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1. MO PAU

Trong bai bdo nay cic tic gia s€ nghién ciru dao dong tu chin cua ban mong chit nhat trén
nén dan hoi hai hé sb nén. Xay dung thudt todn tim nghiém ti€ém can cua bai todn trong xép xi
tht nhat hoan thién. Xét sy 6n dinh cua nghiém dung, cia dao dong tu chin cua ban moéng chir
nhat. M6 hinh tinh todn né.y ¢6 thé ding cho tat ca cdc hé 6tondm.

Két qua cho thay rang tan s& riéng cua hé dang xét ting mot lugng dang ké so voi md hinh
nén dan hoi mot hé s nén ma tir trude tGi nay ta van s dung. Bai todn da thay d6i vé mat dinh
tinh, tit ca cic diéu kién cong huong, diéu kién 6n dinh coa nghiém dung déu thay ddi va hé sb
nén tht hai da lam giam bién do cua dao dong tu chin. D6 1a cic két qua ma ching tdi da thu
nhan dugc.

2. DPAT BAI TOAN VA PHUONG TRINH CHUYEN PONG

Xét ban mong chir nhat chiéu dai 1 ¢, chiéu rong 1a b, dat trén nén dan hdi hai h¢ s6 nén
theo mo hinh cua Pacternac [1]. Ban chui lién két tua 4 canh. Hé toa do dugc chon nhu hinh vé,
hinh 1. Khi d6 chuyén dong ctia ban theo phuong thang dirng dugc mo ta bang phuong trinh sau
[1].

9°W oW oW
DV*W —K,V’W + KW + p——=eF(O,W,— ). 2.1
o ax dy
trong d6: o la mat do khéi Iuong trén mot don vi dién tich cua ban, dé don gian ta gia thiét
p =1.D 1ado cimg chng ubn ctia ban.

ER’
S — 22)
120-v7)
K;, K> 12 hé sb nén thi nhét, tht hai, £ 1a tham sé bé duong.
ow JIwW .
F 1a ham giai tich ddi voi cac bién (W,—— . . ,-..) vatuan hoan voi chu ky 1a 27z theo
Y

6 =06(t). V latoan tir tuyén tinh Laplace voi hé s6 hang, W = W (x, y,t) can xdc dinh.
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2 2 4 4 4
V2:8—+a— V4=(V2)2a—+2a—+a— (2.3)

x> 9y’ ox*  ox’ay’ oyt
Diéu kién bién cta ban tua tuyén tinh 4 canh duoc biéu dién béng cdc biéu thuc sau.
2 2
Wi=0 , aaﬂz/ +vaa“2/|= ; 2.4)
x=0,b x Y lx=0,b '
2 2
wl=0 . aa“z’ +Vaa“2’|=o
y=0,c Y . y=0,c
0
X

R

y Hinh 1

3.DAO PONG TU DO CUA BAN

Tu phuong trinh (2.1), trong truong hop dao dong tw do cua ban ta c6 thé viét duoc phuong
trinh dudi dang ma ham F' vé phai khong chtra tudng minh yeu t6 thoi gian t.

: oW o
DV*W — KV2W+KW+av2V— &F(W,— W W,..). (3.1)
ot ox 9y
Khi £ =0, ta ¢6 phuong trinh suy bién sau
2
DV*W - K,V’W + KW + aa‘f =0, (3.2)
t
v6i céc diéu kién bién (2.4), phuong trinh (3.2), nghiém c6 dang
W)('x y’t) - ZAN rs ('x y) COS( rst + l//rs) ’ (33)
r,s=1
Z, = sin X sin 22 (34)
c

trong d6: A,y lacic hang s6 dugc xdc dinh tir nhitng didu kién dau; @, la tin s6 riéng, xdc
dinh béng cach thay (3.3) vao phuong trinh (3.2), sau khi tinh todn don gian ta c6 dugc.

@, = {D[(—) +( Tyep +K[(—) +( )]+K} (3.5)
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Tir (3.5) d& dang nhén thiy rang tan s riéng cia hé dang xét di ting mot luong dang ké do
tinh dén hé s nén thir hai K, ma tir trudc toi nay ta thuong bé qua khi xét co hé theo md hinh
thong thuong ciia nén dan hoi. Bai todn da thay doi vé mét dinh tinh, nghiém dimg, diéu kién 6n
dinh cua nghiém va dudng cong cong hudng ciing thay doi tat ca. D6 1a két qua méi can luu tim
quan sat.

Gia st hé khong kich dong, trong truong hop don tan ton tai dao dong khong tit dan voi
tan s6 dao dong @,,(r = s =1) va khong c6 ndi cong hudng véi tan sb do, tirc 1a

(w,-na,)#0 (n=12,.;r,s=12,..). (3.6)
/A T T T
@ ={ D)’ + ()T + K[+ ()’ 1+K, ). (3.7)
b c b c
Khi d6 nghiém riéng ctia phuong trinh (3.1) tim dudi dang sau
Wx,y,t)=aZ, (x,y)cosp+ U, (x,y,a,@)+ <‘;“2U2 (x,y,a,¢0)+ e, (3.8)

U,, U, 1a céc ham tudn hoan chu ky 27 con a,ly dugc xac dinh tir hé phuong trinh vi phan.

% e (a)+ A (a)+€5 ...,
t

J (3.9
YV _ B (a)+€*B,(a)+ € ...
dt
O day:
o=(@,t+y), Z,(xy)= sin%sinﬂ, Z (x,y)= sin%sinm . (3.10)
c c

~ Bay gio ching ta phai tinh mot s6 dai luong trong phuong trinh (3.1), chd ¥ dén (3.9), trong
xap xi thr nhat ta c6 dugc.

BW daZHcos(/) alesm(p—¢+eaU d¢+

o o0 dt
ow U,
o ——=&Z, cosp—aw Z,sinQ—aeBZ, sinp+e— 20 L@, +... . (3.11)
L OW da . do da :
Y =—EAZ,, sin Q@ — 0 — Z,,sin (p—aa)“Z“cos(pT?—EeBlZ“sm s
dp U
—e&aB,Z, cospL+ ¢ Lo+,
dt o1
2 2
aat‘:/:—2&412“a)“sin(p—ZgaBlZ“a)“cos¢—aa)lzlzllcos¢+ea)fl%—¢l)];+..., (3.12)
2 2 2
*VZW—acosgoa Z“+acosg0a Zz“+€al£1+8a U1+8 ,
ox’ dy ox dy’
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2 2

VW :—acosqy(%Jr”—)Z“ + VU, + €. . (3.13)
C

* VW =acosgV'Z, + VU +VU, +€...

2 2

V4 /4
VW = acos¢[(b—2+7)]Z“ +&VU +€°... . (3.14)

Thay cac dai lugng (3.12), (3.13), (3.14) vao phuong trinh (3.1) ta cé
2 2 2

2
Dacos gp[(% +Z P27, + DeVU, + K,acos ¢(% + 207, — K,eV'U, + K,acos¢Z,, +
C C

, ’U
+keU, —2eAw, Z, sin @ — 2eB,aw,, cos pZ,, — aay,Z, cos P+ £ax, a(p; =

:eF(acos¢le,acos¢%,acos¢%.“). (3.15)
ox dy

{ D[(%)2 + &P+ 1(2[(%)2 + )+ K, Y acos¢Z,, — aw Z,, cos g+ £DVU,
C C

2

U :
+eay, v— K,eV?U, +eKU, = €A ®, sin ¢+ 2aB @, cos $)Z,,

0Z oZ
+&F (acos@Z,,,acos p—L acosp—1L..).
ox dy
Dé dang nhan théiy réng sau khi don gian phuong trinh trén con lai nhu sau.
°U :
DV'U,-K VU, +KU + &, le =A@, sing+2aB®, cosP)Z,,
Z 0Z
+F(acos(/)Z“,acos(,/)a L acosp—1..), (3.16)
ox dy
Ham U, =U,(x,,a, ) can thod man céc diéu kién bién
2 2
Ul:O ’aaljzl+vaal]21:() ’Ul:O .
x=0,b * Y x=0,b y=0,c
W W|_,
ay? Vx| (3.17)
y X y=0,c .
Dit
Z 0Z
Fl=F(acos¢JZ“,acos¢)a L acosp—1L..). (3.18)
ox dy
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Can xdc dinh ham U =U/x,y,a,¢).
Bay gioi khai trién ham U,(x,y,a,¢) vaham F|(x,y,a,) theo cic hamriéng {Z,,(x,y)}.

Ui(x,y,a,0) = D U, (a.9)Z,)x,y), (3.19)

r,s=1

Vi céch khai trién nay ham U, thoa man diéu kién bién (3.17), U, (a, ) can dugc xac dinh.

Irs

r= Z s (@92, (X, ), (3.20)
r,s=1
b c
[[ .z, axdy
F,(a,9)=H—, 3.21)

J.J.Zrzsdxdy

00
da duoc xac dinh vi ham F, da biét.
Thé céc dai luong (3.19), (3.20) vao phuong trinh (3.16) ta duoc

DV'Y U, (a.9)Z, - KV’ Y U, (a.9)Z,,+K, D U, (@.0)Z, + & — a 7 Z U, (a.9)Z,
r,s=1 r,s=1 r,s=1 r,s=1
= (A, sinp+2aB,®, cosP)Z,, + Z ' (a,0)Z.. (3.22)

r,s=1

DZ U,.(a, ¢)[(—+—)] Z +K, Z U,,(a, ¢)[(—+—)]Z,Y +K, Z U, (a.0)Z,

r,s=1 r,s=1 r,s=1

+ o), Z erz = (2A,®,, sin ¢+ 2aB,@,, cos P)Z,, + Z a,9Z, . (3.23)
r,s=l r,s=1
Khir=s=1,Zxy) =Z;(xy). Can béng hé sb cdc ham riéng {Z,(x,y)} dé dang c6 két
qua sau
2 g2 2 2

DU, (a, ¢)[(” +—)] Z +KU, (a, ¢)[(” +”—)]z +KU,, (a,)Z.
2 aU ( 9 )
+ap 121)1¢§l Y

2 2 2 2 aZU
(DI +c—>] +K[< +”—>] +K U, +a, v

Z,=QAw,sinp+2aB o, cosp)Z, + F, (a,9)Z,,

= (A w, sinp+2aB,w, cos@)+ F,, (a,9),

a Ulll
09’

(o | ( +U,,,) = QA®, sinp+2aBw, cosp)+F, (a,9). (3.24)
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2
(@, aa((;];;” +@U,)=F, (a,0), (rs=12... s=r #1). (3.25)

Chdng ta lai khai trién ham F, (a, @)vaham U, (a,®)theo@, taco

Irs Irs

E,.(a,0) = [ng,: Y (a) cosn¢+2h<’ Y (a)sinng], (3.26)

n=0 n=0

17 1%
g1 )(a)=5 !Fm(a,@d(o, g @) =— !Flm(a,@coswd%

2
W (@) = J . (a.sinnglp (327)

g (a), i (a) da duogc x4c dinh. Bay gid ta lai khai trién U,, (a, @) theo @ tacé

Irs

U, (@9)= D [V (@)cosng+W. (a)sinng), (3.28)
n=0

V" (a), W\ (a) can x4c dinh.
Tir (3.28) khi r = s = I, ta c6

U, \(a,0) = Z (VI (@) comp+ W (@)sinng)
aUm(a ?) _ Z[ VY (@nsinng+W (@)ncosng]

o’ U“l (a 9 _ Z [—n’V " (@) cosng—n*W," (a)sinng]. (3.29)
Thay (3.29) vao (3.24) dé dang c6 duoc

6011 {Z [— nZV(l 1)(a)coS n¢_n2VVl£,M)(Cl) sinn¢]+
> 1V @)cosnp W @ysinnp)

n=0

= 2A,,, sin 9+ 2aB,@,, cos @ + Z [gl(ll)(a)cosngg+ hl(:i 1)(G)Slnn¢]_ 530

a1 2 1(1=n* V" (@) cosng + (1 —n* )W, (a)sin ngy) =
=0
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=2A,,, sin ¢ +2aB,@,, cos ¢ +Z[g“”(a)cosn(p+h“D(a)sinnq)]. (3.31)

Khi n = 1, thi d& dang thy rang vé trdi ciia phuong trinh (3.31) bang khong véi moi gid tri
bét ky cua V(1 Y(a), Wlfll’l)(a) , d& cho duy nht ta gia st Vlfll’l)(a) =0, Wlfll’l)(a) =0, diéu d6
ciing c6 nghia la ham U, (a, ) khong chira céc didu hoa cos ¢, sin @ ta suy ra.

<U,,(a,@)cosp>=0, <U,(a,@)sing>=0.

Khi dé ta cé

2A,@, sin @ +2aB,w,, cosp+ g\, (a)cos @+ h;" (a)sinp =0,

M@ el@
1 2,

bl 1 bl

2aw,

thé g "(a), hf‘~"> (@) tir (3.27) vao cic biéu thirc trén ta c6 céc cong thic xdc dinh A;, B,

A== J.Flu(a @)singdp, B =——"-— J.Flu(a P)cospdg. (3.32)
27a,, 2anm,,
azUlrs(a)
Tu (3.28) ta tinh dwoc —— 5 —
I

U, (a) <
— B = Z—[nzvlff Y(a)cosng+n’W, " (a)sinng].
a¢ n=0
Thay biéu thirc trén vao (3.25) taco

oo

o ) [- 0V (a)cosng— W (a)sin ng]

n=0

+a! D VI (@) cosng+ W (a)sinng]
=0
Z (g (@)cosn@+h," (a)sinng],
D 1@~ Vi (@) cosng+ (@, —n* e, Wi (a)sinng)
=0

Z (g (@)cosn@+h, " (a)sinng@],

(V Y)( )_ gl(; Y)(a)

ln

W, hi(a)
) ()= —n @) (3.33)
(w a)ll) (wrzs _nzwlzl)
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N D aycosne+ h" (a)sinn
Ulrs (a) = Z gl” ( ) 2 ¢ 2 lnz ( ) ¢ s (334)
n=0 (w, —n"w;))
— - (r,s) (r.8) .
g (a)cosngp+h" (a)sinng
U (e y.ap) =2 21 1Z,(x3) | (3.39)
1 rs= 0 (a)i - nza)lzl)
— & (r,s) + h(r,s) .
W(xv y7 Z) = ale(x’ }’) COS¢+ E Z Z [ glll (a) COSZ¢ 1n (a) Sin n¢ ]Zm, (336)

p— (0’ —n’a))
khir=s=1thin#l.
Nhu vdy trong xdp xi thi nhit hoan thién nghiém cta phuong trinh (3.1) W (x, y,z)da
dugc xac dinh.
Bay gi xét mot vi du don gian, gia st ham F vé phai cia (3.1) ¢6 dang

2 2
F:—zha—W—K1W3—ﬁ[(a—w)za—‘fﬂa—w)za—vf],h>0. (3.37)
ot 2 ox ox dy = dy
Ap dung céc cong thirc (2.32), sau khi tinh toan don gian ta nhan duoc
da =-¢&h ,
dt
dy 9 1 s, 1 1 )
—=-¢ -—K, 7" (—+—)+3K,]a".
i Fiasg, T Gtk
a=ae ",
9 1 4, 11 2éht
=—— [—K7x'(—+—)-3Kje + ) 3.38
4 256h@1[2 ET A 1] Yo (3.38)

Cé6 nhan xét réng:

-Néuh=0,cé nghia 1a khong c¢6 lyc can (can nhét) thi bién d6 a = ay = const, dao dong tu
do khéng tat dan, i # 0 c6 luc can thi bién d6a — Okhit — oo, dao dong tat dan. Cac tinh chat
nay khong phu thudc vao hé s6 nén thr nhat K; va thtr hai K.

. . K, 1 1 ., .,
- C6 thé chon moi quan hé K| = ?(b_4 +—)7" dé cho pha dao dong ¥ =y, =const.
C

Tinh chét nay cling khong phu thudc vao hé s6 can h

4. DAO PONG TU CHAN CUA BAN

Trong trudng hgp nay ban chiu tic dung luc thuy khi déng luc theo phuong thing ding vai
mat do trén mdt don vi dién tich cta ban c6 dang [6]
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fW)=e(hW=m,W?3, h>0, hy>0 4.1)
Phuong trinh dao dong tu chin c6 dang.
2 2 2
DV4W—K2V2W+K1W+8—V2V:8{—K1W3 2[(aW) avg (a—W) aW
ot ox  ox dy
+ [ W=h,W?]) 4.2)
Trong xép xi thr nhét, nghiém cla phuong trinh (4.2) 1a
W =acos¢Z,,(x,y) , (4.3)
o=@ t+y), Z,(x,y) :sin%sin% . 4.4)

ava W duoc xdc dinh tir phuong trinh vi phﬁn (3.8). Ap dung céc cong thirc da biét, ta c6.

F,={- Ka cos3¢Z“+£a cos qw[ 3ﬂycosz—sm +lsm —coszﬂy ﬂy]
2 c ! b c c

+[—hlaa)“sin¢)Z“+hza w]lsin* q)ZH]}. 4.5)

O e

jﬂlzudx‘ly
F(a,0)= 2

c

j I Z . dxdy

00

be
En(a’@:_[_[ {
00

—K,a’ cos’ ¢ sin* —sm g —2a’cos’ (/)7[[ sin @cos s'nzg+
b c c b b N
”Zfldxdy
00
+ism ;cosﬂzy 2Q]
c* b c C 4
ijlzldxdy
00
—ha®, singsin’ m31n2—+h2a3af1 sin’ gsin* " sin* 2
b ¢ b < |1axay. (4.6)

bc

I I Z! dxdy
00
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E,(a, q))——%Ka cos’ (o+[(— l) 3 K, —2g’cos’ o] +

16 2
—hlacqlsing0+ﬁh2a3aflsin3g0]. (4.7)
1
A= IFm<a P)sin gy, B =-—— ijw @)cospdp . (4.8)
Wy 5 Wy
Sau mét s6 cdc phép tinh don gian ching ta thu dugc.
d
@13 g
%:_1289 [_EK 7 (— —)+3K1]a2. (4.9)

Tir hé phuong trinh (4.9) ching ta im nghiém dimg a = ay = const, ¥ — V0 = const, bing cich

27
[%_ﬁhzwﬁazlmo, (4.10)
9 1 4, 1 1
-—K, 7" (—+—)+3K,1’=0
28w, L 22 Gt e 1l
d& dang thy c6 hai nghiém dimng
a=a,=0,
azzagzﬂ’g. 4.11)
27h2(011

Can xét sy 6n dinh cua hai nghiém nay béng cach dat vao hé phuong trinh (3.9) cic dai
luong a =(a, + &), ¥ =W, + Oy). Ta c6 h¢ phuong trinh bién phan sau ddi voi cdc nhidu
dong oa, oy .

d 27
E(&Z):‘s‘[ﬁ_—hz 11 o] ghza’n 0°

2 128
d 9 1
E(§W):64(o 8[—5K27T4(?+F)+3K1]ao. (4.12)
11

Dé cho nghiém a, 6n dinh thi vé phai phuong trinh thir nhat cta (4.12) phai nhé hon khong.
Tacé

h, 81
[?1_128}1 @a;1<0. (4.13)

d .
Véi a, =0, Z(Ja) = 8% > 0. Vay nghiém a, =0 1a khong 6n dinh
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%(&l) <0, khi% < 18718h2(0121a2 suy ra

64
a; > iy =~ (4.14)
8 1hZa)ll
Vay nghiém dung cua dao dong vai bién do:
64
a’=a; = —h“z (4.15)
271/12(011
1a 6n dinh.
5. KET LUAN

Xét dao dong cua ban mong chir nhat theo mo hinh hai hé s6 nén thi tan sb riéng cua hé
tang 1én mot lugng dang ke, lam giam bién do dao dong dung. Bai todn da thay d6i vé mat dinh
tinh va ca dinh lugng.

Dia xdy dung dwoc md hinh tinh todn tim nghiém tiém cin cua bai todn. Trong xAp xi thir
nhat hoan thién nghiém da dugc xac dinh.

Xét sy on dinh ctia nghiém dung va tim dugc biéu thitc xdc dinh bién d6 ctia dao dong d6
doi véi dao dong ty chan cia ban.
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SUMMARY

SELF - EXCITED OSCILLATION OF THE RECTANGULAR THIN PLATE ON THE
ELASTIC FLOOR WITH TWO COEFFICIENTS OF THE FLOOR

In this paper, the author has used the asymptotic method to study the seft - excited

oscillation of the rectangular thin plate on the elastic floor with two ceoffcients of the floor. The
model of the calculation for finding the asymptotic solution of the proplem has been construeted.
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In the improved first approximation the partial solution of equation of the considered
boundary value proplem is determined, further the stability condition of the stationary oscillation
has been investigated.

The partial frequence of the observed system has increased. The amplitude of the stationary
oscillation has been decreased. Thus the proplem was changed on the peculiarity. It is an
unexpected new result, which we have obtained.

Lién hé voi tdc gia:

Tran Dinh Son,

Truong Pai hoc Mo dia chét.
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