision
is required, it is very difficult to reach the point F (0) = @ by the backward shooting method.

But such a solution still exists. We can demonstrate its existence by drawing all possible
solution trajectories near the real solution as in Fig. 3.

‘E'r

The majectones near the solution to the
s boundary condition (14 withe = ~ 2
B=1m=0

Figure 3. The trajectories near the solution to the boundary condition with o = n/2.

Since most solution trajectories of Eq. (1) swing between F (0) = /2 or F (0) = 3w/2 just by
a very small change in initial values of the parameter C. The trajectories can go as close to the
point F (0) = & as possible, but in the last step they turn to up or down direction sharply. The
trajectory which separates the up going and down going trajectories is the solution going to the
point F(0) = m.

3. GLOBAL ANALYSIS

3.1. Boundary conditions and asymptotic solutions
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Equation (2) is still not a complete initial or boundary condition for Eq. (1). In the
numerical experiments, we have observed that the trajectories of Eq. (1) are attracted to the
points F (0) = kn/2 with a deviation less than 10 %. The attempts to increase the precision in the
neighborhood of r = 0 often result in instabilities. Fortunately, we are able to prove the following
proposition for the asymptotic behavior of all possible solutions of the Skyrme equation near the
originr = 0.

Proposition 1. The solutions of the Skyrme equation must have one of the following asymptotic
formulas

. (4k +1)m 3Imt 24 me g . me .

F o o— e an® ol . ] A il ':h\
) 2 AT T T Tew” “Tosd”
N - 3m” g ., m . B me L

Flry= 2 tArt 4 ' ?4F ?4F +ﬁ4ﬂ=F —|-‘1{1=ﬂi"fF (6)

. Broe’ 5 :
Fir}=nm+ fr+ 12(:1£:+1}F (7)
Proof. Let us introduce the parameter a and the function Y (r) as follows
a = sin(F(0} (2)
Y(ry=F()—F(0) (9]
We have the limit
r_%il:;n(}’(, rij=0 (10
In the case a # 0, Eq. (1) have the following asymptotic form in the neighborhood of r=0
e me P avl— a- .
Fiirl=s —r= ——¥'(r} + — (11}
g = =

Eq. (11) has the following analytic solution

.
2 *..;"En:‘{ J

T, —
¥ir)= c[2] +pamir + €l1]a V2= E&"f[

"
-

1 [ a— a o I h I a—
Toolvi—at -2atm) T o (L1 3/2,2 ) —avl-al In(r)  (12)

where C[1] and C[2] are two arbitrary integration parameters. The Gauss error function Evf{x
is defined in Ref.[7] as follows
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T o oY N T
Erfla) = VT e nl(2n+1) B {E[f s "0 a2 T el (1)
Evf(0) =0 (14}

The generalized hyper-geometric function 2F2(1, 1;5,2;x) is defined in Ref.[8] as follows

— il x®
Ja (L1824 %] = —_— (15}
Z_r_ﬂn[h = 1]
R (LLE2;0 =1 (la]

where the Pochhammer symbol b, is defined as follows
by=1; b, =bib+1}...(b+n—1} (17}

Since limy—;() In() = —oo, the condition (10) requires C[2] = 0 and a = =1, which means
that F (0) = 2k + 1)n/2, if F (0) # nz. Eq.(12) leads to the following asymptotic formula of the
profile function F (1)

e enn m 1 E:Eﬁ:-l—l}rr) - = ’:L)
Fir}= (,2&-1—1}5-1-29111(T' m=r= + V2 C[1] Erf(\m
n:jzﬁ:+1}rr‘) . 3 r:‘) .
sin( > ' T o Fs (:L,:L,E,E, ) (1@}

In the infinitesimal neighborhood of r = 0, the Gauss error and generalized hyper-geometric
functions can be approximated as follows

r r re e .
E e 1—— 19
rf(zgz) NG ( 74 640 €12
& 3 r: I..: r"r )
2y Ll’j‘iﬁ’zi_?)“l_ﬂ" 1080 (20)

From Egs. (19) - (20), we obtain the asymptotic formulas (5) and (6). In the case a = 0,
the following approximations can be used whenr — 0

EIHEF{PIH—*F’{U'1=3 _

3
sinf 2F(r))

r

it -
‘lE F
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1 sin*(F(r)) .
Z+<—< (F'(r 1} —»— (21)
z ' z
F Ssin® EF () i
Z Y — . ity : " -
T-I- 2 oin EF{?‘,I} T{l + —z )i T{l + 361 (22)
where f is a finite value number. Eq.(1) is now reduced to the following asymptotic form

e : . . Yi(r .

Piip)ym (1| 851 ({.rrr | 2} 8 2 :" }] (23)
Equation (23) has the following analytic solution

Tt — merl g .
P =Tt T 45T (2

satisfying Y (0) =0 and Y '(0) = F '(0) = B. Eq. (24) implies the asymptotic formula (7).

In summary, at the origin r = 0, the solutions of the Skyrme equation must have the values F
(0) = nn/2. Beside the solution with the usual boundary value F (0) = nm and the asymptotic
formula (7), there are solutions with the boundary values F (0) = (4k + 1)n/2 and F (0) = (4k +
3)n/2 and the asymptotic formulas (5) and (6) respectively. In the asymptotic formulas, there is
only one free parameter 3 = F '(0) to choose to satisfy the second boundary condition as r — oo.

Let us consider the cases k = 1 and n = 1 in Eqs.(5-7), we have three families of solutions
with the boundary condition at the origin r = 0 F (0) = @/2, ®n, 3/2n. As we have seen in the
numerical experiments, the topologically stable solution with the boundary condition F (0) = 7 is
the limit between the other two families of solution with the boundary conditions F (0) = n/2 and
F (0) = 3m/2.

In the next section, we will examine the energy of these solutions and see that only the
solution with the boundary condition F (0) = & is energetically stable.

3.2. Energy finiteness and skyrmions

The energetically stable solutions must have a finite energy, which is given with the
following formula [1-3]

[;:L — cos(F (r)}:]

& "t 2 a2 A
= BBy, ST [ WG T @F i
. o =22 ) s
&

+ s?(F () ( %”}— (7 Efr)}:]) (28)

%

where FH = 186M eV is the pion decay constant and e is the parameter of the Skyrme model
satisfying the Balachandra’s bound [9]

157 < @ = 4.17 (26)
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The finiteness of the expression (25) has two implications. Firstly, the finiteness of the last
term in the limit r — 0 implies that sin(F (r)) — 0. Hence, for the skyrmions we have the
following boundary value

F(0) = Nr (27}

In other words, Eq.(25) selects out the skyrmions from the infinite energy solutions, which
have the boundary condition F (0) = (N +1/2)xt. Secondly, in the limit r — oo, the first term in the
integrand must tend to zero to keep the energy finite, which means that F () = kn. So, the
condition F (o) = 0 is not necessary to keep for the skyrmion solutions. Instead we can look for
the skyrmion solution with the following boundary condition

F(0) = N= : Flw) =k (28)
where N and k are integers. The difference N—k can be interpreted as the conserved baryon
number.

In the article [5], the skyrmions which are confined within a finite radius R are also studied
with possible applications in the dense hadronic matter.

4. NUMERICAL CALCULATIONS COMBINED WITH THE GLOBAL ANALYSIS

In the light of the global analysis presented in Sect 3, we can understand the results of the
numerical experiments of Sect 2.

First, we understand why the numerical backward shooting method can hit the solution
easily with an asymptotic formula at the large value of r — .

Secondly, we understand that the obtained numerical solutions are not the real finite energy
skyrmions. If we increase the accuracy, the obtained trajectories will turn to other boundary
values in the small neighborhood of r = 0. This infinitesimal behavior will make the energy
infinite. Thus the numerically obtained solutions are not stable both topologically and
energetically.

Thirdly, the topologically and energetically stable solutions in fact exist as a limit between
the two neighboring unstable solution families. This can be seen in Fig. 3.

Lastly, having in mind the asymptotic formulas (7) in principle, we can use the numerical
forward shooting method in the small neighborhood of r = 0 and change the value of § =F '(0)
until the second boundary condition F (o) = k= is satisfied.

In Fig. 4, we choose the case of F () = @, F (0) = 2n and m = 0.48, the numerically
obtained solution has a complicated damping oscillating behavior.

However, using the energy formula (25), we can show numerically that the energy of this
solution is not finite. So, it is not energetically stable. The attempts to vary the value of B to
avoid the oscillating damping solution in search of the stable solutions have not given the
converged results.

To compromise between the above numerical methods, we have used the forward shooting
method in a small neighborhood of r = 0 and the backward one outside of it. This solution has a
good large distant behavior, while in the small neighborhood, the solution depends on one
parameter = F '(0). In principle, we can vary the value of B until, the derivatives of two curves
coincide at a “patching” distant R = 0.01 for example.
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Figure 4. The damping behavior of a solution with a topological charge B=1, m=0.48, a==.

In order to make the algorithm convergent, we have used the above “patched” solution as
the initial values for a combined backward and forward finite-difference numerical schema.
Unfortunately, the used numerical schema does not converge.

5. DISCUSSION

In this paper, we have shown the issues in the numerical treatment of the Skyrme equation
in a systematical way. A global analysis helps us to understand the numerically obtained results
and the irregular behavior of the solutions. The topologically and energetically stable solutions
are difficult to achieve. However, they can be approximated by the unstable with an arbitrarily
high accuracy. In the light of the global analysis, we can distinguish the unstable solutions with
the accumulated numerical errors of the stable one.
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TOM TAT
PHAN TICH TOAN CUC TRONG XU Li SO POI VOI PHUONG TRINH SKYRME
Nguyén Ai Viét

Vién Cong nghé thong tin, Dai hoc Quoc gia Ha Nji,
Nha E3, S6 144 Xudn Thity, Cau Gidy, Ha N¢i, Viét Nam

* . .
Email: naviet@vnu.edu.vn

Phuong trinh Skyrme dugc st dung rong rai trong Vat li ¢6 ki di tai bién r=0. Ki di gay
ra mét 6n dinh. Bai bao dwa ra mot khung tinh todn méi dé vuot qua kho khin nay dé dwa ra cac
10 giai véi d6 chinh xac cao tly y bang cach phd hop cac phuong phap tinh s6 véi phan tich
toan cuc

Tir khéa: vat li tinh toan, tinh s§, phwong trinh vi phan.

267



