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Tap chi CAC KHOA HOC vE TRAI DAT

3-2004

THUAT TOAN TINH MAT PO PIEN TICH THU CAP
TREN RANH GIGI BAT BONG NHAT

I DAT VAN DE

Cho dén nay di co nhiéu ngudi dua ra cac
phuong phép tinh toin thyc hién 10i giai bai todn
tham do dien ddi v&i moi trudng phtrc tap hai va
ba chiu co cfu tric bat ky. Co thé neu ra hai
hudng giai chinh [a phuong phap phwong trinh tich
phan va phuong phap phuong trinh vi phan :

1) Phuong phap phuong trinh tich phan dua
tren mo phong tinh chat cla khéi bt déng nhat
bing mot tap hop nguon dién thir cdp tao ra ¢ mat
tiép xtc clia khoi bat dong nhat. Phuong trinh tich
phan thi€t 1ap trong trudng hop nay goi la phuong
trinh tich phan bé mat. Néu khoi bat ddng nhét duge
mo phéng bing tap hop cac dién tich don gian hay
bing cic thanh ludng cuc thi két qua tuong ng
duoc goi 12 phuong trinh tich phan khoi. Phuong
winh tich phan co thé thi€t lap cho ham the U,
cuong do dién truong E hay cudng do ngudn thi
cfip Is bao gém phdn hi¢u (ng di thuong do bat
déng nhit gay ra va phan binh thuong déc trung cho
moi truong (déng nhit hay phan 16p xic dinh).

Phuong phip phuong trinh tich phan tinh toan
¢6 dinh cho nhiing bé mat bat déng nhat nen néu
¢6 su thay déi hinh dang mat bat déng nhat hay
them, bot céc ranh gidi bat dong nhat thi cac diéu
kién bien phai thay ddi va phdi tinh toan lai tir dau.
D& khic phuc didu do Khmelevskoi (1988) di de
xuit phuong phap ngudn ludng cuc th cdp trong
d6 moi truong duge cdu tao bdi nhiing thanh phan
cuc ké nhau tir do cho phép thay d6i cdu tric bat
déng nhit linh hoat hon, thong qua su thay doi
tinh chat clia mot s ludng cuc nao d6. Nhung khi
d6 phuong phéap phuong trinh tich phan theo bé
mit s& mat di tinh wu viet cla no.

2) Phuong phap phuong trinh vi phan dua trén
sy dién giai truc ti€p cic phép tinh sai phan trong
phuang trinh cho tung phdn tir clia moi truong ch
thé tich V; va do din o, voi dic trung dien the U;
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do nguén diém I phan b4 trong Mol trudng gy ra.
Cac phép tinh tich phan va vi phan s& duge thuc
hién theo sa d8 sai phan thay the thong qua mai
quan he cta phdn 1 V; (v&i tinh chdt g, U ) va
cac phin tr V; ¢ lan can. Nhu vay, néu mo phong
moi trudng biang mot t2p hitu han ciic phin tr V;
(d6ng nhat vé tinh din dién O, 0 kich thubce xéc
dinh), va viét phuong trinh theo so dd sai phan cho
mdi phén tir V; véi cic didu kign cdn thiét dé& dim
bédo suf ton tai ciia him the U trong moi trurdmg bt
d6ng nhit do mot ngudn diém 1 gy ra ta s& nhdn
duoc mot he phuong trinh dai 56 tuyén tinh v&i U;
3 4n s6 dac trung cho truong the V.

Phuong phap phuong trinh vi phan chi thuc
hién duge trén cic may tinh ¢t bo nhd du lon va
phu thuoc rdt nhiu vao qud trinh rdi rac hoa dé
thiét 1ap heé phuong trinh sai phan hitu han. Ngoai
ra khi mo hinh cé bat déng nhat phirc tap thi mang
luoi doi hoi kich thude 16om, chi ti€t hon va s0
phuong trinh tang lén £t 1on, rit kho thuc hign ©
miy tinh t6¢ do cham va bo nho nho, nhat 14 mirc
d6 hoi tu ctia phuong phép phu thuoc rit nhiéu vio
dic trung phan bo vat Iy ctia mo hinh tinh todn, doi
v&i phan bo do din phic tap thi do hoi tu kém,

Nhir vay vige nghién cifu cic phuong phip, clic
thudt todn giai bai todn thudn mo hinh hai hodc ba
chiéu d€ dat duoc cic yéu cdu vé t6c do tinh, do
chinh xdc vin con 1a yéu cdu bic thiet. Nam 1981,
trong cong trinh [2] Alpin da dua ra cong thirc
téng quit tinh mat do dien tich thir cdp cho moi
truéme bat déng nhdt ¢6 dang 1a phuong trinh tich
phan. Phuong phap tuy don gian, nhung cac
phuong trinh tich phan din d&n cic hé phuong
trinh dai s6 tuyén tinh rat lén. €O I€ cing vi ly do
d6 cho dén nay ¢ nude ta chua co cOng trinh nio
ti€p tue nghién ciru, dé xudt thuat todn gidi bai oan
thudn dura trén co s¢ cia phuong phip ndy. Trong
bii bao ndy, ching toi gidi thieu viec nghién ciu,
xdy dung thudt toin, h¢ churong trinh tinh doi voi



mot s6 mo hinh déng nhat timg phin dua trén co
s& vat 1y 12 phuong phép dién tich tht cdp nhim
dat muc ti€u néu trén.

II. PHUGNG PHAP DIEN TfCH THU' CAP

Khi phat dong vao moi truong c6 d6 din o xéac
dinh, tai nhitng noi moi trudng bt déng nhat, do
tac dong ctia nguén phat s& xudt hién cic dién tich
goi 12 cic dién tich thir cap.

Trong trudng hop moi trudng déng nhét timg
phdn, voi nita khong gian v6 han c6 di¢n trd sudt
p°, chira cac bat déng nhat p, dugc phan chia bai
cic mat ranh glm Sap €6 dang bat ky bién trtro’ng
tai mbi diém 1 téng cha truong so c4p va thir cip.

aﬁ{P)
Op = I
4 27 s[[ﬂ 5? w
o -
U.pP) = [ —2as, : Eo(P)

sep lopP

trong d6 : 7, 12 khodng cich tir yé&u t6 dien tich thir
c4p cb dien tich dS, tai Q dén P, 7, 13 phap tuyén
tai di€m P clia mét phan chia Sep, 5, 12 mat do dién
tich mat tai diém Q ctia yéu t6 dSq, pp 14 dién tro
sudt that tai 1an can diém Q, 1, 12 dong do di¢n cuc
phat gay ra tai P, K.pa(P)la gla tri he 50 clia b& mit
ti€p xdc tai P :

Ya —7p=Pp—Pa 4)

7a+7ﬂ pﬂ+pa

Tir 46 ta x4c dinh dugc gia tri dién trd sudt biéu
kién :

p,,k(r)=1<(r)¥ )

vl ¢ K(r) 1a he s6 he cuc do, [ 13 cudng do dong
phat, AU 4 hiéu dién thé giita cap cuc thu.

III. THIET LAP THUAT TOAN

Cac phuong trinh (2) va (3) ¢6 céc tich phan
duoc tinh theo cic mat ranh gidi bat ddng nhat S,p.
Vi vay, chiing toi nghién clru thuc hién : rdi rac
hoa cac phuong trinh theo cic ranh gi6i d6 din dén
thiét 1ap he phuong trinh dai s6 tuyén tinh. Giai h¢
phuong trinh da thiét 1ap s& tim duoc mat do dién
tich thir cAp trén ranh gidi bat déng nhdt, tir 46 c6

The va tru'ong 50 c4p sinh tr nguén diém hay
he nguén diém cla h¢ cuc phit tai diém P dugc
tinh theo cong thic

Iop
Uo(#), = Tl ;
0 oF )
1l «loPp -
EU(P) = _-Z Q__\ ¢ "‘;,,rp
T [¢] ’QP

Mat d¢ dién tich mat, cuong d¢ dién trudng, the
clia cic dién tich thir cap trén mat ranh gi6i gilta cac
mién y = 1/p cb gid tri Y,v3 ys gdy nén tai diém
quan sat P, 13 nghiém cla phuong trinh Fredolm
loai 2 dugce xac dinh theo cong thirc :

np)r."SQJ-—Z-Q—“(JQP dip) 2)

90 - .
I ;_?Q*("QP-"P)CISP 3

Saﬂ QP

thé tinh dién trudng, dién thé va dién trg sudt tai
moi diém quan st

Trong trudng hop t8ng quét, mat ranh gigi bat
d6ng nhit S, c6 dang bdt ky, khong biéu dién
duoc bing biéu thitc gidi tich, Do d6 d& tinh tich
phan (2) bing phwong phip s6 phdi chia cac mat
bien ndy thanh N phdn tir (y&u t6) AS; sao cho trén
d6 co6 th€ xem ham dudi ddu tich phan 12 khong
d8i."-Méi phdn tlf mat AS; ¢6 vi tri xdc dinh boi toa
d6 clia tam phdn tir, biéu dién theo ba thanh phdn
(X Yis z;) va cb6 hubng xéic dmh bdi vecto phap
tuyén don vi § fi-

Tich phan theo mit Sy trong phuong trinh (2)
duogc 10i rac héa din dén hé phuong trinh dai s8
tuyén tinh v&i 4n 12 mat do dién tich thir c4p o;.

Xudt phét tir (2), ta c6 :

Kuﬁ(P)

O mu, e I —(’QP Fip)dSg =
27, ap 0P ©)

K.y(P) 1 < 1opo
— Fopt
2x 47:2 rQP (_QP r)
hay :
(Kaﬂ}! & g.f'

] . ’.3 IHP"
i=105=0) Yyipf

;‘r )AS =

=

2r
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(Kap)i
= ﬂ Z llpll(qul, If) (7)

2wAR g Topi
G=#i:i=1.2, .. N)

Ta dat :

i

Z bl (q,p. Mg, )—

4” q (8)
“ur ,,pq =
477% ri (rj,,n,)

12 mat do dien tich tht cp do trudng so cdp tao
nén. Ta co thé dua (7) vé dang :

Ko NS oA T .
og-— Y -2 (r--,n-)AS~ =—1g0 O
h ‘| 3 n 1 ] 2 ]
7T =105 Ti 7

(j#isi=12,...N)

voi 7 =0x = x 0+ —y )i+ -2k

31

)

27

n T3n

Viéc gidi he phuong trinh dai s6 tuyén tinh (13)
cho phép tinh duge mat do dién tich thir cdp tai cac

diém ciia mat phan chia, tir d6 xéc dinh dugc thé

vi cudng do cua truong thir cdp do cac dién tich
trén mat phan chia gay ra tai diém quan sat P :

UP)=U,(P)+U,(P)=

E(P)= ‘Eu(PJ"“Fu(P) Z
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K|o, - - O3 - =
oy ‘—[F(Vzlnl)Asz +‘,,_T(K11,U1)A53 i
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K,| oy O3 = =
) 32

K,
oy~ { : (ﬁm”n)ASH'_(rzm" )AS, +.
l

He phuong trinh dai s6 tir (9) viét dudi dang
ma tran cd dang sau:

[A]llc] = [B] (10
trong 46 :
[A]12 ma tran vuong c4p N, c6 phén tir :
LS K; (rjl’n) 11
disizgi g o -

H

G#ii=1.2...N)

[c] 12 ma tran cot - mat do dién tich thir cap

[B] 12 ma tran cot, c6 phén tif :

Pl (12)

G#i,i1=12,... I"I)

He phuong trinh dai s6 (3.5) viét du6i dang
trién khai cb dang sau :

o _K
..El—(r,,l,nl)AS,,}—i;aP

=249 {h8)

K

= y= K
l (r(n—l)’nN)ASn—l = —2—'0',9,
r(n—l)N 4

o (P,‘l’ﬁ;’%si (14)

UI((I) Z AS Elr(’) zrq

j=pji = pji

Do dien cuc phat dat tai diém A trén mat moi
truong nira khong gian, ket hop (1) va (14) suy ra:

Po i
%ji"(}? ;Z=i o
{ (15)
N o _ .
’QP Zr;) (Q_.F"”.")A‘Sa

QP =gp



Tir d6 ta xac dinh dugc gia tri dién trd sust biéu
kién theo cong thirc (5).

IV. KET QUA AP DUNG

Duéi day ching t6i trinh bdy mot vi du 4p dung
thuat toan néu trén cho mo hinh nira khong gian c6
mot mat phan chia moi truong thanh 2 16p c6 di¢n
trd sudt twong g 1a pl, p2 (hinh I).

Mat phan chia gém 3 phdn :

- Phdn thit nhat ndm song song v&i mat moi
trudng c6 do sau hy, goi 1a mat h,.

- Phdn thir hai nim nghiéng voi mat moi trudng
mot géc a.goi 12 mat nghiéng.

- Phin th( ba cling nim song song v&i mat moi
truong c6 do sau hy, goi 1d mat h,.

hy

Hinh 1. M6 hinh m6i truong déng nhdt timg phédn

Sir dung he toa do Dé céc vai gbc toa do O dat
& hinh chi€u giao dim gita hai mat h,vd mat
nghiéng 1én mat moi trudng, truc z hudng xudng
dudi. Gia st tai mot diém  A(xa,ya.0) trén mit moi
truong co6 mot nguén di€m (dien cuc phat diém)
phét dong 1. Khi db tai mot diém P (xp,yp,zp) bat ky
trén mat phan chia xuét hién yéu tS dién tich thir
cap do tac dung cla dién cuc phat va chiju tic dong
‘clia cic dién tich thir cdp tai cac diém Q(xq.yo.ZQ)

K, (P)

con lai trén mat phan chia, xudt hién nha tic dong
cua dién cuc phat.

Trong mo hinh trén, ta chia mit ranh gidi thanh
chc yéu t§ dién tich AS, cac diém P va Q ndm 0
gilta cic yéu t6 dién tich do. Goi s6 y&u t6 di¢n
tich AS theo chiéu truc x 12 |, con s6 yéu td theo
truc y 12 m, ta c6 s6 yéu t6 trén toan bo mat ranh
gigi 1a: N =1x m, phuong trinh (6) trd thanh :

. o (Rl 1 Ip - .
s p AR . =
R e D e e LT G B

& day : Ky, 14 he s6 clia b& mat ti€p xdc tai diém P,
rop 12 khoing cich tir diém Q dén diém P, Fyp 12
khodng cich tir di€m A dat dien cuc phat tdi diém
P, iip1a vecto phap tuyén ctia mit phan chia tai
diém P, || = L.

Cong thirc (16) cho thdy mudn xic dinh dugc
op(i, k) phai tinh dugc céic tich vo hudng
(7 P ,)/I,"/ ,(I”,,,I’tl,) khi cac diém P va Q thay
d0| trén cic phdn cua mat phan chia va xic dinh
dugc cac o(i,j). Co thé ap dung phuong phap x4p

xi lién ti€p gidi he phuong trinh (16) d€ xac dinh
cac op.

- Mat phan chia dugc chia thanh mang luGi
"dong”, gdm cac yéu t6 dién tich AS; khong déu
nhau.

- Muén xéc dinh op(1,J) 13 mat do dien tich thi
cip tai diém P cla yéu t§ dien tich AS;, cdn xac
dinh duge o(1,J) tai cac diém Q 1A diém giira cua
cic y&u to dien tich AS;; con lai trén mdt phan chia.
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~ Pdutien tinh tat ca cac ©p = [Ka(P)] / (1/47) x dien tich ASCLI). Néu (17) khong thoa min thi ta
x (Ipy /13, ) Gap» ) 13 mat do dien tich tai yéu 10 lai gan o)) = orl.d) qé' tinh gié tri op(1.J) moi.
dien tich (LY do trudng sd cdp tao nen. Bing sau do lai diing phép kiem tra nhur trén, qué trinh
phuong phap xdp xi lien tiep gan oo(l.d) = ou(l.J) {iép e cho dén khi thoa man diéu kien ki€ém tra.

& tinh op(1,)) theo (16), chung ta S€ tinh ducc tat

ci cac opl,]). Sau do diing phép kiém tra sai sO Sau khi da tinh dugc cac op(L,)), ta st tinh digc

ham thé Ux(M) 161 px(M) tai diém do M theo (4).

wrong doi :
(.-l J)l Sau khi tinh dugce cac op(1,]) - mat do dién tich
\fj’_,’!i,’-—— <10-6 7y tho c4p tai cac diém P, co thé xac dinh thé va cudng
loo (1,0 do clia trudng gay ra tai diém quan sat M (18)
Néu (17) thda man thi s& 1dy gia tri op(L]) 12 Tix 46 ta xac dinh dugc gid tri dien trd sudt bidu

mat do dién tich thir cdp tai diém P clia cac yéutg  kién theo cong thitc (3).

1,py, dL29,))

U(M)=U{1(_M)+U“-(M)=Z ) ASp
= q 27 qu i=1 j=1 rp,,
. (18)
2 [ Fypgy = oo, ). :
E(M)=Eo(M)+E (M) =L 5T qm = XYt A
g “7Tqm i=1j=t  TpM
Ching toi di xay dung chuong trinh bing ngon Két qua mat cit déng tri dién trd sudt biéu kién

ngit MATLAB [1] chay trén may Vi tinh d& thir  Gng véi mo hinh 1 c6 bac nghiéng goc 30° va cc
nghiém cac thuat todn trinh biy & trén doi voi mo tham s6 g1 = 1 Qm, hy =10m, e =20m, p;=10Qm
hinh moi trudng dong nhat tmg phin. Du6i day 12 duoc bidu dién trén hinh 2. Trong trudng hop ndy
mot so ket qua vi du minh hoa. cuc phat dat @1 diém O va 18y 1am géc toa do.

p, =10Qm

Hinh 2. Mat cét dang tri dién tro quét biéu kién mo hinh 1
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K&t qua mat cit dang tri dién trd
sudt biéu kién trng vai mo hinh 2 ¢6
bac nghiéng goc 30° va cic tham s0
p1 =10 Qm, h; = 10 m, h; =20 m,
p) =0,1 Qm dugc bidu dién trén
hinh 3, cuc phat dat tai diém O va
lay 1am gdc toa do.

Nhin vio két qua thu dugc ta
thdy chiing phi hop v6i mo hinh
tht nghiém, n6 chimg minh cho
tinh ding din cha thudt giai va or

3 % L o
chuong trinh tinh. \ T et

Hinh 3. Mat cit ddng tri dién trd sudt biéu kién mo hinh 2

KET LUAN

Trong phuong phép dién tich thir cdp, trudng
téng hop duoc tach thanh trudng so c4p va thir cdp,
cong stre tinh toan chi yéu & phdn thir cap gay ra
do cic dién tich thir c4p ndm trén ranh gidi bat
déng nhat cia mo hinh nén ¢ nhiéu wu diém vé
tdc do tinh toan, thuc hién hiéu qud trén may vi
tinh, nhat 1 d6i voi cic mo hinh bat déng nhit cuc
bo ¢6 kich thuge hiru han. Viéc xay dung cic thuat
toan cho phép tinh nhanh mot s6 mo hinh bdi toin
thuan bing phuong phap dién tich thir cdp s gitp
cho viéc phit trién cic he phdn mém xir 1y, gidi
thich tii liéu do sau dien moi trudng dia dién bat
déng nhat vi nang cao vai trd cua phuong phip do
sau dién con han ché hién nay.

Chang toi s& tiép tuc nghién ciru thuat toin tinh
mat do dién tich thir cap cha phuong phip dién tich
thir cap ap dung cho moi truong bit déng nhat
gradient (co cic dién tich thir cdp khéi) va t6i wu
qué trinh roi rac héa cic mat ranh gidgi co dang bét
ky doi voi cic mo hinh hai. ba chiéu phirc tap hon
dé tinh di nhanh. du chinh xéc cic bdi toan do.

Pdng thai s& ap dung doi vai céic loai h¢ dién cuc
do trong thuc té.
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SUMMARY

The Algorithm for calculating density of secondary
electrics on the unhomogeneous boundary

This article introduces the algorithm for calculating
density of secondary electrics on the unhomogeneous
boundary. On this base, we build a set of algebraic
equations, find the formula of density of secondary elec-
trics charge for partially - unhomogeneous model from the
salvation of Fredholm integral equation category 2.
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