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Abstract. A very important problem in the research of layer structures is the modelling of cracks 

on the material interface. Due to the complex physical and mechanical properties of this 

structure, the simulation of discontinuities such as cracks and material interface by traditional 

finite element methods requires a very fine mesh density. Furthermore, mesh smoothing requires 

a really large amount of computational resources. Therefore, an extended algorithm which does 

not require the remeshing technique was born to solve the crack problems. In this paper, the 

extended consecutive-interpolation finite element method (XCFEM) is employed to model the 

mix-mode interface cracks between two dissimilar isotropic materials. This will take advantage 

of the idea of the consecutive-interpolation finite element method (CFEM) and the enrichment 

functions of XFEM for discontinuous problems. The XCFEM using 4-node consecutive-

interpolation quadrilateral element (XCQ4) provides continuity nodal gradient due to the 

concept of “consecutive-interpolation”, so the stress and strain fields derived from XCQ4 is 

smoother than those obtained by the classical FEM element. The accuracy and effectiveness of 

the method are demonstrated via various numerical examples and compared with other 

researches. 

Keywords: bimaterial interface crack, consecutive-interpolation procedure, extended consecutive-

interpolation quadrilateral element. 

Classification numbers: 5.4.3, 5.4.5, 5.4.6. 

1. INTRODUCTION 

Along with the development of industries, the complexity of materials is increasing in 

response to various requirements when materials are put into use. In particular, structures with 
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complex welds are used a lot in modern industry due to their scientific effectiveness. In welds, 

cracks are more likely to appear on the material interface, leading to the phenomenon of cracks 

that can penetrate the boundary between the two materials. Therefore, the analysis to predict the 

stress intensity factors (SIFs) of the interface crack in the bimaterial structure is really important. 

For bimaterial interface cracks, Williams [1] laid the theoretical foundation, which was 

further developed by Rice and Sih [2]. Rice [3] clarified the meaning of the complex stress 

intensity factor, proposing a complex K for bimaterial interfacial cracks that can be reduced to 

the conventional definition (
IK ,

IIK ) in the absence of any mismatch in material properties. In 

the case of a crack that runs along a bimaterial interface, the stresses are oscillatory in addition 

to singularity. Because the oscillatory singularity adds significant complexity to an element 

formulation, incorporating the radial dependence (
ir 

) of the crack-tip displacement field has 

not been attempted in the traditional finite element framework. Bimaterial interface cracks have 

already been studied through many numerical methods, for example, Nagashima [4], Sukumar 

[5] and Wang [6] used the extended finite element method (XFEM), Chen [7] employed the 

edge-based smoothed finite element method (ES-FEM), An [8] used the numerical manifold 

method, while the generalized finite difference method was employed by Jiang [9]. 

The conventional finite element method (FEM), however, produces the discontinuity of 

nodal gradient. To resolve this issue, Zheng et al. [10] developed a new concept of the “twice-

interpolation” process acting on the interpolation functions in an enhanced triangular element for 

elastostatic problems. Then, Bui et al. [11] formulated a 4-node quadrilateral element for stress 

analysis of 2D elastic solids using the same manner. Furthermore, Bui et al. changed the term 

“twice-interpolation” to “consecutive-interpolation” in their work. As a result, the CQ4 

(consecutive-interpolation 4-node quadrilateral element) was created [11]. Following that, Kang 

et al. [12] proposed the extended CQ4 (XCQ4) element based on the concept of CQ4 and 

XFEM. 

In this study, the authors will investigate the behavior of cracks located on the material 

interface with the existing enrichment model for interface crack and develop it using the XCQ4 

element. This will take advantage of the idea of the consecutive-interpolation finite element 

method (CFEM) and the enrichment functions of XFEM for discontinuous problems. The CFEM 

approximation functions will be extended by adding enrichment functions describing the crack 

discontinuities located on the material boundary. The validity of the study is examined through 

various numerical examples, demonstrating the accuracy of the approach. 

2. METHODOLOGY 

2.1. The consecutive-interpolation quadrilateral element (CQ4) 

In the conventional FEM, the displacement of an arbitrary point  ,x yx is approximated 

by the equation ( ) ( )u x N x q , where  1 2( ) ( ) ( ) ... ( )nN N NN x x x x is the vector containing 

shape functions and  1 2( ) ( ) ... ( )
T

nu u uq x x x is the vector of nodal values. 

Defining [ ] ( )i

iu u x as the displacement value of node i and [ ] ( )i

iN N x  as the vector of 

shape functions of node i, the average nodal displacement derivatives are defined as [10] 

 [ ] [ ][e] [ ][e]

, , ,

i i

i i i

x e x e x

e S e S

u u 
 

   N q         (1) 
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and [ ]

,

i

xN are the average derivatives of [ ]i
N , and computed as 

 [ ] [ ][e]

, ,

i

i i

x e x

e S




N N      (2) 

where [ ][e]

,

i

xu and [ ][e]

,

i

xN are the derivatives of 
[ ]iu and 

[ ]i
N calculated in element e, 

e is a weight 

function dependent on element type, and for 2D element the weight function is computed as [11] 

''

,

i

e
e i

ee S

e S



 


     (3) 

in which
e is the area of the element e, and 

iS are the support domains containing all the 

elements connected to node i  as shown in Figure 1. 

 

Figure 1. 2D consecutive-interpolation quadrilateral element and its support domains. 

Figure 1 illustrates the support domains of the quadrilateral element in a finite element 

mesh. The support domains , ,i j kS S S  and 
mS  consist of all the nearby elements of nodes i, j, k 

and m, respectively. It is clearly observed that the supporting nodes for the point of interest x 

contain all the nodes in the support domains. 

The discontinuity of the nodal gradients causes the discontinuous stress in the standard 

FEM. Therefore, according to [10], the average derivatives obtained by the conventional FEM 

are considered as interpolation conditions. In the consecutive-interpolation procedure, both the 

nodal values 
[ ]iu  and the averaged nodal derivatives [ ]

,

i

xu  are selected as interpolation conditions. 

The approximation functions can be stated as follows [11] 

   [ ] [ ] [ ] [ ] [ ] [ ]

, ,y , ,y

1 1

ˆ( )
n n

i i i i i i

i ix x iy i ix x iy

i i

u u u u     
 

      x N N N q   (4) 

and the shape functions are expressed as 

 [ ] [ ] [ ]

, ,y

1

ˆ
n

i i i

i ix x iy

i

  


  N N N N     (5) 



 
 

Thien Tich Truong, Bang Kim Tran, Vay Siu Lo, Nha Thanh Nguyen, Minh Ngoc Nguyen 
 

 

872 

where , ,i ix iy   are field functions dependent on the element type. The field functions , ,i ix iy  

must satisfy the following conditions [10]. 

, ,y

, ,y

, ,y

( ) , ( ) 0, ( ) 0

( ) 0, ( ) , ( ) 0

( ) 0, ( ) 0, ( )

i l il i x l i l

ix l ix x l il ix l

iy l iy x l iy l il

   

   

   

  

  

  

x x x

x x x

x x x
  

 (6) 

Where l can be any one of the indices i, j, k and m (quadrilateral element), and 

1

0
ij

if i j

if i j



 

     

 (7) 

 For 4-node quadrilateral element, according to [11], the field functions are defined as 

2 2 2 2 2 2

2

2

2

2

2

( )( )

( )( )

( )( )

(y )( )

(y )(

i i i j i k i m i j i k i m

ix i j i j i j k i j m

i k i k i k m i k j

i m i m i m j i m k

iy i j i j i j k i j m

i k i k i k m i

L L L L L L L L L L L L L

x x L L pL L L pL L L

x x L L pL L L pL L L

x x L L pL L L pL L L

y L L pL L L pL L L

y L L pL L L pL L







      

    

   

   

    

   

2

)

(y )( )

k j

i m i m i m j i m k

L

y L L pL L L pL L L   

   (8) 

in which , , ,i j k mL L L L are the Lagrange basis functions. 

In Equation (8), 1 2p   and the , ,j jx jy   ; , ,k kx ky   and , ,m mx my    functions can be 

calculated in the same manner by a cyclic permutation of indices i, j, k and m. 

After substituting the field function into Equation (4), the approximation equation can be 

expressed as 

1

ˆ ˆˆ( ) ( ) ( )
sn

l l

l

u N q


 x x N x q      (9) 

where
sn  is the number of supporting nodes. The shape function of node l is computed as the 

following equation [12] 

[ ] [ ] [ ] [ ] [ ] [ ]

, , , ,

[ ] [ ] [ ] [ ] [ ] [ ]

, , , ,

ˆ i i i j j j

l i l ix l x iy l y j l jx l x jy l y

node i node j

k k k m m m

k l kx l x ky l y m l mx l x my l y

node k node m

N N N N N N N

N N N N N N

     

     

     

     
   (10) 

2.2. The extended consecutive-interpolation quadrilateral element (XCQ4) 

According to [10], the nodal derivatives obtained by the consecutive-interpolation 

procedure are continuous. However, there are cases where C
0
-continuity at node is required, for 
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instances on material interfaces or boundaries, such as bimaterial interface and crack. In such 

cases, following the work of [12], it is essential to modify Equation (2), such that the average 

shape functions gradient in Equation (2) is replaced by the nodal gradient 

[ ] [ ][e]

, ,

i i

l x l xN N      (11) 

Similar to the XFEM procedure, the XCQ4 adds some enriched treatments for discontinuity 

problems. It is achieved by handling appropriate enrichment functions, the displacement field 

near the crack is enhanced by adding a discontinuous Heaviside function across the crack faces 

and the asymptotic branch functions (tip enrichment) around the crack tip. By including 

enrichment functions, the displacement is now computed as [12]. 

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

split

tip

h

i i j j j

i N j N

l l l

l N

N N H H

N F F 


 



    

 

 

 

u x x u x x x a

x x x c

  

 (12) 

where H(x) is the Heaviside function of point x and ( )jH x  is the Heaviside function of node j, 

the Heaviside function is defined as 

  
 

 

1 0

1 0

if f
H f

if f

 
 

 

x
x

x
    (13) 

 f x is the sign distance function. 

The tip enrichment function ( )F x will be detailed in the next section for the bimaterial 

interface crack. Equation (13) includes three sets of node. The first set N  contains all nodes in 

the computational domain. The second set 
splitN is the set containing the nodes in the elements 

split by the crack. And 
tipN is the set containing the nodes in the element that contains the crack tip. 

In the discrete equation of finite element analysis, one must remember that the stiffness 

matrix is computed as 
T

A

dA K B DB

    

 (14) 

where D is the material matrix, B  is the matrix containing the derivatives of the shape functions. 

At node I,
IB includes three components. 

, , ,standard split enrich tip enrich

I I I I

   B B B B
  

 (15) 

The 
standard

IB matrix for all nodes is computed as 

,

,y

,y ,

0

0

I x

standard

I I

I I x

N

N

N N

 
 

  
 
 

B      (16) 

The 
,split enrich

IB matrix for the split nodes is calculated as the following equation 

 

 

   

,

,

,y

,y ,

( ) ( ) 0

0 ( ) ( )

( ) ( ) ( ) ( )

I x I

split enrich

I I I

I I I x I

N H H

N H H

N H H N H H

 
 

  
   

x x

B x x

x x x x

   (17) 
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and for the tip nodes, the 
, ,tip enrich

I


B matrix is expressed as 

 

 

   

,

, ,

,y

,y ,

( ) ( ) 0

0 ( ) ( )

( ) ( ) ( ) ( )

I I x

tip enrich

I I I

I I I I x

N F F

N F F

N F F N F F

 



 

   

     
      
          

x x

B x x

x x x x
 

 (18) 

2.3. Bimaterial interface crack 

Considering a bimaterial plate with an interface crack as shown in Figure 2. Using the 

XCQ4 approximation, the displacement field can be written as [13]. 

 
interface

12

1

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

split

tip

h

i i j j j

i N j N

k k k l l l

k N l N

N N H H

N N F F 




 

 

    

  

 

  

u x x u x x x a

x x b x x x c

 (19) 

where
interfaceN is the set containing the nodes in the elements split by the bimaterial interface. 

Figure 2 illustrates three sets of enriched nodes in the bimaterial interface crack problem. 

To model the interface crack, the tip enrichment functions ( )F x  for a bimaterial interfacial 

crack are introduced as [5].  

  ( ), 1 12 cos( log ) sin , cos( log ) cos ,
2 2

cos( log ) sin , cos( log ) cos ,
2 2

cos( log ) sin sin , cos( log ) cos sin ,
2 2

sin( log ) sin , sin( log ) cos ,
2 2

sin( log ) s

F r r e r r e

r r e r r e

r r e r r e

r r e r r e

r r e

 



 

 

 



 
  

 
 

 
   

 
 



 

 

  x

in , sin( log ) cos ,
2 2

sin( log ) sin sin , sin( log ) cos sin
2 2

r r e

r r e r r e



 

 


 
   





 (20) 

 

Figure 2. Bimaterial interface crack and enriched nodes. 
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where r and  are polar coordinates in the local crack tip coordinate system,  is the index of 

oscillation and defined as 

1 1
log

2 1




 

 
  

 
      (21) 

in which   is the second Dundurs parameter for isotropic materials [14]. 

1 2 2 1

1 2 2 1

( 1) ( 1)

( 1) ( 1)

   


   

  


  
     (22) 

The parameters in Equation (22) are defined as 

, ( 1,2)
2(1 )

i
i

i

E
i


 


 

(3 ) (1 ) (Plane stress)
( 1,2)

3 4 (Plane strain)

i i

i

i

i
 




 
 

  

 (23) 

It is observed that a new enrichment function is added to Equation (19) to model the 

discontinuity at the material interface. ( )k x is the weak discontinuous enrichment function [15] 

defined in terms of the signed distance function ( )f x  

( ) ( ) ( )k kf f  x x x      (24) 

To determine the mixed-mode stress intensity factors (SIFs) in 2D interfacial fracture 

computations, the domain form of the interaction integral is a well-established technique [16, 17]. 

 1 , , ,

aux aux aux

ik ik j ij i x ij i x j
A

I u u q dA           (25) 

where , ,aux aux aux

i ij iju    are the auxiliary displacement, strain and stress fields, respectively. The 

relationship between the interaction integral and the SIFs [18]. 

1 1 2 22

2

*cosh ( )

aux auxI K K K K
E 

       (26) 

The stress intensity factor 
1K  can be obtained by selecting 1 1auxK  and 2 0auxK  , then 

computing the interaction integral 
1I I in Equation (25) and using Equation (26) to acquire the 

value of 
1K . 

2K can be derived in the same manner. *E is determined as the following. 

21 2

( )
2 1 1

, ( 1,2)
( )*

1

i

i i

i

E plane stress

E iE
plane strainE E E






   
 

  (27) 

where E  is Young’s modulus and  is Poisson ratio. 

The auxiliary field in Equation (25) is given by [19]. 

 

 

1

1

2

2

1
, , , ( )

4 cosh( ) 2
( 1,2)

1
, , , ( )

4 cosh( ) 2

i

i

i

r
f r upper half plane

u i
r

f r lower half plane
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To extract 
1K , the functions 

1f and 
2f are 

1 22 sin sin , 2 sin cosf D f C           
 (29) 

meanwhile to compute 
2K , the functions 

1f and 
2f are expressed as 

1 22 sin cos , 2 sin sinf C f D           
 (30) 

In the above equations, , , C and D are given by 

( )

( )

( )

( )

e upper half plane

e lower half plane

  

  


 



 
 


    (31) 

log
2

r


        (32) 

' cos 'sin , cos ' 'sin
2 2 2 2

C B B D B B
   

         (33) 

2 2

0.5cos( log ) sin( log ) 0.5sin( log ) cos( log )
, '

0.25 0.25

r r r r
B B

     

 

 
 

 
  (34) 

1

2

( )1 1
, ' ,

( )

upper half plane

lower half plane


    

 


     

   

 (35) 

The displacement gradients of the auxiliary fields ,

aux

i xu  can be found in [5]. 

3. RESULTS AND DISCUSSION 

3.1. Center-crack in an infinite bimaterial plate 

The first example to be considered is the problem of an interfacial crack located between 

two dissimilar elastic semi-infinite planes. The analytical solution to this problem under remote 

traction yy xyi   t was proposed by Rice and Sih [2]. The solution for 
1K  and 

2K  at the right 

crack tip is [3]: 

  1 2 1 2 (2 ) i

yy xyK iK i i a a          K
  

 (36) 

The case of pure tension remote loading is investigated. In the numerical model, a large 

square plate containing a small center crack is considered (see Figure 3). The factor 
0K  is used 

to normalize the stress intensity factors and computed as 0 yyK a  , where 2a is the crack 

length. 

Figure 3 shows the geometry of the cracked plate, the parameters chosen for this analysis 

are W = 30 m and a = 1 m. The material constants used in the numerical computations are: 

1 2 22E E  , 3

2 10E Pa , 1 0.2571   and 2 0.3   
[19], and plane strain conditions are 

assumed. The exact solution from Equation (36) is 

1 2

0 0

1.008, 0.1097
K K

K K
      (37) 
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Figure 3. Center crack under remote tension. 

A structural mesh is employed in this example, and the model is discretized into a set of 

120 120  nodes due to the small crack compared to the size of the plate. Table 1 shows the 

normalized SIFs obtained in this study compared to other methods. The relative error of the 

result is computed as 

   

 

1 0 1 0

1 0

% 100
numerical analytical

analytical

K K K K
error

K K


     (38) 

 It is seen that the XCQ4 agrees well with the analytical solution and other numerical 

methods. With the same mesh size as mentioned above, the XFEM result obtained in this study 

(the row below XQC4 in Table 1) is more in error than the XCQ4 result. Particularly, the errors 

of XFEM are 2.69 % and 3.63 %, while the errors of XCQ4 are only 0.11 % and 1.68 %. 

Furthermore, the normalized 
2K  is smaller compared to the normalized 

1K , it is reasonable 

because the opening mode loading is applied at the top and bottom edges of the plate. 

Table 1. The normalized SIFs in different methods. 

Method 1 0K K  (% error) 
2 0K K (% error) 

XCQ4 0.9982 (0.11) -0.1078 (1.68) 

XFEM 0.9808 (2.69) -0.1057 (3.63) 

 XFEM [5]  1.0090 (0.10) -0.1110 (1.19) 

ES-FEM [7] 1.0041 (0.40) -0.1104 (0.60) 

To investigate the performance on interface fractures for various material property pairings, 

the ratio 1 2E E  is varied from 2 to 1000. Table 2 shows the normalized 
1K  values for the 

different methods, where the normalized 1K  tends to rise when the 1 2E E ratio increases. It is 

observed that the results are also accurate compared to other available solutions, demonstrating 

the usefulness of XCQ4 for bimaterial interface cracks. 
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Table 2. The normalized 1K  in material mismatch study. 

1 2E E  
XCQ4 

1 0K K (% error) 

XFEM [5] 

1 0K K  (% error) 

ES-FEM [7] 

1 0K K  (% error) 

Analytical [5, 6] 

1 0K K  

2 0.9673 (3.33) 1.002 (0.1) 0.9995 (0.12) 1.0007 

4 0.9753 (2.76) 1.004 (0.1) 1.0016 (0.14) 1.0030 

8 0.9828 (2.26) 1.007 (0.2) 1.0039 (0.17) 1.0056 

40 0.9987 (1.01) 1.010 (0.1) 1.0072 (0.17) 1.0089 

100 1.0042 (0.53) 1.010 (0.0) 1.0081 (0.14) 1.0096 

1000 1.0082 (0.18) 1.010 (0.0) 1.0089 (0.11) 1.0100 

3.2. Edge crack in a rectangular bimaterial plate 

In this example, a rectangular with an edge crack on the material interface is investigated. 

The dimension of the plate is W = 1 m as shown in Figure 4, various crack lengths a are 

considered in this analysis. The material constants used in the numerical computations are: 
3

1 10E Pa ,
2 1 22E E  , 

2 0.2571   and 
1 0.3  , and plane strain conditions are assumed. 

The bottom edge of the plate is fixed in x and y directions, the top edge is subjected to the 

uniform pressure 
310 Pa  . The discrete model of this problem consists of 50 100  nodes. In 

this study, for the sake of brevity, only a fine mesh is used. The convergence study of XCQ4 

element with respect to mesh density can be found in [12]. 

Figure 5 shows the variation of the normalized stress intensity factors corresponding to the 

a/W ratios. From this figure, an upward trend in the normalized 
1K  is observed as the a/W ratio 

increases. It also indicates that the results obtained from XCQ4 and XFEM are the same. 

 

Figure 4. Geometry, load and boundary conditions in an edge crack plate. 
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Figure 5. The variation of normalized 1K . 

Figure 6 illustrates the von-Mises stress obtained in XCQ4 and XFEM when the ratio of 

crack length to plate length a/W = 0.5. It is clearly observed from this figure that the XCFEM 

using XCQ4 element can achieve a smoother stress at the crack tip than the one yielded by 

XFEM. 

 

Figure 6. von-Mises stress in the case of a/W = 0.5. Left: XFEM result. Right: XCQ4 result. 

4. CONCLUSIONS 

In this study, the XCQ4 element is employed to evaluate the stress intensity factors of the 

bimaterial interface crack. With existing XFEM codes, it is effortless to implement the XCQ4 

element. At the crack and material interface, however, the C
0
-continuity at node is required to 

give an accurate XCQ4 result. In the numerical example, the result obtained from XCQ4 shows 

good agreement with the analytical solution and other numerical methods. The stress field near 

the crack tip derived from XCQ4 is smoother than that obtained by XFEM. This is a promising 
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method for the analysis of non-smoothed interface cracks due to the fact that the XCQ4 element 

provides not only better numerical solutions, but also smoother stress distributions at the crack 

tip, which the ordinary element cannot easily achieve. 
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