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Abstract. In the paper, the program motion of an unloading manipulator which is treated as a
first integral of the considered system, is investigated. Currently, the popular way to solve such
problem is the method of Lagrange multipliers only. In the paper, the authors use another
approach, the Principle of Compatibility, in which the required program is treated as one of
motion equations of the system. In the particular case, the program is considered as one of first
integrals of the system. For illustrating the proposed method, the motion of an unloading
manipulator of three degrees of freedom is considered.
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1. INTRODUCTION

Consider a manipulator whose grippers must move a load along a prescribed trajectory.
Such problem has been studied in many works in [1-4] and still come into much attention by
many researchers. Up to now, the problem is solved by the Lagrange multipliers method only.
However, the method owns some inconveniences due to adding more variables, Lagrange
multipliers, to equations of motion. It is important that by using this method the opportunity of
controlling the manipulator will be taken away. In this paper the proposed method overcome
such inconveniences by not using the Lagrange multipliers and therefore the motion of the
considered system is described in terms of generalized coordinates only.

For solving the stated problem it is used the method proposed in [5], in that work, the
method of transmission matrix is applied to derive the system equations of motion and the
equation of trajectory of the required program is treated as the first integral [6].

2. DYNAMICAL MODEL

Let consider a scleronomous holonomic system, whose position is defined by the Lagrange
coordinates q; (j =1,n) and the generalized forces noted as Q; ( j =1,n), respectively. From now
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on the symbols are used: matrices in bold letters, vectors considered as column matrices, the
letter T at upper right corner denotes the matrix transposition.

Assume that (nxn) inertia matrix is denoted by A, (nx1) matrix of generalized forces is denoted
by Q©, the equations of mechanical systems are written in matrix form [5-8]:

AG=Q0+QY+Q® €y
where: A= [aii]i T is a (nxn) regular matrix called the inertia matrix;q is a (nx1) matrix of
generalized acelerations,g= @ @ . . g, ; Q@-a (nxl) matrix of generalized forces

derived from the system’s potential, the active and dissipation forces; Q®, Q®- (nx1) matrices,
which are determined by the inertia matrix as described in [5-8].

As known, the motion of the system subjected to the program motion can be written as
follows [5-8]:

ga(tvql,qzy-qu):O X a:]j (2)
There exist two approaches to solve the stated problem as follows:

Method 1. The required program is treated as ideal constraints and the method of Lagrange
multipliers is used. As known, the method is not simple because it requires to calculate the
Lagrange multipliers.

Method 2. The stated problem is solved by means of the Principle of Compatibility.
According to this, the program is considered as part of the motion equations of the system. Thus,
it is neccessary to add some forces as the control inputs on the considered system. According to
this method the motion equations are written as follows:

AG=Q0+QY+Q?+U ®3)
where U is the (nx1) matrix of the form:
u=u, U, . . U," (4)
Its components are defined by means of following equations [6]:
GA'U +GY =0 (5)

where:

09, . .- — =
G=[9aj];ga,-=aa”f ;G =G +GA(Q+QW-Q®) i(e=Lrj=1n)
J

(6)

n azg . n 82g azg
G =|( “— i + )
i;l 09;9q; : ; aqiot - 0%

a-ir
and Q®, Q@ are (nx1) matrices of inertia forces defined by the inertia matrix A [5-8].

In this paper the following method is proposed

By using the method in [6], the required program is treated as a first integral of the system.
Originally, the program motion is not described by the system’s equations of motion (1).
Therefore, it is necessary to act some control forces on the system. By doing that, the motion
equations of the system are written as follows:

Ag = Q(O) + Q(l) + Q(Z) +U +R (7)
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for the given program being the first integral of the system, it is neccessary to realize the
condition.

DR =
where D is (kxn) matrix whose elements are t(;le coefficients to express all of the generalized
acceleration ¢ (i =1,n) in terms of the independent generalized accelerations ¢, .
((o =1k =n—r).Therefore, we have:
D(AG-Q© -Q®W -Q®@ -U)=0
9. (t,0;,9;)=0
It is noted that the control forcesU; are the forces acting on the system of interest. In the

(8)

particular case, they may be components of the force Q@ .

3. MOTION INVESTIGATION OF AN UNLOADING MANIPULATOR

Consider the motion of three-link unloading manipulator: link OA has length I;, mass m;
with the mass center at the rotatory joint O. Link AD, a cylinder rotating about the axis A, has
mass my, and the mass center at C, (AC,=c,). Piston BC has mass ms, and the mass center Cs
(BCs=c3). The inertia moment of the link OA about the rotatory axis O denoted by J;. The inertia
moments of the links AD and BC about the its mass center denoted by J,, Js, respectively. The
links OA and AD are exerted by the couples M; and M,, respectively. Cylinder B is subjected to
the expulsive force F. The friction forces in the articulated joints and the slip joint are neglected.
The load is treated a point mass. The required program is of the form:

y—-2x+2(l, +1,)=0 9)

where y and x are the coordinates of the load. It means that the load must be moved along the
trajectory described by the equation (9), i.e. the inclined line KL (Fig.1).

Figure 1. The Investigated unloading manipulator.

k¥
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where
The considered manipulator of interest is of 3 degrees of freedom. Let choose q;, 0z, gz as
the generalized coordinates, where g, is the position angle of the link OA with respect to the

fixed axis Ox, g3 is the position angle of the link AD with respect to the link OA, and g3 is the
displacement of the piton BC with respect to the cylinder AD (see Fig. 1).

The motion equations of the manipulator are rewritten from (8) as:
DA =D(Q°+Q"Y +Q% +U) (10)

where A-the (3x1) inertia matrix, Q®—the (3x1) matrix of the potential forces and dissipative
forces, QW, Q@-the (3x1) inertia forces, U-the (3x1) control forces, which are of the form:
U=M, M, F'

In order to calculate the above matrices, we use the method of transmission matrix [7,8].

For this aim, let us introduce the symbols:

2 2 2
q4z%; qt—,z%; . E% ;q7zddt31 | O = ddt(lz ;O Eddga (11)
and develop the matrices:
cosg, -sing, O cosqg, -sing, |, 1 0 q
t,=|sinq, cosqg, O t, =|sing, cosqg, O|;t;=|/0 1 O
0 0 1 0 0 1 001
[—sing, —cosq, O —sing, —cosq, O 001
ty=| cosq, -sing, O0];ty,=| cosq, -sing, O|;t;=(0 0 O
0 0 0] 0 0 0 000
¢, c, ¢, I, 0 0 0 0
L={0|;nL=0| ;5={0]; r=(0|; R=|-mlg|;P,=|-m,g |;P=|-myq |;P=|mg 12)
1 1 1 1 0 0 0

The coordinates of the mass centers C;, C,, C; and of the load are defined by following
formulas:
fp =hh; T =ttn; =ttt o =tttr (13)
Potential energy = can be written as:
7T =Ty P, +1,P, + 1P +1g P
=—[mc, + (M, +my +m)l;]gsing, —[m,C, +mMsC; +ml; +(M; +m)gs]g sin(a, +0.);

(14)

Therefore, generalized forces Q© and the matrices of control forces can be expressed as:
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or
) 104
M
© orn . '
QY = _a_az% ;U= M, (15)
2
F
or
_a_ 30s
3

where o, «,, a; are viscous resistance coefficients of moments and forces acting on links OA,
AD, and BC, respectively.

To calculate matrix D, we substitute the expression of y, and x in terms of the generalized
coordinates:

x=lcosq +(ls +0s)cos(th +0) ;Y =hsing +(ls +09;)sin(q, +0s) (16)
into the expressions (9), we obtain now:
f =l sing +(l; +9;)sin(q, +0;) —2(l, cos g, + (I; +s) cos(q, +0)) +2(l, +1;) =0 (17)
and we have:

df ) )
f; = [(cos(a +q,) + 2sin(q; +a,)(I; +ds3) + (2sing, +cosq; I, 1a,

_ _ (18)
+[(I; + gs)[cos(q, + 0, )+ 2sin(ql+g2)]q5 +[sin(ql+g2) - 2cos(ql+g2)]ds
Hence, matrix D is given by:
1 0 D of of of
D :{0 1 Dij ; Dig =gy /gy Doy =dgy /das;dyy :a_(]l;d32 :8_(]2;d33 :5_(]3 (19)
where:
dy, =[(cos(q, +0,) +2sin(q; +d,))(l; + ;) + (cosq, + 2sing, ), ;
ds, =[cos(q; +0,) +2sin(g; +0,))(Is +a)]; (20)

dgs =[sin(q; +0,) - cos(q, +a,)]

The QW ,Q® —generalized forces of inertia forces are calculated by means of the inertia

matrix A. By means of the method of the transmission matrix, the elements of inertia matrix are
follows [6-8]:

& =Myt + My Gt G + Meh 9 G tht bt + mrigtht,tr + 3, +J, +J; =m, (17 +¢5)
+My (I + 5 + 0 +2¢505 + 21,05 0 (C5 + ;) +m(I7 + 15 +¢f + a3 + 20315 + 2(1, c0s G, (15 +03))
+J;+J,+J,;
A, = Mn) thtit b + myr gttt ot +mrt) )t t ttr +J, +J; =m, (¢? +¢,l, cosq,)
+ M (C3 + 05 +C305 + b €08, (C5 +73)) +M(IF + 03 +gls +1, €080, (I +05)) +J, +J;
a3 = Ml Sttt bbbk + i Gt 1 byt ters = (M +my)l, sing,
Qyy = Myl ooty ity + Myl 3ttt bty tars + Mttt tityytsr =mycs +my (5 +a5 + 2¢50;)
+m(1Z + 92 +2l,05) + J, + Jg
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323 = m3r3Tt3Tltgtthlt21t3r3 + mrSTthltgtthlt21t3r == mll Sin q2

(21)
Qg = Mely tht) 1 Loty s + Mritity t tit,ter = (M +my)
Q®, Q™ - (3x1) matrices can be written as:
T
Q¥=[Q" & QJ; (22
QY =0.5q"D,Aq; Q¥ =0.59'D,Ag; Q% =0.59"D,Aq
Q¥ =D,Aq; +D,Aq; +D;Ads;
where ¢,q"are (3x1) matrices and D; A(i =1,n)is a (3x3) matrix:
4= G G ;G =[G GO Gl ;0 =[0l & ok |; 05 =[00s sl OF ]
0 o og, oq, od, 0q, 0q; 003 00
DlA _ aalz 63.22 88.23 _ O ' DZA _ aalz aa.zz 88.23 ’ DSA _ aalz 68.22 aa23 ; (23)
o 0q oo oq, od, 0q, 0g; 0g; 00
0a;; 0a,; 0Oag Oa; Oay Oag Oa; Oay Oag
| OOy o og, | |00, 00, Od, | | 00 043 00 |
The equations of motion for robotic arm are of the form:
dyn S a3 || G 1(0) Ql(l) 1(*) M,
LoDy " (10 Dy " N
ip Ay Ay || Os |= Q7 [+ Q7 |+ Qs |+ M, (24)
0 1 D 0 1 D (0) @ *)
Q3 Az Az || Go Qs Qs Q3 F
which can be written as:
(a3 + Day) 0y + (8, + Dyyd3)0 + (a3 + Dy )0y = Q1(0) +Q1(l) +Q + D31(Q50)+ él) +Q;)+ M, +DyF (25)

(82 + D3p) s + (8 + Dips )0 + (225+ D3 )0y = Q¥ +QFY +Q; + Dy (QF +QF +Q5) + M, + D, F
The system of equations (25) and (18) to solve the problem is a system of differential equations.

In the work [5], a solution to the problem is proposed by solving the secondary differential
equations when the equations of motion are expressed as:

f, =d304 +d3,05 +d330; =0 (26)
The problem is solved by the system of equations (25) and (27) now
df od ad od
f, Ed_tl = 03,07 + 03,0 + 0330 +( 8q311 Qs + aqul Qs + 6q331 0s)04)
ods, ods, ods, 0dg; 0d; 0d;
+ + + + + + 27
( 20, (o0 20, 0s o, 0s)0s +( 20, (oh 20, 0s a0, 0s)0s (27)

To solve these equations, it is possible to use software. Here the Maple software is used.

Results of numerical simulation

667



Vu Duc Binh, Do Dang Khoa, Phan Dang Phong, Do Sanh

Numerical simulation of robotic arm is performed with the following parameters:

b=1m,13=05m,m=1kg, m,=1kg, m;=1kg, m=5kg, ey=0rad, ,=0rad, as=0.1
rad, c;=0.5m, c; = 0.25 m, c;= 0.25 m, J, = 0.02 kgm?, J, = 0.01 kgm?, J; = 0.05 kgm?, g =
10 m/s?, lo=0.01 m, M; = 25 Nm, M,= 0.1 Nm, F = 0.05 N.

The initial conditions are:
g:(0) =0 rad, g(0) = 0 rad, g3(0) = 0 m, g4(0) = 0.03 rad/s, gs(0) = -0.01 rad/s, gs(0) = 0 m/s,

radl (ql.g2)

mm(qj) 200

1504
1004

504

-504

i(s)

| ql q2 q3|

Figure 2. Graph of rotation angle g; and g, and the displacement g5 of the plunger.
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|— D(a1) — D(g2)

Figure 3. Graph of angular velocities g4, gs and velocity ge.
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Figure 4. Graph of orbital motion.

4. CONCLUSIONS

In the paper a new method for controlling the manipulator to move a load along a required
trajectory is considered. Such problem belongs to type of controlling the program motion. This
is one of the most important problems in controlling manipulators. This paper proposes a method
for the problem of interest based on of a new point of view that the program motion can be
treated as a first integral of the considered system.
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