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Abstract. In this study, the effects of temperature and relative humidity on the resonant
frequency of a micro-electro-mechanical system (MEMS) cantilever resonator under
atmospheric pressure (p=101325 Pa) are discussed. The squeeze film damping (SFD) problem of
MEMS cantilever resonators is modeled by solving the modified molecular gas lubrication
(MMGL) equation, the equation of motion of micro-cantilever, and their appropriate boundary
conditions, simultaneously in the eigen-value problem. The effective viscosity (Mes(RH, T)) of
moist air is utilized to modify the MMGL equation to consider the effects of temperature and
relative humidity under atmospheric pressure. Thus, the effects of temperature (T) and relative
humidity (RH) on the resonant frequency of MEMS cantilever resonators over a wide range of
gap thicknesses and under atmospheric pressure are discussed. The results showed that the
frequency shift increases as the relative humidity and temperature increase. The influence of
relative humidity on the resonant frequency becomes more significant under conditions of higher
temperature and smaller gap thickness.

Keywords: squeeze film damping (SFD), resonant frequency, MEMS cantilever resonator, relative
humidity, temperature, atmospheric pressure.

Classification numbers: 5.2.4,5.4.4,5.4.2,5.4.3,5.4.4.

1. INTRODUCTION

Micro-cantilever, which is one of the major structures of micro-electro-mechanical system
(MEMYS) resonators, is successfully used in various sensor applications such as physical sensors
(e.g. pressure, temperature) [1], chemical sensors (e.g. gas molecules, protein adsorption) [2, 3],
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bio-sensors (e.g. virus particles, bacterial) [4], and environmental monitoring (e.g. temperature,
humidity) [5, 6]. The main advantages of such MEMS sensors are small size, fast response time,
extremely high sensitivity, and accuracy. For a MEMS resonator, resonant frequency (f),
frequency shift (Af), and quality factor (Q) are important dynamic characteristics that enable it to
operate in various environments such as vacuum, gas, and liquid.

In air environment, the vibration of MEMS cantilever resonator is strongly resisted by
viscous air damping. The environmental effect (e.g. temperature, humidity, pressure) is the main
problem for the dynamic performance of MEMS cantilever resonators. The external squeeze
film damping (SFD) is one of the dominant damping sources of MEMS cantilever resonators
that appears as the gas flow is squeezed through a small gap thickness between vibrational
structure and stationary substrate [7, 8]. In the literature review, the resonant frequency of
MEMS resonators with the SFD problem has been investigated at various pressures, gap
thicknesses, cantilever sizes, and resonator modes [9 - 11]. However, the effects of temperature
and humidity are not considered as main effects on the resonant frequency of MEMS cantilever
resonators in a wide range of pressures. In gas rarefaction, a low pressure is introduced into an
ultra-small gap thickness. Under such conditions, the effect of gas rarefaction on MEMS devices
even at atmospheric pressure becomes important to discuss. In gas rarefied flow, the mean free
path (1) of gas molecules enhances considerably, then the slip flow takes place on the solid

surfaces. The inverse Knudsen number, D (=\/;-h0 /(24) ), which varies from 0.001 (rarefied

gas flow region) to 100 (continuous gas flow region), is used for the gas rarefaction correction of
the gas flow over a wide range of small gap thicknesses (hg). The effective viscosity (
Uy = 11Qp), which is defined as the ratio of the dynamic viscosity (i) and the Poiseuille flow

rate (Qp), is used to modify the MMGL equation over a wide range of inverse Knudsen numbers
(0.001< D <100) [12 - 14]. In previous works, the effects of gas rarefaction [15], surface
roughness [16], temperature [17], and relative humidity [18, 19] are discussed as important
effects on the quality factors of MEMS resonators under gas rarefied conditions. Moreover, the
influence of temperature and humidity on the resonant frequency of MEMS resonators under
atmospheric pressure has not been discussed. In the literature review, many studies have
investigated the effect of temperature on the dynamic performance of MEMS resonators [20 -
22] under atmospheric pressure. However, the dynamic viscosity (1) of moist air [23], which is a
function of temperature and relative humidity, has a strong influence on the dynamic
performance of MEMS resonators [24, 25] under atmospheric pressure. Recently, the effects of
temperature and humidity have been experimentally found to strongly influence the dynamic
performance of MEMS paddle resonators with proof mass under atmospheric pressure [26].
Also, the effects of temperature and humidity on the frequency response of double-clamped
micro-beam resonators with D values > 0.0018 (low and atmospheric pressures) have been
simultaneously discussed [27]. However, the effects of temperature and humidity on the
resonant frequency of single-clamped MEMS cantilever resonators over a wide range of D
(0.001<D<100) (different gap thicknesses (hy) and atmospheric pressure) have not been
simultaneously considered. In this work, the SFD problem of MEMS resonators is numerically
studied by solving the MMGL equation. Then, the MMGL equation is modified with the
effective viscosity (Ue(RH, T)) [23] which is the ratio between the dynamic viscosity (p) [23]
and the Poiseuille flow rate (Qp) [12] in a wide range of D (0.001<D<100) changing as a
function of temperature (T) and relative humidity (RH) under atmospheric pressure. Thus, the
effects of temperature and relative humidity on the resonant frequency of MEMS cantilever
resonators over a wide range of gap thicknesses (hy) and under atmospheric pressure are
discussed.
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2. MATERIALS AND METHODS
2.1. The MMGL equation for the SFD problem of MEMS cantilever resonators

In Figure 1, the transverse vibration of the micro-cantilever is resisted by a distributed
pressure force (P(X,Y,t)) of gas film per unit area of the micro-cantilever. Whereas, an

electrostatic force (F¢) tends to bend the cantilever towards the fixed substrate. To model the
SFD problem, the modified molecular gas film lubrication (MMGL) equation [14, 15] is used to
obtain the pressure distribution of the gas film as below.

of_ ph op),of ph* op =2 ph) 1)
ox| 124, (RH,T) ox ) oy\ 124, (RH,T) oy | ot

where p is the air density, h is the gas film spacing, p is the pressure, RH is the relative
humidity of water vapor, and T is the temperature (°C).

p(x, y.1)
F

------ J
Squeeze ﬁlm damplng Transverse deflection VU

Excited
Voltage

Figure 1. 2D geometric model for transverse vibration of MEMS cantilever resonators under the SFD
problem and the excited voltage.

The effective viscosity (Mex) [17] is used to consider the gas rarefaction effect
#(RH,T)
Heit =
Qe (p.T)

where Qp [12] is the Poiseuille flow rate of gas flow in a small gap thickness, and z(RH,T)
[23] is the dynamic viscosity of moist air under atmospheric pressure (p = 101325 Pa).
Therefore, per (RH, T) is used to modify the MMGL equation to discuss the effects of
temperature and relative humidity under atmospheric pressure (p = 101325 Pa).

In moist air, the molar fraction of water vapor [23] is defined as the ratio of water vapor
moles to the total number of moles of the mixture as below

L
XV_nv+na P

(2)

3)

where X, is the mole fraction of water vapor in moist air; 72, and 7, are the number of moles of

water vapor and dry air, respectively; p, is the partial pressure of water vapor, p is the partial
pressure of total atmospheric pressure.

The relative humidity (RH) [23] is defined as the ratio of the partial pressure of water vapor
in air (p,) divided by the saturated pressure of water vapor (ps,) at a given temperature as below
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RH :Xﬁz% (4)
X, =X, -RH ()

where X, is the molar fraction of the saturated water vapor.
The molar fraction of saturated vapor pressure is corrected as a function of pressure and
temperature as below.

Xg, = f(p,T)-% (6)

where f (p,T) is a numerical number for the so-called enhancement factor because of the
interaction effects between the real gas molecules.

The molar fraction of water vapor (X, ) is then calculated as below
= F(pT) = f(pT)-RH B Q

The total atmospheric pressure (p) is

P=D, +DP, (8)
The correction factor, f(p,T) in equation of Greenspan (1976) [28] is given by

f(p,T)—exp{a-[l—%j+ﬂ-[pisv—lﬂ (©)

4 (i-2)
a=Y_ AT (10)
4 .
B= exp(zll B -T "“j (12)

where A =3.53624-10%, A, =2.93228-10°, A, =2.61474-107, A, =8.57538-10°, B, =-10.7588,
B, =6.32529-107, B, =-2.53591-10*, and B, =6.33784 -10"".

with

The saturated vapor pressure (ps,) [23] is a function of temperature as below

p,, =1000-0.1-10° (12)

273 T+273
e=E +E[1-—°"_|-E log, | ——>
0 1( T+273j 2 g“’( 273 j

—8.2969{”273-1) 4.76955{1— 273 j '
+E,| 1-10 2 +E, |10 Te2rs

where
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E,=0.78614, E, =10.79574, E, =5.028, E, =1.50475%10"*, and E, = 0.42873%10°°.

The dynamic viscosity of moist air (W) is calculated by the following empirical formula of
Tsilingiris (2018) [23] in the temperature range between 0 and 100 °C as below

e /Ja'(l—Xv) + X, - H,
[(1_Xv)+ X, '(Dav] [XV +(1_Xv).®va]
where the viscosity of dry air (4,) and water vapor (4, ) calculated by the following empirical
formulae [23] as below

(13)

4 i
=M, +> . M, (T+273) (14)
Hy = Mvo + leT (15)
where M, =-0.8601107 , M, =9.08012-10°, M, =-1.1764-10"° , M, =12350-10"

M, =-5.797-10™", M,, =8.058-10°, and M, = 4.0005-10°,

Also, @, and @, are interaction factors for calculating £, and £, as below

05 [ 05 025712
%ZQ(H&] .1{&] [M_j (15)
4 m ) | A M. ) |
05 [ 05 0.25 ]2
@Vazﬁ(HﬂJ _1+[ﬁJ [M_j ()
47 M, 1, M,

where M, (=28.9635)and M, (=18.015)are the molar mass of dry air and water vapor
[kg/kmol], respectively.
The Poiseuille flow rate, Qp(D) [12] is used to modify the MMGL equation considering the
gas rarefaction for arbitrary value of inverse Knudsen number, D (10~ < D <10?) as below
Q, (D) =1+3a/z / D +6bD° (18)
where a =0.01807, b =1.35355 ¢ =-1.17468

The inverse Knudsen number (D), which is defined as the ratio of the molecular mean free
path length (1) of gas to the gap thickness (h) as follows

oYz _Jzh
2K, 24
The mean free path of a gas (1) [29], which is defined as an average distance that molecule

travelled by collisions of the other molecules, is estimated as follows
RT M

ﬂ/: =
\/Eﬁ-Nadzp J2r- N,d%p

(19)

(20)

where R=8.314 (J/mol) is the gas constant, N, =6.0221x10% is the Avogadro's number, M is

the molecular weight of gas, and d is the diameter of the cross section of gas molecular at a
stable state.

The mean free path of moist air (A1) [17] can then be expressed as follows
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/1 — /10 pOT — ﬂ’O pOT — A’O pOT (21)
pTO (pa + pw)TO (pa +RH - psw)TO

where A, (= 66.5 nm) is reference mean free path of gas at reference pressure of gas,

Py (= 101325 Pa) and temperature, T, (= 300 K). Therefore, the mean free path (1) of moist air

for ambient pressure (p) can be expressed as a function of temperature (T) and relative humidity
(RH) under atmospheric pressure.

2.2. The linear equation of motion for micro cantilever

Under small displacement (w), the linear equation of motion for the transverse
displacement of the micro-cantilever [30] is given as follows

a4w+ o*w +a4w
Pl oox? ox’ey®  oy*

2

J_'_pmtbzt_\;\l:_ﬁ(x! y!t)+ Fe(W!t) (22)

where Dp (= Et’ /12(1-Vv?)) is the cantilever flexural rigidity, E is the Young’s modulus, V is the
Poisson’s ratio, t, is the cantilever thickness, w(x, y, t) is the transverse displacement at a
position along the cantilever (x, y), and t is time, p, is the material density of the cantilever.

The boundary conditions of the micro-cantilever are set with
clamped edges at one side (x = 0) as follows.

w(0, y,t) =0; (23)
wO.y.H) _ (24)
OX

and free edges at other sides (X=/,,y =0, and y = wy) as follows

O'W(l,, y,t)  S*w(ly,y,t)

ox? ox 0 )
2 3
0 wgéo, _0 wé;(;O,t) 0 (26)
O*W(X, W,,t) _ 3*W(X, W, t) —0 27)
oy oy

2.3. The resonant frequency of MEMS cantilever resonators

Theoretically, the resonance frequency (f,) of MEMS cantilever resonator can be calculated
using the analytical model [31] for micro-cantilever as below

2
; _ta E/3v (28)

" 2021

where a; (= 1.875), a, (= 4.694), and a; (= 7.855) are constants for calculating resonant
frequencies for the 1%, 2", and 3" resonator modes, respectively.
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In this study, the resonant frequency, fsep (=@, /27) of SFD can be evaluated by the

Finite Element Method (FEM) [32] by taking the imaginary part of the eigen-value, 1 ( Im(Z))
as follows.

fo_D _ ‘Im(/T)‘
SFD_Z__—

29
T 2w (29)
Therefore, the natural frequency (@,) (imaginary part of complex eigenvalue (Z)) of

MEMS resonators is numerically calculated by obtaining the resultant eigenvalue, A
(=6 +iw), and o is the damping factor. The calculated procedures of the eigenvalue problem
can be found in Section 2.5 of Nguyen and Li [15].

3. RESULTS AND DISCUSSION

3.1. Effective viscosity, He(RH,T)

In Figure 2, the saturation pressure of water vapor ( P, ) is plotted as a function of

temperature (T). According to this result, P, increases as T increases over a wide range of
temperatures (0 °C < T < 100 °C).

-
o
o
o
o
o

10000

Saturation water vapor pressure, pg,, (Pa)
)
o
o
\

0 10 20 30 40 50 60 70 80 90 100
Temperature, T (°C)

Figure 2. Saturation pressure of water vapor (ps,) versus temperature (T).

In Figure 3, the Poiseuille flow rate (Qp) of moist air is plotted as a function of temperature
(T) under atmospheric pressure (p = 101325 Pa). The results showed that Qp increases linearly
with increasing temperature at atmospheric pressure (p = 101325 Pa).
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Figure 3. Poiseuille flow rate (Qp) of moist air versus temperature (T) for different relative humidity
(RH) at atmospheric pressure (p = 101325 Pa).

In Figure 4, the effective viscosity of moist air () in Eq. (2) is plotted as a function of
temperature (T) and relative humidity (RH) under atmospheric pressure (p = 101325 Pa). The
results showed that u of dry air constantly increases as T increases, while ue; of moist air
increases to a maximum value and then decreases as T increases. Furthermore, ue; decreases as
RH increases over a wide range of T. Therefore, we note that the effective viscosity decreases as
temperature and relative humidity increase. Also, the influence of RH on the effective viscosity
becomes significantly stronger at higher temperatures.
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Figure 4. Effective viscosity of moist air () versus temperature (T) for different relative humidity (RH)
values under atmospheric pressure (p = 101325 Pa).

3.2. Effects of relative humidity (RH) and temperature (T) on resonant frequency (f)
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Table 1. Calculated results of resonant frequency by FEM ( fp,esem = a)presem/ 27 and error (%) between
simulation and analytical results [31].

Kb mode f1 [31] [Hz] fpresent Error (%)
fpresent - fl
fl
250 1 19303.9 19356.1 0.270
2" 120984.4 | 121294 0.256
3" 338793.9 | 339640.2 0.250
200 1 30162.4 30259.3 0.321
2" 189038.1 189605.5 0.300
3" 529365.5 | 530908.9 0.292

In this study, the effects of temperature (T) and relative humidity (RH) of moist air on the
resonant frequency of MEMS cantilever resonators under atmospheric pressure are considered.

The dimensions of MEMS cantilever are as follows: Length, {, is 250 um, Width, W, is 10 pm,
and Thickness, 1, is 1 um. The MEMS cantilever beam is made of single-crystal Silicon with
Young’s modulus, E =130x10° Pa, the material density, p,, is 2330 kg/m®, Poisson’s ratio, v is

0.28, and the thermal expansion coefficient, &, is 2.6 %1078 1/K. The gap thickness, ho is 2 pm

and the pressure, p is 101325 Pa. In Figure 5, the pressure distribution of gas film with the SFD
problem in the 1% mode of MEMS cantilever is presented. The result showed that the pressure,
which is distributed much higher at the free boundary, tends to change the resonant frequency of
MEMS cantilever resonator. In Table 1, the resonant frequency (f) increases as the length
decreases and resonator mode increases. Also, the present results of resonant frequency

(F present = @present/ 27 ) @re almost the same with the error (%) of less than 0.32 % compared with the

analytical results of resonant frequency (f;) from Eq. (28) [31] for different lengths and resonator
modes.

lambda(1)=37923.082418-1.293655e5i  Boundary: Film pressure variation [Pa] Deformation: Displacement  Max: 10,655

Min; -8.302e-16

Figure 5. Pressure distribution with the squeeze film damping (SFD) problem in the 1% mode of
transverse vibration of micro-cantilever under atmospheric pressure (p = 101325 Pa).
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Figure 6. (a) Natural frequency (wsep), (b) frequency shift (Afsgp) of MEMS cantilever plotted as a
function of temperature (T) and relative humidity (RH) under small excited force (F,= 0.071 Pa) and
atmospheric pressure (p = 101325 Pa).

In Figure 6, the results showed that the natural frequency (wsrp) Of moist air increases as T
and RH increase because the SFD increases (as seen in Fig. 6(a)). In Fig. 6(b), the frequency
shift (Afsep) increases linearly as RH increases. The influence of relative humidity (RH) on Afsep
increases more significantly as the temperature (T) increases. Therefore, the frequency shift
increases more significantly as relative humidity and temperature increase.
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Figure 7. (a) Natural frequency (wsep), (b) frequency shift (Afsep) of MEMS cantilever plotted as a
function of temperature (T) and relative humidity (RH) for different gap thicknesses (hg) under small
excited force (F,= 0.071 Pa) and atmospheric pressure (p = 101325 Pa).
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In Figure 7, the natural frequency (wsep) increases as RH and T increase simultaneously
because the SFD increases for different gap thicknesses (hy) (as seen in Figure 7(a)). Also, the
influence of RH and T on wsgp decreases and is almost neglected as gap thickness, hy increases
(the SFD decreases as hy increases). Furthermore, the frequency shift (Afsep) increases
considerably with RH as h, decreases (the SFD increases as h, decreases) (as seen in Figure
7(b)). Therefore, the influence of relative humidity (RH) on the natural frequency and the
frequency shift is more significantly enhanced under conditions of higher temperature and small

gap spacing.
4. CONCLUSIONS

The resonant frequency with the SFD problem of MEMS cantilever resonators is
numerically calculated by solving the MMGL equation, the equation of motion of micro-
cantilever, and their appropriate boundary conditions, simultaneously in the eigen-value
problem. The effective viscosity (Uer (RH, T)) is utilized to modify the MMGL equation to
consider the effects of temperature and relative humidity under atmospheric pressure (p=101325
Pa). Thus, the effects of temperature (T) and relative humidity (RH) on the resonant frequency
and its frequency shift of MEMS cantilever resonators are discussed in a wide range of gap
thicknesses and resonator modes. The obtained results showed that the frequency shift increases
linearly as relative humidity and temperature increase. The influence of relative humidity, RH on
the resonant frequency and the frequency shift becomes more significant under conditions of
higher temperature and smaller gap thickness.
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