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Abstract. In this paper, dynamic stiffness model of a cracked frame structure that represents a
planar tower crane is established in an explicit form based on general solution of cracked 2D-
beam element vibration. The crack is modeled by a pair of equivalent springs of stiffness
calculated from the crack depth. An explicit form of frequency equation is first established and
then solved for numerical sensitivity analysis of natural frequencies of the structure to cracks.
An experimental study is accomplished to validate the theoretical development.
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1. INTRODUCTION

Since cranes are indispensable equipment in construction and transportation, dynamic
analysis of such the structures is vitally important in both designing and operating stages,
especially for the cranes of huge sizes. Dynamic analysis of cranes is required not only to
evaluate the dynamic load capacity but also for health monitoring, i. e. checking for integrity of
the crane structures. Both the theoretical investigation and practical application of engineering
structures demonstrated that vibration-based technique that uses the dynamical characteristics of
a structure for accessing its integrity is the most up-to-date fruitful tool for structural damage
detection.

The dynamic analysis of cranes was given in various formulations in [1 - 5]. The first
model used for dynamic analysis of cranes was simply single degree of freedom systems [1].
Then, the powerful finite element method (FEM) [6 - 8] has been used for dynamic analysis of
tower cranes. It has to note that the first effort to apply the FEM dynamic analysis of cranes for
their damage identification was accomplished by Wang et al. [9]. Nevertheless, the FEM, based
on the Hermit’s static shape functions, is limited to use for structural dynamic analysis only in
low frequency range. This limitation of FEM can be overcome by using the so-called dynamic
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stiffness method (DSM) that is one of the exact methods for dynamic analysis of structures in
arbitrarily high frequency range.

First effort to develop the DSM for modal analysis of simple tower crane model with a
crack was undertaken by the authors in [10]. This study addresses further development of the
DSM for modeling dynamics of cracked tower crane. Especially, an experimental study is
accomplished to validate the proposed dynamic stiffness model of cracked tower cranes.

2. DYNAMIC STIFFNESS MODELING OF CRACKED TOWER CRANE

2.1. Dynamic stiffness formulation for cracked beam elements

Let’s consider the typical two-node 2D-beam element, axial and vibrations of which
according to the classical beam theory are decoupled and described by the different equations

pAii(x,t) — EAu" (x,t) = 0, pAw(x, t) + EIw") (x,t) = 0, (2.1)
that can be transferred to the form in the frequency domain as
U" (x,w) + 22U (x, 0) = 0; WI (x, ) — 22 W(x,w) =0,

Ay = wy/p/E; A, = (pAw?/EDY/*, (2.2)
where

U(x, @), W(x, )} = f fuCx, £), wix, O)}e—tdt,

Introducing the complex nodal displacement and forces as shown in Fig. 1 that are defined
as

Ui(w) =U00,w); Uy(w) =U,w); Wi(w) =W(0,w); Wr(w) =W, w); (2.3)
01 (w) = W'(0,w); 0;(w) =W'(L, w);
N;(w) = —EAU'(0,w); Ny(w) = —EAU'(£,w); My(w) = EIW" (0, w); M,(w) =
—EIW"(¢,w); (2.4)
Q:(w) = —EIW""(0,w); Q,(w) = EIW"' (£, w).

A

Q1 Q2

0

Figure 1. Nodal displacements and forces of 2D-beam element in local coordinate system.
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Suppose, furthermore, that the element is cracked at positions e with depth a and the crack
is modeled by translational (in axial vibration) and torsional (in flexural vibration) springs of
stiffness T, K, calculated from the crack depth (see Appendix 1). In this case, solution of Eq. (2)
should satisfy the following conditions at the crack

U(+0)=U'(e—0)=U'(e);U(e+0)=U(e—0)+yU'(e);yqa = EA/T;
We—-0)=WEe+0);,W'(e-0)=W'(e+0)=W"();W"(e—-0)=W"(Ee+0)
— W”’(e);
W'e+0)=W'(e—-0)+y,W"(e —0);yp, = EI/R. (2.5)
It was shown in studies by Khiem et al., for example, Ref. [11] that general solution of Eq. (22)
satisfying conditions (2.5) can be represented in the form

Ux, w) = €11 (x) + Cupy(x);
W(x, w) = Cp2(x) + C3p3(x) + C5¢p5(x) + Cepe (), (2.6)
where
¢1(x) = cos A, x — A ysind e - K (x —e), pp(x)
= sinA, x + A, ysind e K, (x — e);
¢,(x) = sinh A, x + A2y, cosh A, e - K,,(x — e);
¢3(x) = cosh A, x + A%y, sinh A, e - K, (x — e); (2.7)
¢Ps(x) =sindy, x — A%y, sind, e K, (x — e);
¢Pe(x) = cos A, x — A3y, cos A, e K, (x — e);

K _{0: xSO;K _{0: xSO;S — (sinh A x + sin 22
u(X) = cosAyx:x > 0; w(x) = S(x):x > 0; () = (sinh Ay, x + sin Ay, x)/24y,.

So, putting (2.5) into (2.3) and (2.4) yields

Uy [¢1(0) 0 0 ¢,00 O 0] (¢,
174 0 $,(0) $3(0) 0 ¢s(0) ¢6(0) C,
_Joei| _|0 $2(0) ¢3(0) 0 ¢5(0) ¢6(0) | )Cs| _ _

[Wz)' 0 $,(0) () 0 ¢s(B) de(®) leJ

97 Lo ¢ ¢3(0 0 ds(®) ¢ | \Ce
N, [ —EA¢1(0) 0 0 —EAp,(0) 0 01 (¢
0 0 —EIpy'(0) —EIpy'(0) 0 —EIpL'(0) —Elpy' (0| |c,
gz Ml 0 EIO EIIO) 0 EI¢50) Elg5©) | )G
TN | EAgi() 0 0 EA¢L(®) 0 0 Cy
thJ 0 El¢py'(£) El¢py'(£) 0 ElIpL'(£) Elpy'(£) LCsJ
M2 lo  —Elgy ) —Elgy(®) 0 —EIpy(®) —Elpg(e) | “Co
= [RI{C};
Therefore, ignoring vector {C} from the latter equations we have got
{P(0)} = [R][Q]"{V(w)} = [D()]{V(w)}, (2.8)
where {P(w)}, {V(w)} are nodal force and displacement vectors respectively and matrix
[D(w)] = [R][Q]* (2.9)

is so-called dynamic stiffness matrix of the 2D-beam element in local coordinate system. Letting
the nodal force and displacement vectors on global coordinate system be denoted by {T’(w)},
{V(w)} that are related to the local ones by
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{P(w)} = [TI{P(w)}, {V(w)} = [TH{V(w)},

one gets

{ﬁ(w)} = [TI[D(@)][T]"H{V(w)} = [D() {¥(w)} (2.10)
with matrix [D(w)] = [T][D(w)][T]~* so-called global dynamic stiffness matrix of the beam
element.

2.2. Dynamic stiffness model of cracked tower crane

Let’s now consider free vibration a tower crane shown in Fig. 2. Its model consists of four
2D beam elements {E1, E2, E3, E4}; two bar elements {E5, E6} and 4 nodes {N1,...,N4} with

concentrated masses m; produce the concentrated forces —m, w?U,—m;»?W at nodes.
Global nodal displacement vector of the total structure

{‘71,172,. ey VlZ} = {Ul,Wl, 01,. ey U4,, W4,, 04,}

is defined as shown in Fig. 3. Relation between the global displacement vector and the local
ones of the crane elements is given in Table 1.

Table 1. Definition of global displacement vector of the crane elements.

Local Axial-1 Bending-1 Slope-1 Axial-2 Bending-2 | Slope-2
displacement
Element E1 0 0 0 4 -U; 0,
E2 U, v 0, U, v, 0,
E3 v, —-U, 0, Vs U, 0,
E4 U, A 0, U, A 0,
E5 Usq 0 0 Us, 0 0
Us1 = Ugcosays +V,ysinays, Usy; = Us cos ays + Vs sinayg
E6 U | 0 | 0 Us2 0 0
Ugr = Uz cos ayg — Va sin ayg, Ug, = U, cOS apg — V, Sinaqg

AV

El

Figure 2. Node and element model of
tower crane.
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”_%-x

Figure 3. Global displacement vector of tower crane.

Furthermore, nodal force vector of all the crane elements are shown in Fig. 4 and all the
nodal forces of the entire structure can be calculated by using the relationship (2.10). Balancing
all the forces at every node gives rise the equation

[K()]{V(w)} =0, (2.11)

where matrix

K, 0 K3 Ky 0O 0 Ky; 0 K Kiio 0O 0
0 Ky Ki3 0 K5 Kz 0 0 o0 0 K1 Kz
K31 Kiz K 0 K35 Kz Kz; 0 Kz 0 K311 Kspz
Ky O 0 Kio Kis 0O Ky; Kug O 0 0 0
0 Ks; Kss Ksy, Kss Ks¢ Kg; Kgg O 0 0 O

K(w) = 0 Koz Kgs 0 Kes Kee 0 0 0 0 0 0
K;1 0 Kz K,y K5 0 Ky Kzg Koo K;10 K711 O
0 Kgz O Kgy Kgs 0  Kg7; Kgg 0 Kgio Kgi1 O
Ko 0 Koz 0 0 0 Koz 0 Ky 0 0 o

K01 0 0 0 0 O Kig7 Kios 0 Kioio Kio1 0
0 K1, K 0 0 O K17, K O Kii10 Kit1r Kitaz

| 0 Kizp Kizs 0 0 0 0 0 0 0 Kiz11  Kiza2l

(2.12)

with the elements given in Appendix 2. Therefore, natural frequencies w;, w,, w3, ... are roots of
the equation

det[K(w)] =0, (2.13)
with respect to w.
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Figure 4. Nodal forces defined for all nodes of the crane elements.

3. SENSITIVITY OF NATURAL FREQUENCIES TO CRACK

For illustration of the presented above theory, a numerical analysis of first three natural
frequencies of a crane with the material and geometry parameters given in Table 2. First,
variation of three lowest natural frequencies caused by single crack at every element is examined
along the crack position for various depth. The frequencies computed for crack of zero depth are
known as natural frequencies of the intact (uncracked) structure. The ratios of natural
frequencies of cracked to uncracked structure or otherwise called normalized frequencies are
computed and results are presented in Figs. 5 - 7.

The numerical results show that first and second frequencies of the crane are significantly
changed by crack at the position on the column closed to cabin (node N1) and the third
frequency gets maximum reduction when crack appeared at the column middle (Fig. 5). It can be
seen also that there exists position on the column, crack appeared at which makes no effect on
the natural frequencies, such the positions are called crack node of a given frequency. Graphics
given in Fig. 6 show that crack at the right end of the arm, like the free end of a cantilever,
makes a small change in natural frequencies of the crane and the crack node exists on this arm
only for third frequency.
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Figure 5. Variation of first three natural frequencies caused by a crack at various position
on first element.

Table 2. Material and geometrical parameters of crane.

Parameters Element1l Element2 Element3 Element4 Element5 Element6
E (N/m?) 2.0el1 2.0el1 2.0el1 2.0ell 2.0el1 2.0el1

p(kg/m®) 7850 7850 7850 7850 7850 7850
b (m) 0.03 0.008 0.028 0.008 - -
h (m) 0.02 0.016 0.018 0.016 - -
L (m) 44 60 5.6 16 17 60.3
R (m) - - - - 0.00075  0.00075

Concentrated masses (kg) at nodes 1, 2 and 4: m; = 0.3; m,=1.0; my;=9.0

Change in natural frequencies of the crane are monotonically increasing as crack moving
from counterbalance mass to the cabin position (Fig. 7). As usually, increasing depth of crack
leads to more reduction of natural frequencies of the crane. This numerical analysis provides a
useful indication for crack detection in crane structure by measurement of natural frequencies.
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4. EXPERIMENTAL VALIDATION

Table 3. Comparison of computed and measured natural frequencies of multiple cracked crane structure.

Crack depth First frequency Second frequenc_y Third frequency_
scenarios DSM Experiment DSM Experiment DSM Experiment
Undamaged structure
0% 18.5866 1847 | 355896 |  35.28 1775291 | 176.9
Single crack at column (E1)
10 % 18.1512 18.04 34.8265 34.69 171.0326 170.4
20 % 17.1214 17.08 33.3943 33.13 158.8484 158.65
30 % 15.8677 15.31 32.1281 31.59 148.9218 148.25
40 % 14.6659 14.57 31.2195 30.94 142.3194 141.8
Two cracks at column (E1) and arm (E2)
40 % +10 %| 14.4433 14.35 30.5906 30.32 140.2371 139.74
40 % +20 %| 13.9862 13.89 29.4925 29.23 136.197 135.71
40 % +30 %| 13.5174 13.43 28.5778 28.32 132.604 132.13
40 % +40 %| 13.1085 13.02 27.9151 27.5 130.0592 129.25
Three cracks at column, arm and counterbalance arm (E4)
40 % + 40 124.1505 123.7
% +10 % 12.9463 12.83 25.1252 24.9
40 % + 40 116.7653 116.1
%+20% | 12.3941 12.31 20.6883 20.35
40 % + 40 111.9149 111.15
% +30% | 11.2207 10.94 17.6675 16.72
40 % + 40 107.9844 107.07
% + 40 % 9.5071 9.44 16.2456 16.035

An experiment has been accomplished to validate the theory proposed above. The
experimental model is fabricated exactly as shown in Fig. 2 with detailed data given in Table 2.
Using the measurement system PULSE 386 including an impact hammer and accelerometer and
modal testing technique three lowest natural frequencies have been measured for various
scenarios of the cracked crane model [12]. Cracks are made as saw cut of different depth (10 -
20 - 30 - 40 %) at the chosen positions on three main beam elements E1 (at position 472 mm
from clamped end), E2 (at position 210 mm from cabin on the left) and E4 (at position 70 mm
from cabin on the right). The measurement began from the intact (uncracked) condition of the
structure and measured natural frequencies have been acknowledged as baseline data to
normalize the frequencies of cracked structure. The measured natural frequencies are compared
to those computed by the dynamic stiffness method (DSM) for the experimental model and the
comparison is shown in Table 3. After updating in computational model, the difference between
measured and computed frequencies is within 5 %, so that the dynamic stiffness model of the
crane with cracks is thus experimentally validated.

5. CONCLUSION
So, in the present paper, the dynamic stiffness matrix for a typical tower crane is
established in an explicit form. This dynamic stiffness model has been used for numerical

analysis of natural frequencies of the crane in dependence on the position and depth of crack
appeared at every structural element. The theoretical development was validated by an
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experiment that shows validity of using both the theoretical model and experimental technique
for crack detection of tower crane by measured natural frequencies.
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NOMENCRATURE

L,b,h — Length, wideness, thickness of beam
A =bh,I =bh3/12 - Cross section area and moment of inertia
E, p - Modulus of elasticity and mass density
uo(x, t); wo (x, t) — Axial and flexural displacements at the neutral plane of beam
T, R — Stiffness of translational and torsional springs representing a crack
ve = EA/T; vy, = EI/R - Crack magnitudes (axial and flexural)
a,6; a4s - Angles between elements 2 and 6 and elements 4 and 5
hix (x); Ry (x) - Dynamic shape functions for axial vibration of k-th element

Hy(x), Hy;(x), Hy3(x), Hy;(x) - Dynamic shape functions for bending vibration of j-th
element

APPENDIX 1

Formulas for calculation of crack magnitude from crack depth
7y =E,AIT =272(1-v{)hf,(z),z=alh; (AL1)
f,(z) =2%(0.6272 —0.17248 7 +5.92134 z* —10.7054 z° + 31.56852* — 67.472° +
+139.1232° —146.682z" +92.3552 z8);
0=El/R=6z(1-vi)hf,(2); (A1.2)
f, (z) = 2%(0.6272 —1.04533 7 + 4.5948 7% —9.9736 2% + 20.2948 2* — 33.03512° +
+47.10632°% —40.7556 2" +19.6z°).

APPENDIX 2
Elements of the dynamic stiffness for crane

Ky = —EAyh1,(0)—EL H3{(£;) + EAyhy,(£4) + EI3H{5(0) — myw?® K3 = ELL HyY (£,) — EI3H33(0);

23
K14 = —EA;h3,(0); Ky7 = EI3H§'3’(0);K19 = _EI3H4’1'3’(0); K10 = EA R ,(2,).
Ky = EA Ry, (41, w)—EA3hi5(0) + ELH{5(0) — EILH3, (£,) — myw?; K,3 = ELHy5(0) —

ELHY" (£4);
K;s5 = ELLH3"(0); K6 = ELH,"(0); Kg = —EA3h;(0); K11 = —ELH{"(£4); Kz12 =
—ELHy5(£,).
K31 = El3Hi3(0)—EL Hg) (£1); Ksp = ELH3,(8,) — ELLH{5(0); K35 = —ELH35(0); Kz =
—ElHy,(0);

K33 = EILHy ($1)—EIH35(0) — EIsH33(0) + EI Hyy (£4); K7 = EI3H35(0); K39 = —ElsHy3(0);
K311 = ELLH{3(£,); K31, = ElLH4(£4); Koy = EAzh5(£2); Kus = —EAghye(€6) sin aye cos ay ;
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Ky = EA R (£,) + EAghlye(£6) €OS Qg COS tlpg — Myw?; Kyy = EAghis(£6) COS atpg COS Qg ;
Kyg = —EAghi6(£s) sin aze cos az6;Ks; = —ELH{3(€3); Ks3 = —ElH33(£3);

Ks; = —EAghi6(£6) Sin @z6 COS @65 K54 = —EAghy6(€6) SIn @z6 COS @365 Kso = —ElHiy (£2);
Kss = EAghys(€5) sin aye sin ay —ELL H3 (£5) — myw?; Ksg = EAghi(£6) Sin a6 sin aye ;
Koz = ElyH15(¥5); Kg3 = EILH35(£2); Kes = EIH35(€2); Keg = ELHy5(£5); K7y = —El3Hi5(£3);
K,3 = EI;H)5(€3); K;4 = —EAgh(0) €OS aty6 €OS Ay6; K75 = EAghye(0) sin ayg cOS @ty ;
K57 = EAghjs(€5) €OS a5 cOS atys —EAgh6(0) cos ayq cOSs ay — EIsHY5 (£3);

K;g = EAshyc(£5) sin ays cos aus+EAghi6(0) €os ay6 Sin @y 5 K79 = EIsHy5 (£3);

K711 = EAshy5(£5) cos aus sinays; Kgz = EAzhi3(f3); Kgs = EAghie(0) sin age cos aye;
Kgs = —EAgh}(0) sin ayg sin ayg; Kg; = EAshhs(€5) sin a,s cos ays +EAghi(0) sin ayq €os aygg ;
Kgg = [EA3h5(€3) + EAshhs(€5) sin ays sin ays — EAghiq(0) sin ayg sin ayg;

Kg10 = EAshis(€5) sinays cos ays; Kgqq = EAshys(£5) sinays sin ays
Koy = —EI3H{5(£3); Koz = El3H35(£3); Ko7 = —El3H35(€3); Koo = EI3Hy5(¢5).

K101 = —EA4h34(0); K197 = —EAsh;5(0) cos aus cos ays ; Kigg = —EAshy5(0) cos ays sin ays ;
Kio11 = —EAghis(0) cos ays sin ays ; K10 = —EAshis(0) cos ays cos ays —EALR1,(0) — myw?;
Ki12 = ELLH33(0); Ky15 = EILHy3(0); Ky17 = —EAshjs(0) sin ays cos ays;

Ki18 = —EAshys(0) sinays sinays; K110 = —EAshys(0) sinays cos ays ; Ki112 = EILH74(0).
K1111 = EILH{3(0) — EA5hi5(0) sin atys sin &ty — myw?;

Kizp = El,H3,(0); Kiz3 = El,Hy,(0); Kiz11 = El,H{,(0); Kiz12 = EI,H3,(0),
where functions  hy,(x), by (0), k = 1,2,..,6 and  Hy;(x), Hyj(x), H3j(x), Hyj(x),j =
1,2,3,4 are defined as follow
) = (/a0 [510) S 0) h = /a1 610 a =
{Hlj(x),sz(x),H13(x), H4j(x)}
[$2000 $5(0)  ¢5(0) ¢(0) T
$2(0) P3(0)  ¢5(0) ¢6(0)
= {¢2(x), p3(x), P5(x), P (x)} |l¢2(l'f) ¢3(Lj) ¢5(Lj) ¢6(Lf)J
$2(Ly)  P3(Ly)  Ps(Ly)  de(ly)
with functions ¢, (x), ..., ¢¢(x) defined in (2.7).

$1(0) 1 (Lid)|
$4(0)  pa(Lidl”
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