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Abstract. The modified molecular gas lubrication (MMGL) equation with the effective viscosity
of moist air is utilized to solve for the squeeze film damping (SFD) problem on the dynamic
performance of MEMS resonators. Thus, the coupled effects of temperature and relative
humidity are discussed on the Q-factors of MEMS resonators in a wide range of gas rarefaction
(pressure, p and accommodation coefficients (ACs)) and resonant mode of vibration. The results
showed that the Q-factor of moist air decreases more significantly as temperature and relative
humidity increase at higher gas rarefaction (lower p, and ACs) conditions.

Keywords: MEMS resonators, Quality factor, relative humidity, temperature, gas rarefaction.

Classification numbers: 5.2.4,5.4.3,5.4.4.

1. INTRODUCTION

Micro-electro-mechanical systems (MEMS) beam (such as MEMS bridge, cantilever, etc.),
which is the most popular structure of resonators, are successfully used in numerous
miniaturized sensor and detector applications [1, 2].

In MEMS resonators, the most important dynamic characteristic of resonator is the quality
factor (Q-factor). Higher Q-factor (lower energy loss), which is important requirement of
MEMS resonators for higher sensitivity and long-term stability of sensing systems. There are
several kinds of damping mechanism of oscillating structures that minimized the Q-factor of
MEMS resonators. In air ambient environment, the external squeeze film damping (SFD), which
is a dominant damping source appeared as the gas flow squeezed in small gas film spacing
between two structural surfaces due to the normal motion process [3]. The internal structure
damping sources such as the thermoelastic damping (TED) (loss into the structure) [4] and
support loss (loss into the substrate) [5] are the other dominant damping mechanisms. The SFD
is strongly influenced by the ambient pressure and gas rarefaction which are functions of the
environmental effects (such as temperature and humidity).
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In air atmospheric pressure, the temperature and humidity of moist air are the main
problems on beam dynamics which are strongly influenced by the viscous damping. Many
studies have investigated the effect of temperature on the dynamic performances of MEMS
resonators [6-8]. Few studies have considered the coupled effects of temperature and humidity
on the Q-factor of MEMS resonators in gas atmospheric air [9,10]. Recently, Hasan et al. [11]
has studied the effects of temperature and relative humidity on the dynamic response of MEMS
resonator at atmospheric pressure condition. The obtained results showed that the Q-factor of
MEMS resonators changed with temperature and humidity of moist air. Moreover, the
influences of temperature and relative humidity on the Q-factor of MEMS resonators in gas
rarefaction are not discussed yet.

In gas rarefied flow, low pressure (p) is introduced into very small gap film spacing (h) to
reduce the SFD. The mean free path (1) of gas flow enhances considerably, then the slip flow
takes place on the solid surfaces. To consider the gas rarefaction effect, the so-called effective

viscosity (g = 4/Qp) is introduced to replace the primary dynamic viscosity () and
Poiseuille flow rate for gas rarefaction corrector (Q,). Fundamentally, the effect of gas

rarefaction characterized by the Knudsen number (K, = A/h), which presents for various gas

rarefied regions and surface accommodation coefficients, ACs (« ), which present for the
average tangential momentum exchanges of the gas molecular and solid surfaces interaction.
Detail review of the gas rarefaction effects is introduced in [12-14]. Recently, Haider et al. [15]
found that the effective viscosity () changed considerably with temperature and relative
humidity of moist air. Therefore, the influences of temperature and relative humidity in gas
rarefaction must be carefully considered to improve the Q-factor of MEMS resonators.

In the previous work, the quality factors of MEMS resonators are obtained by solving the
modified molecular gas lubrication (MMGL) equation and the transverse vibration equation of
micro-structure simultaneously in the eigenvalue problem [12]. The effects of gas rarefaction
[12] and surface roughness [13] are discussed on the Q-factors of MEMS resonators. Also, the
influence of temperature [14] and relative humidity of moist air [16] are considered as important
effects on the Q-factors of MEMS resonators in gas rarefaction by modifying the MMGL

equation using the dynamic viscosity () and Poiseuille flow rate (Q,) as functions of
temperature (T) and relative humidity (RH), respectively. In this study, the MMGL
equation is modified with the effective viscosity (. (RH,T)=4(RH,T)/Q,(RH,T)) with

the dynamic viscosity ( £(RH,T)) in [17] and databases for Poiseuille flow rate (Q,(RH,T))

[18] changed as functions of both temperature (T) and relative humidity (RH). Thus, the present
model, is a new model to consider the coupled effects of temperature and relative humidity by

using the effective viscosity (4 (RH,T)) in higher gas rarefaction conditions, can be
applicable in modeling and simulation of MEMS and NEMS devices. The internal structural
damping (TED and support loss) are also included. Finally, the influences of temperature and
relative humidity are discussed on the Q-factors and weighting of SFD of MEMS resonators in
wide range of gas rarefaction (pressure (p), and ACs (&, ,)). The obtained results can be

utilized to design the high Q-factor of MEMS temperature and humidity sensors based on the
beam structure operating in a wide range of resonant mode of vibration and gas rarefaction
conditions.
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2. MATERIALS AND METHODS
2.1. The MMGL equation for the SFD problem
In gas atmospheric environment, the harmonic vibration of micro-beam is restricted as the

gas flow trapped in small gap film spacing between the vibrational micro-beam and the
stationary substrate during their transverse vibration process as showed in Figure 1.

w(x,y,t)

| Squeeze air film

Stationary substrate

>

[
Figure 1. Dynamic vibration of MEMS beam resonators with their mode shapes under the SFD
problem.

The pressure distribution of the SFD problem is obtained by solving the modified
molecular gas film lubrication (MMGL) equation [14] as the following form

0 o’ op| o ph’ p|_ 0o
&{12%”(%,Tﬁ}@[uﬂeﬁ(RH,T@J‘at(”h ) @

where p is the density, h is the gas film spacing, p is the pressure, RH is the relative

humidity of water vapor, and T is the temperature. Moist air, which involves water vapor and
dry air, is applied in this study.

The effective viscosity ( ) [19] of the gas flow is used to modify the MMGL equation
considering the coupled effects of temperature and relative humidity in gas rarefaction as bellow
#(RH,T, p)

Qs (D(RH,T, p), oy, ;)

where ¢ is the dynamic viscosity of moist air, Qp is the Poiseuille flow rate of gas flow in the
gas rarefaction.

b

Hett = (2

Moist air is a mixture of dry air and water vapor in which they are treated as an ideal gas
mixture. In Dalton’s model [20], the mixture pressure of moist air is calculated as follow

P=Pa+ Py 3)

where p is total pressure of moist air (Pa), P, is partial pressure of dry air (Pa), and p,, is
partial pressure of water vapor (Pa).

To determine the amount of water vapor in moist air, the relative humidity (RH) [20, 21] is
expressed as below
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RH =P 1000 (@)
Psw

where P, is the saturation pressure of water vapor at the actual dry bulb temperature.
Specific humidity [20] is also used to describe the properties of moist air as below
X, =0.62198 - p,, /(p—p,) (5)
where X is the specific humidity of moist air.
The saturation pressure of water vapor ( P, ) [22] is expressed as function of temperature

as follow
Y — e(77.3450+—0.0057T—7235/T) /T8.2 (6)

Ps

The dynamic viscosity of moist air ( z ) at low pressure [17] can be expressed as functions
of pressure and temperature as follows

= +
H 1+D,,-X, 1+®,/X,

m

where

R () m R Gy (g m,
a 2v2-(@+m,/m,)° ' @ 22 -(1+m,/m, )*° '

X, =1.61xX,, m,(=29) is molecular mass of dry air (kg/kmol), m,(=18)is molecular mass
of water vapor (kg/kmol).

The dynamic viscosity of dry air ( 4, ) [17] under low pressure is
u, =@ +a, T—a,-T?+a,-T*—a,-T*)x10° (8)
where a; = 0.40401, a, = 0.074582, a; = 5.7171x 10°, a, = 2.9928 x 10, a5 = 6.2524x 102,

The dynamic viscosity of water vapor (£, ) [17] under low pressure is
p, =T /Cs)O'S/(Cl +C, (G /T)+¢, - (cq IT)? —Cs-(Cq IT)*)x107° )
where ¢, =0.0181583, ¢, =0.0177624, C, = 647.27, ¢, = 0.0105287, C; = 0.0036744.

The complete database of Poiseuille flow rate (Q, (D, o, r,)) [18] is used to modify the
MMGL equation considering the gas rarefaction effects in wide range of inverse Knudsen
number (0.01< D <100) and ACs (0.1< &, ¢, <1.0) conditions as follows:

Q. (D, ey, ;) = exp{icn(ln D)“ﬁ”} (10)
Q-2 (1)
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where 6,, (D, e, &) is the Poiseuille flow rate for the gas rarefied flow.
The inverse Knudsen number ( D), which is used as an important gas rarefaction indicator,

is defined as follow
o_ @ _Jxh
2K, 24

The mean free path of gas, which is estimated from kinetic theory of gases [21], can be
estimated as follows

(12)

P RT B M
V27 -N,d?p  +2z-N,d%p
where R =8.314 (J/mol) is the gas constant, N, =6.0221x10%°is the Avogadro's number,

M is the molecular weight of gas and d is the diameter of the cross section of gas molecular at
a stable state.

At ambient pressure condition, from Egs. (3), (4) and (13), the mean free path of moist air
(A) can be expressed as functions of ambient pressure ( p), temperature (T), and relative

humidity (RH) as follows

ﬁ — 2’0 pOT — /10 pOT (14)
pTO (pa +RH - psw)TO

where A, (= 65.5 nm) is reference mean free path of air at reference pressure of air ( p, = 101325

(13)

Pa) and temperature (T, = 300 K) condition.

2.2. Transverse vibration equation of MEMS beam resonators

In this section, we consider a transverse vibration of micro-beam resisted by a total
pressure force (p(x, y, t)) of gas film per unit area of micro-beam in small gap spacing as shown
in Figure 1. Under small displacement (W), we can obtain the following linear form of equation
of motion that governs for the transverse displacement of the micro-beam [23] as follows

o'w o'w  o'w o*w
Db(axll +26X28y2 + ay4j+pmtb¥:_p(xly!t) (15)

where D, (= Et} /12(1—V?)) is the beam flexural rigidity, E is the Young’s modulus, V is the
Poisson’s ratio, t, is the beam thickness, W(X, Y,1t) is the transverse displacement at a positions

along the beam (x, y), and time t, p,, is the material density of the beam. This equation is used
to find the transverse displacement (W) of micro-beam.
The boundary conditions of the rectangular micro-beam are set with

a clamped edge at one side (X = 0) as follows

w(0,y,t)=0; (16)
MmOy, _, 17)
OX
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and free edges at other sides (X =/¢, and y =0, Yy =W,) as follows
o*w(l,,y,t)  o*w(l,,y,t)

: L 0 (18)
OX ox
d*w(x,0,1) _ o°w(x,0,1) -0 (19)
oy oy°
O WX, Wy, 1) B°W(X, W, t
W(;y W ) _ W(;y;/vb ) _o (20)

2.3. Quality factors of MEMS beam resonators

In this study, the quality factor of MEMS resonators is obtained by solving the MMGL
equation in Eq. (1), the transverse vibration equation in Eg. (15) of micro-structure and their
corresponding boundary conditions in Egs.(16-20) simultaneously in the eigenvalue problem
[12]. The Q-factor of MEMS resonators is calculated by obtaining the resultant eigenvalue

(Z =0 +Iiw) by the Finite Element Method (FEM) [24]. The calculated procedures of the
eigenvalue problem can be found in Section 2.5 of Nguyen and Li [12]. In the eigenvalue

problems, the Q-factor of SFD (Qgp) can be evaluated as follows

0 _ @ _ Im(4)

25 [2Re(1)
The total Q-factor (Q;) can be evaluated by the main contributions of Q-factor of SFD
(Qqep), TED (Qrep ), and support loss (Q,,,) [7, 12] as follows

1 1 1 1 1 1
—= + + = +
QT QSFD QTED qup QSFD Qint
where Q. is calculated by the Zener models [25, 26] as shown in Eq.(14) in [14] and the
Lifshitz and Roukes (LR model) [27] in Eq.(15) in [14]. Q,,, is evaluated by the theoretical
model of Hao et al. [28] as showed in Table 3 of Nguyen and Li [12].
Weighting of SFD (Wt..,(%) ), which is calculated as ratio of the contributions of the

external SFD (Qsz5) and overall damping of SFD, TED (QT’ElD) and support loss (Q;ulp) as
follow

(21)

(22)

(QSFD)_l (QSFD)_l
Wt (%) = E ] ]
o) = )T = Q) + Q) =3

where (Q.,) " (= (Qep) ™ + (qup)_l) is the internal structural damping of MEMS resonators.

3. RESULTS AND DISCUSSION

3.1. Effective viscosity, g (RH,T)
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In Figure 2, the saturated pressure of water vapor (p,,) is plotted as function of

temperature (T). The results shown that p,,increases as T increases in wide range of

temperature (200 K < T < 380 K). The results can be applied to calculate the variations of
relative humidity of moist air (in Eqg. (4)) in wide range of ambient pressure and temperature

conditions.

Saturation water vapor pressure, pg, (Pa)
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Figure 2. Saturation pressure of water vapor ( P, ) versus ambient temperature (M.
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Figure 4. (a) Poiseuille flow rate (Qp), (b) effective viscosity (uex) of moist air versus ambient temperature
(T) for different relative humidity (RH) at high gas rarefaction (p, = 100 Pa).
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In Figure 3(a), the dynamic viscosity of moist air (1) in Eq. (7), dry air (1) in Eq. (8), and
water vapor () in Eq. (9) are plotted as functions of temperature (T) and relative humidity (RH)
at high gas rarefaction (p, = 100 Pa), respectively. The results shown that both of [, and H,
increase with T. Thus, W increases slightly with T because M, increases with T. Also, U
decreases significantly, and then increases to approach [, as T increases because |, increases
with T. Furthermore, [ decreases as relative humidity (RH) increases in wide range of
temperature (T) conditions.

In Figure 4(a), the Poiseuille flow rate (Qp) of moist air (Eq.(11)) and effective viscosity
(«err) (EQ.(2)) are plotted as functions of temperature (T) for different relative humidity (RH) at
high gas rarefaction (p, = 100 Pa). The results shown that Qp of dry air increases slightly with T,
while Qp of moist air decreases significantly as T increases. Also, Qp of moist air decreases as
RH increases. Furthermore, influence of RH on Qp becomes more significantly at higher T

conditions. In figure 4 (b), The results shown that i decreases slightly as T increases, while

Mg increases significantly with T because Q. decreases significantly with T. Also,

increases as RH increases because Q, decreases as RH increases in wide range of T. Thus, the
obtained results can be used to discuss the coupled effects of temperature and relative humidity
on the quality factors of MEMS resonators in gas rarefaction ( p,and ACs( ¢, «,)) conditions.

3.2. Influences of temperature and relative humidity of moist air on Qsep

In this result, the dimensions of beam are used by the length /, = 350 um, the width W, =

22 pm, and the thickness t, = 4 pm which are used as same as dimension of the micro-beam
shown in Nguyen and Li [12]. The material properties of polysilicon [29, 30] are the Young’s
modulus E =160x10° Pa, density p, = 2330 Kg/m®, Poisson’s ratio v = 0.22, thermal
expansion coefficient a, = 2.6 x 10° 1/K, thermal conductivity x = 90 W/(m.K), specific heat
capacity C, = 700 J/(kg. K). Basic operating conditions of gas film are used with thickness of
gas film h,= 4 um, pressure p, = 100 Pa. In Figure 5, the damping factor (Jscp) and the Q-

factor of SFD (Qsrp) (= @, / 26,) in Eq. (21), are plotted as functions of temperature (T) and
relative humidity (RH) at the 1* mode of vibration and high gas rarefaction (p, = 100 Pa)

condition. In figure 5 (a), the results shown that the damping factor (Jsrp) of dry air decreases
slightly as T increases, whereas Oz of moist air increases more significantly as T and RH

increase because Qp of dry air increases slightly as T increases, while Qp of moist air
decreases significantly as T and RH increase. In Figure 5 (b), the resultant Q-factor of SFD
(Qsep) of dry air increases slightly with T. While, Qsep of moist air decreases significantly as T
and RH increase at high gas rarefaction (p, = 100 Pa) condition. Thus, the influences of
temperature and relative humidity on the Q-factors of MEMS resonators must be carefully
considered in wide range of resonant mode of vibration and gas rarefaction (p, and ACs

(o, = a,)) conditions.
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Figure 5. (a) damping factor of SFD (Jsrp) and (b) Q-factor of SFD (Qsgp) versus ambient temperature
(T) for different relative humidity (RH) in high gas rarefaction (p,=100 Pa).
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In Figure 6, the Q factor of TED (Qrep) is calculated as function of temperature (T) for
various resonant modes of vibration. The result showed that Qgp decreases as T increases for
different resonant modes of vibration. Also, Qep decreases more significantly as the resonant
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mode of vibration increases because the TED increases and becomes dominantly in higher
resonant frequencies conditions. The calculated results of Qrgp from the LR model [27] showed
good agreement with those obtained results from the Zener model [25, 26] in wide range of T
and resonant mode of vibration condition.
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Figure 7. Total Q-factor (Q+) versus temperature (T) and relative humidity (RH) for different
pressure (p,) for (a) ACs(1.0,1.0), and (b) 1AC5(0.1,0.1).
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Figure 8. Weighting of SFD (Wtsgp(%)) versus temperature (T) and relative humidity (RH) with different
mode of vibration for gas rarefaction, (a) ACs(1.0,1.0), and (b) ACs(0.5,0.5).

In Figure 7, the total Q-factor (Q+), which is calculated by Eq.(22) by the contributions of
Q-factor of SFD, TED (figure 6) and support loss (Table 3 in Nguyen and Li [12]), respectively,
is plotted as functions of temperature (T) and relative humidity (RH) for different gas rarefaction
(Pay and ACs (a,,ax,)) conditions. In the 1% mode of vibration, the SFD is dominant damping
source in calculations of Qr of MEMS resonators [12, 31]. In Figure 7(a), Qr of moist air
decreases more significantly as T and RH increase because Qp decreases more significantly than
that of gzas T and RH increase at high gas rarefaction (p, = 100 Pa, 1000 Pa, 10,000 Pa). Also,

the influence of RH on Qr are reduced and can be neglected at lower gas rarefaction (higher p,)
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because x changes with RH and T more dominantly than that of Qp in lower gas rarefaction
(higher p,). Whereas, this influence of RH on Qr becomes more significantly at lower p, and
higher T because Qp of moist air changed with RH and T more dominantly than that of , in
lower p, and higher T conditions. Furthermore, the coupled effects of T and RH on Qr become
more dominantly as the ACs decrease from ACs(1.0,1.0) (Figure 7(a)) to ACs(0.1,0.1)) in Figure
7(b). The influence of RH on Qr becomes significantly in higher gas rarefaction (lower p,, and

ACs(e,,,)) and higher T, while this influence decreases and can be neglected in lower gas
rarefaction (higher p,, and ACs(«,,,)) and lower temperature (T) conditions. Thus, it’s
possible to design for the higher Q-factor of MEMS resonators under the influence of relative
humidity of moist air environment in lower temperature and higher gas rarefaction (lower p, and
ACs (o, = «,)) conditions.

In Figure 8, Weighting of SFD (Wtsep(%)) of moist air in Eq. (23) is introduced to investigate
the coupled effects of temperature (T) and relative humidity (RH) on the dynamic performance
of MEMS resonators in wide range of resonant mode of vibration and higher gas rarefaction (p,
=100 Pa) conditions. In Figure 8(a), Wtsep(%) increases as T and RH increase because the SFD
increases and the gas flow becomes more restricted as T and RH increase. Furthermore,
influence of relative humidity on Wtsep(%) seems unchanged in the 1% mode of vibration in
which the SFD is very dominant on total damping (Q)™.

Whereas, influences of RH on Wisep(%) becomes more significantly as the mode of
vibration increases because the contribution of SFD, (Qsep)™ reduces significantly, while the
contribution of TED, (Qrep)™ and support loss, (Qs,)™ on (Qr)™ becomes more dominantly at
higher mode of resonators. Furthermore, the influences of T and RH on Wtsep(%) become more
considerably in wide range of mode of vibration as the gas rarefaction increases from
ACs(1.0,1.0) in Figure 8(a) to ACs(0.5,0.5) in Figure 8(b). Thus, the coupled effects of
temperature (T) and relative humidity (RH) on Wtsep(%) become more significantly at higher

resonator modes and higher gas rarefaction (lower p, and ACs («,,«,)) conditions. The

obtained results of Wtsep(%) can be used to design the higher Q-factor and high sensitivity of
chemical sensors to detect the humidity of moist air in higher resonant modes, higher gas

rarefaction (lower p, and ACs (&, = &, )) and in wide range of temperature conditions.

4. CONCLUSIONS

In this study, the coupled effects of temperature (T) and relative humidity (RH) on Qsep,
Qr, and Witsep(%) of MEMS resonators are discussed in wide range of relative humidity
(0% < RH < 100%), temperature (200 <T <380 ), inverse Knudsen number (0.01 < D <100),

and ACs (0.1< e, r, <1.0) conditions. Some remarkable outcomes were listed as below:

a. Qsep Of moist air decreases more significantly as temperature (T) and relative humidity
(RH) increase at higher gas rarefaction (lower p,) in the 1* mode of vibration.

b. Influence of relative humidity (RH) on Qsrp, Qr, and Wisep(%) becomes more
significantly in higher gas rarefaction (lower p, and ACs(e,,c,)) and higher
temperature (T), while this influence decreases and can be neglected in lower gas
rarefaction (higher p,, and ACs( &, «x,)) and lower temperature (T) conditions in the 1%
mode of vibration.
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The coupled effects of temperature (T) and relative humidity (RH) on Wtsep(%) are
neglected at the 1* mode of resonator, while this influence becomes more significantly

at higher resonator modes and higher gas rarefaction (lower p, and ACs (o, ,))
conditions.
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