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TOM TAT

Trong bai bao nay, cac tacagsr dung nguyén |i gc dai Pontryagin aa li thuyet didu
khién cac qua trinhét wu dé giai quyet bai toan éi vu hai tn & daodong tr do dau tién @a
truc chiu xain. Trongdod, bién diéu khién 1a duong kinh @a tuc bién déi doc theo chdu dai
truc, ham nac tiéu |1a &n $ riéng thr nhit haic thr hai. Thét 1ap duoc diéu kién cin va diu cia
hé s ti 1é cho bi giai ti uu trong trong hyp tn b riéng the i bit ki. Cho vi ai 5 véi truong
hop tan $ thir nhit va thr hai. Nghién ¢u quan & tuong duong gira ciu hinh éing nhr tan £
t6i wu ala cac tnc codiéu kién bién khac nhau.

Tir khoa tin s riéng, nguyén liec dai Pontryagin, tac chiu xain; ti wu.

1.PAT VAN PE

Téi wu tan & daodong cé y ngia quan ng trong K thuat khir rung hac tranh éng
huong [1 - 5]. Wi chiéu daiL, khdi luong riéngpe da cho thi bai toan datbng xain, daodong
doc aia thanh va bai toan d@dng ngang ga day co chung &t phrong trinh vi phan song b
chiéu, duoc giai tuong tu.

Trong trdng hyp daodong xain v6i goc xoay@ =@(x;t), G — médun dan Wi truot caa
vt liéu, J - m6é men quan tinidc arc aia mit cit ngang, ptrong trinh daatong cé dng:

0 oy 0y _

—|GI(XN— |- J =0 la

ax{ (X)aJ (Mat2 (1a)
va trong torong hyp daodong doc aia thanh hay dadong ngang g¢a day ang Wi @(x,t)la
chuyén vi trong ing va ting $ vat li¢u 1aE — modun dan ki chiu kéo néndic trung hinh foc
cua mat cat ngang 8 laF — dién tich, thi, plrong trinh daaiéong c6 dng:

0

—[EF(x)"’ﬂ F(%p a‘” - (1b)
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Sau khi lai bo yéu t thoi gian t nhy thay I/ = ¢ (X)sinat vao (1a) ta c6 plong trinh
dang daodong riéng cho bai toan %o (hai bai toan coni ciing trong tr):
E[GJ(X)%} +J(X)pa’¢ =0 2)
dx dx
& day J(x) thayddi trong mdt mién hiru han. Sr thaydéi mat cit ngang nay cé thvi hai li do.
Thir nhat c6 the 14 theo y mdn con ngoi d&é nhan duoc gia ti max hay min ¢a én
riéng.

_ Tht hai la do kich thoc mat cit dung trong tinh toan 1a kichubc danh ngta dodd gia ti
tan 9 riéng tinhdugc ding ch la danh ngta. Qié ti thuc cia tin 9 la kit dinh va thigc mién
[min, max] phu thuoc vao dung sai kich tiirc mat cat ngang.

Theo phrong phap hinh tic héa &n & nhr mot bién trang thai suy éng dugc trinh bay
trong [1] ta cé th phéat béu bai toandiéu khién i wu sau:
Cho ¢ phrong trinhdong hrc voi cac bén trang thaig, M, a

% = M
dx GJ(X)
B =-390a7g @)
X
d_a) e O
dx

Diéu kién diém dau ¢ dinh vadiém cubi 1a lién két dan 1bi c6 do cing 1;r c6 chng
nl
$(0)=0
MM (L) + (7 -Drg(L) =0 (4)
nofoa]
1= 01ung Wi dau phii cé dinh, /7= 1ung Wi dau phii tu do,r tham $ d¢ cing

X&cdinh luat diéu khién J(x), (0< x)< L)théa mandiéu kien:

J,(¥=<I(R< I( )
Phiém ham Maie trang thai ci dat:
ca(L) =min(c=41) (6)

& dayc = 1tng Wi aw(L)=min, c=-1ung Wi w(L)= max.

2.UNG DUNG NGUYEN Li C UC PAI PONTRYAGIN PE TIM PIEU KI EN CAN TOI UU

Trong phin nay chdng taah luot thuc hién cac xdc:
- Xay dyng ham Hamiltonit (3) Wi cac bén trang thai lién p bo xung P,, R, , P, :
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M

H=P,— -P 7
4 GIN) wJ (X) pard (7)
- Viét h¢ phuong trinh vi phan lién ¢p:
dP, oH
— =——— = J(X)pa’P,
i op (X)pawr R,
dM__oH M
dx oM GJ(x) * (8)
dP oH
o = 9 - 23(x) pateP
dx Y8, (X) pw @R,

Vi didu kién hoanhs haidiém dau, cWi cua qué trinkiong hre thoa mandiéu kién:
B(L)IP(L) + Pm(L)M(L) + Py(L)dedL) - P4(0)I¢ (0) - P m(0)AM(0) - Pf0)dew(0)
edw(l) =0 9)
Xét i (4) ta co:
Py (L)Op(L) +P (L) M(L) +Py(L)dedL) - P m(0)AM(0) - P£0)d(0) +cdw(L) =0
nM (L) + (7 -Drog(L) =0
Hay:

-1
Py(L)og(L) -UTFPM (L)dg(L) - Pu(0)AM(0) - Pf0)dw(0) + Pul(L) +)dw(L) =0

Cac bén phandVi(0),8w(0), dw(L) ladoc lap nén ta co:
Pm(0) =P{0) =P,(L) +c =0 (10a)
Con cac kin phandM(L), dg(L) phéi tiha man k phuong trinh thidn nhit
Pu(L)AM(L) +P4(L)og(L) =0
naM (L) +(n -Yrog(L) =0

Tu do
nP, = (n-1Yrk, =0 10D
Thay ki héu cho bén lién hp:
=-M
{ Py H a1
Pu = Py

Cho:
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dg, _
dx GJI(X)
dM
i = -J(X) per @, (12)
AR M 530007 P,
dx  dw
My (L) +@-Dre, (L) =0 (13)
So sanh &(3), (4) va (12), (13) c6 ékét luan vé quan 1§ gitra cAc bin trang thai va bin
lién hop thdng qua @t hé s ti 1é k:
{kMH =M
_ (14)
k¢H - ¢

Va diu aiak c6 thé xacdinh duoc bing cachdy tich phan phong trinh ciéi trong (12) c6
tinh i (13b)

2,oaJ2

dex B(D- RO)=- =] 197 o (15)

Vi két qua (14), (15) nin duogc, bai toandiéu khien ti uu xacdinh luat diéu khien J(x),
(0= x< L)théa mandieu kién (5) cho |8 dong hrc ¢d cac lin trang thai M, ¢, w véi diéu kién &
diém dau, cui (4) dé cuc tiéu (6) codiéu kien can ti wu:

2007

H :—k(G'\;I 2X)+J(x)pa)2¢)2)=max,k:— JJ(x)(pzdx (16)

Ta ding leu y 1& trong céac Bu thic chra R c6 néidén do 1a éin $ riéng thr miy va tich
phan ktu han trong (15) ludn dong. Piéu d6 c6 nghia ladiéu kién cn i vu nhan duoc 1a cho
tan $ riéng kit ki. Mit khac do dng daodong riéng ph thusc vao nét hing $ bit dinh vi di
gia ti M(0) hay @¢(L) néndiéu kién (15) c6 th s dung drdi dang:

H = sign( Q(%(xf X 3 pafe?) = max, M (0)=1. (17)

3. THUAT TOAN

J,(¥Y)=J =const J( x= J= constxl(haoic -1), chiaL thanh 193oan vgi cac nat 0,...,
20.
Budc 1: Chon J(X) = J,. Giai hé phuong trinh vi phan ing phrong phéap &

dqo M
dx GJ(x)

A = sxpee

(18)
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Véi cacdiéu kién:
¢0)=0,M(0)=1, M (L) + (7 -Drg(L) =0 (19)
Dé c6 céac gia frtai cac nutg,M,,(i=0,.n-1n= 20)va w:

+ Yo' y)

Buodc 2 Vi cac gia tt ¢, M. va w thay vao:H =

(X)
Véicac giatid(x) = J + jA,(j=0,...9) d& xacdinh J(x) tng Wi H = max.

Budc 3 Tré lai buéc 1 Wi cac g!é tf J(X) xé}c dinh duoc cho cac natbiédu kién ding
chuong trinh khio hai hréc lap lién uc tin s thayddi it hon d6 chinh xac cfip nhin Aw< ¢ .

4.ViDU SO

Xét tryc chiu xain c6 duong kinhd, O [0,05+ 0,1] m, ng chéu dai tuc L chia thanm
doan bic c6 chéu dai king nhauG = 0,769E11 Pap = 8000kg/m. Cac trong hyp dugc khio
séat bao gm:

- Truong hpp 1 (TH1):L = 2 m,n = 40,7 = 0 (dau phai ¢6 dinh), ¢ = -1(ham mc tiéuw, =
max). Ham mc tiéu (16) 8 la:

= ( o H 9k ) = max, k= ZpafIJ(x)qfdx

- Truong hpp 2 (TH2):L = 2 m,n = 40, /7 = 0 (dau phai ¢b dinh), ¢ = -1(ham n tiéua =
max). Ham mc tiéu (16) & la:

( o H 9Pty = max. k= 2pa§jJ(x)¢2dx

- Truong hop 3 (TH3):L = 1m,n = 20, /7 = 1(dau phai ty do), ¢ = -1(ham nc tiéu w =
max). Ham mc tiéu (16) 8 la:

H_

GJ() + (W puf @) = maxk-—ZpafjJ(x)qfdx

- Truong hyp 4 (TH4):L = 1 m,n = 20,7 =0( dau phai ¢b dinh), ¢ = -1(ham n tiéucw, =
max). Ham mc tiéu (16) & la:

= —k(

GJ(X)+J(x)paf¢2) max, k——2pafIJ<x)¢2dx

Cac Kt qua duoc du:a ra trong pﬁn nay bao gm cac gia trtan s riéng thr nhit w, tin
riéng thr hai e, hiéu & giira cac dn $ riéngaw, - w; va Bng thé tich tuc V caa thc.

Tir bang 1 va hinh 1 c6 ththay:

- Vi TH1 va TH3: Gu hinh 6i vu va ti¢ tich aia TH3dang king 50 % éa TH1, gia tr
tin & @) cia hai trong hyp nay la Bing nhau. Ngta 1a,dé giai bai toan ec dai tan $ thir nhat
cua tuc chjy diéu kién bién ngam - ngam (TH;) cthan giéi bai toan ac dai tan Sy thir nhﬁ; cua
truc chiu diéu kién bién ngam -it do va cé chiu dai king 50 % éa TH1. Tr cau hinh 6i uvu
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ciia TH3 c6 tl suy ra u hinh 6i wu cia TH1 c6 dngddi xing va chéu dai gip doi, suy ra éu
hinh @ia cac tac cddiéu kién bién ngam - ngam Bo ngam - & do Wi cac tuong hop thi wu
tan g cao lon va chéu dai gip nhiéu lan hon so i TH3, ...

Bang 1.Két qua tinh toann < riéng va ti tich tuc.

Truong hop w (rad/s) a (radls) | w -« (radis) | V(M)
TH1 9093 11470 2377 0.00906
TH2 2334 17851 15517 0.00921
TH3 9093 13877 4784 0.00453
TH4 17851 22423 4572 0.00461

0,04
0,0%4
0,04

buong kinh (m)

e e e Sy Ay |

0,04

Nat

0,08
0,07
0,06
0,05
0 23545678 émlizisiuéiebisigz‘ozl

Duong kinh (m)

Hinh 1.Ciu hinh 6i vu cia cac teong hyp khao sét.

- Vi TH2 va TH4: C6 th nhan xét trong tr khi ciu hinh 6i vu va thé tich cia TH4dang
bang 50% @a TH2, gia ti tin & « cia TH4 king a cia TH2.

- Sy twong dong W ciu hinh 6i wu va gia tr tan s t6i wu co tit duoc giai thich nhy xét
dén cac dng riéng trong dong aia cac teong hyp khao sat. Vi d nhr trén Hinh 2:

+ Chung ta c6 ththiy nhitng quan B cac fin $ va nhip thanh cho nimg gii phap 6i uu.
Truong hop (a)tng Wi cuc dai cho &n $ thir hai, ding daodong l1a hai ra hrdc séng va nit
séngd giita nhip thanhU(L/2) = 0. Coi nit séngoé ladiéu kién lién Kt dau phai caa phin nira
thanh tri thi dng daodong & phan d6 1a nra hréc song (b) va gia itan  thir nhat daodong
cua nra thanhL/2 &b dinh haidau d6 bing gia ti tin s thir hai cho thanh ddi ¢6 dinh haidau
& trén.Do ding la fin $ thir nhat cho thanh dali/4 v6i diu phai tw doM(L/4) = 0 (c).
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a. Chéu daiL, a, = max

AR RN

b. Chidu daiL/2, a, = max

AN NN NN

c. Chiu dailL/4, a; = max

34

d. aumax (Cha tuc bén trai dal) = aimax (cia bén phi daiL/4) va du hinh trongung

4
] l 2

Hinh 2.Vi du vé cdu hinh 6i vu va gia tf tin & t6i wu.

_+ Nhu vay bai toan tim gii phap i wu cho &n  thir 2n cyc dai ciia thanh daL véi hai
dau o dinh ding chinh Ia gii phap bi wu cho &n  thir nhat cuc dai caa thanh hadau o dinh
daiL/(2n) nhe trén Hinh 2.d.

- C4c Kt qua nghién gu trén ding co tit mo rong cho cho cacidng hyp ¢ =1 (arc tiéu
tin $) hayr cho tuéc v6i gia ti 70(01), ngha ladau bén phi cua trc chiu lién Kt dan i,

5. KET LUAN

Trong bai bao, bai toan nghiéawcciu hinh 6i vu truc chiu daodong xain cho én  riéng
thir nhit va thr hai duoc trinh bay. Cacét qua caa bai bao cho fty cé sr twong ddng W ciu
hinh 6i wu, tin $ t6i wu gitta cac tac co chéu dai,diéu kién bién va ti bac tin &5 khao séat
khac nhau. Cac é&m doi sir dung nguyén i gc dai Pontryagin trong bai bao cho phépéthiap
didu kién i vu tin & cho cac trc co lién Kt bén plii 1a dan i va day ding chinh la tréng
phét trén tiép theo @a bai bao.

Loi cdm on. Nghién @&u nay duoc tai try bsi Quy phat trén khoa lc va cong ngh Quic gia
(NAFOSTED) trongdeé tai ma ¢ 107.02-2014.02.
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ABSTRACT

APPLICATION OF PONTRYAGIN'S MAXIMUM PRINCIPLE ON ®TIMIZING
EIGEN FREQUENCIES OF A TORSIONAL SHAFT

Tran Duc Trung, Bui Hai Le Tran Minh Thuy
Hanoi University of Science and Technology, SchbMechanical Enginnering
"Email: le.buihai@mail.hust.edu.vn

In this paper, problem of optimizing the two firsigen frequencies of a torsional shaft
using Pontryagin's maximum principle, an optimahtcol one, is presented. Where, control
variables are diameters of elements, objective tiomccontains the first or second eigen
frequencies of the shaft. Results of the papemali@termining sign of ratio coefficient of
optimal condition, the equivalent optimal configimas and eigen frequencies of shafts
subjected to different boundary conditions.

Keywords eigen frequency, Pontryagin's maximum princifdesional shaft, optimization.
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