
ruuAr Tont.{ TfNH uAr PQ omt ricH rsu
rnpN RINIH ct6t eAr odxc luAr

I. DAr vAr oE

Cho dOn nay di c6 nhi6u ngudi dua ra cdc

ohuonc ptrhp tinh toln thuc hien loi giii bdi to6n

irl* ol'aie" deii v6i moi trudng phirc t4p hai vd

fa ct,ieu .6 .du trtc bdt ki' C6 thd neu. ra hai

tt"O"g giai chinh ld phuong ph6p phuong trinh tich

phan-viphuong ph6p phuong trinh viphArr:

l) Phuong phltp phuong trinh tich phAn dua

tren r.t-to ph6n'g'tintr itrdt crja kh6i bdt ddng nhAt

la"o lnoi rap hSp ngudn dien thf cdp tao ra o mat

;;;-il.ro r.ne;i urt oOng nhdt' Phuong. rinh tich

ohan thiei lap trong trudng hop niy ggi li-phuong

irinh tich phan be mit' N€u khoi bat ddng nhAt duoc

* pfrJ"g iang tap hoo cdc dicn tich don girin hay

U-g *tc-tft"nft lJdng crrc thi kct quii tuong fng

euo". gqi ld phuong trinh tich phan kh6i' Phuong

t i,,r' ii.r' phan c6 *b,ri1':lu;;orill"Hi,i;

hieu fng di thudng do bAt

dn binh thuong dic tt'ung cho

hay phAn l6P xlc dinh)'

Phrrong phdp phuong trinh tich phAn,tinh toin

cei dinh cio'nh0ng bd mit bat dong nhAt nen nOu

,O liu ,f-try Orji trintr dang mit bat.dong.nhat hay

it,eni, uoi"a. ranh gioi uait oong nhdt thi clc didu

r.ie', tun phrii thay oeii ui pt"ii tinh toAn^lai.tu ddu'

OJ ti .. itruc Oidu d6 (hlnelevskoi (1988) da dd

^u,ft 
ptuong phlp ngu6n luOng cuc thf-cdp trong

OO m'Oi trrrong duoc cdu tao boi nhfrng thanh. phAn

cuc kd nhau iir d6 cho ph6p thay drji cdu trirc bat

ol"g' 
'trtJi 

lrnh hoat njn, ir'ong qua stl thav doi

,i"fl-"ftl, cua mOt so ludrrg cuc n)o d6' Nhung khi

d6 phuong phlp phuong trinh.tich phAn theo bd

mitt sE mAt di tinh uu vlct cua no'

2) Phuong ph6p phuong trinh vi phan dua ften

su dier-r giiii truc tidp c6c ph6p tinh sat

phuong trirrh cho tung phdn tri cua m0

the tich Vi vi dO d6n o, v6i dac trung
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mQt sd m0 hinh ddng nhdt ttrng phAn dqa trOn co
sd vat l! li phuong phip diQn tich thrl cdp nhlm
d4t muc deu neu tren.

rr. PHUoNG PHAP DrEI.j riCn rHu cAp

Khi ph6t ddng vdo mOi truong c6 dQ d6n o xic
dinh, tgi nhiing noi mOi truong b{t ddng nhdt, do
t6c dQng ciia ngu6n phit sE xudt hiQn c6c diOn tich
ggi li c6c diQn tich thrl cdp.

Trong trudng hqp mOi hudng ddng nhdt tung
phAn, vdi ntla khOng gian v0. h4n c6 diQn trd sua't

p", chfta cic bdt ddng nh6't p', dugc phan chia bdi
c6c mit ranh gidi S,p c6 d4ng bdt ki. DiQn truong
t4i m6i ditlm li tdng ciia trudng so cdp vi tht c{p.

Thd vn truong so cdp sinh tU ngrrdn diCm hay

hQ ngu6n didm ciia hQ cgc phet qi diCm P dup
tinh theo cong thfic :

M{t dO dipn tich m{t, cudng dQ dien rrr&rg, thC

ciia c6c diQn tich thrl cdp fien met ranh gi6i giila cac

midn y = l/p c6 gi6 tri y"vA yB gay nen tei diCm

quan s6t P, li nghiQm ciia phuong trinh Fredolm

loli 2 duo. c xdc dinh theo cOng thfc :

; E,"(p) = (Fgp.frp)crsp
s

! ?os,
SeO tQP

(2)

3)

op-3t- ! pc'sr.n;asn =L,' sag'ep (6)

Uu'Q) =

trong d6 :io, llkhoring cich ti ydu td diQn tich thfi
c{p c6 dign tich dSB t4i Q ddn P, [" li ph6p tuydn

tai didm P ctia mpt phAn chia Scp, oo li met dQ

tich m[t tqi ditlm Q ctia ydu ttf dft, pe le diQ

sudt that t4i lan can didm Q, 1o ld ddng do dipn
phit gay ra t4i P, K"o(P) ld gi6 tri h0 sd ciia bd

tiOp x0c t4i P :

r--Tp _Pp-Pa 4)K,B(P)=:-:-' T"+/p Pp+P"

Tt d6 ta x6c dinh duo. c gi6 tri diQn tr& sua't bidu
kidn:

PurQ)=xu)Y (5)
I

v6i : K(r) ld he s0 hQ cu. c do, I ld cudng d0 ddng
ph6t, AU li hiOu diOn thdgita cap cuc thu.

IIL THI6T lAp rnuAr ToAI.t

C6c phuong trinh (2) vn (3) c6 c6c tich ph&n

drro. c tinh theo c6c mit ranh gioi ba't ddng nhdt Sop.

Vi vAy, chirng tOi nghi€n cfu thrrc hiOn : rdi r4c

h6a c6c phuong trinh theo c6c ranh gidi d6 dAn ddn

thidt lap h0 phuong trinh dai sd tuydn tinh. Girii hQ

phuong trinh dd thiet lAp sd tim duo.c mAt d0 diQn

tich thf cdp trcn ranh gi6i bdt d6ng nh{t, tt d6 c6

thd tinh diQn trudng, diQn thd vi diQn tro sue't t{
mgididm quan sit. l

Trong trudng hgp tdng qu6t, m4t ranh gi6i bdt

phan (2) bing phuong phflp sd phtii chia c6c m{t
bion niy thAnh N phAn tii (ydu td) AS1 sao cho trOn

d6 c6 thd xem hAm dudi ddu tich phan ll khong
ddi.'M6i phAn tt? mgt AS1c6 vi tri xic dinh bdi tga

dQ ciia tAm phdn tii, bidu di€n theo ba thlnh phAn

(xi, yi, z;) vi c6 huorg x6c dinh b&i vecto phip
tuydn don vi 6..

Tich phAn theo mirt Sop trong phuong trinh (2)
duo.c rdi rqc h6a dAn deh hQ phuong trinh d4i sd

tuydn tinh voi dn li m{t dQ dign tich th(r cdp o;.

Xua't phit tU (2), ta c6 :

= +>,ffrro,r,1
hay: 

t' 'oF
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= y4L+(io1oi,n6) 0)
2n.4tr i roioi

(+i;i=1,2,'.'N)

Ta dat :

"Y=l>'#Fo,r,'oo,)= (E)' 4rT ,n,0,

=+>.+Q,,,n,)axf, ri, \''

ld mat d0 diOn tich thir cdp do trudng so c{p tlo
non. Ta c6 thd dua (7) vd dang :

o,-* i .}(r,,,;,)s, = *", (e)
Ztr i=t11*i) rii

(i +i;i = 1,2,....N)

vni 7;1=(xi-xr)i+(li -l)i +Qi-z)E

HQ phuong trinh d+i scf ttr (g) vidt du6i dpg
ma tran c6 d4ng sau:

tAltol = tBl (10)

trong d6 :

[A] ln ma tran vuong cdP N, c6 PhAn t& :

L -]
o..=-[ivt,'!')N, (ll)
'1t Ztr rl; r

(j+ii-1,2,...N)

' tol li ma tran cot - mat d0 dien tich thrl cdp

lBl ln ma mn cot' c6 Phdn tu :

Bi = !"y 02)')-
0+i,i=12,...N)

Ho phucrng trinh d4i sti (3.5) vidt dudi dpg
tridn khai c6 dang sau :

",-fr!(izit)^s2 
*9, (lr,,ir)Nr * "'\{7,,,i,)^,] =*',

"r-?,Jfr(ttz,nz)Nt 
* 

fr{rrr,n 
)sr+"'\{r,r,r)t"] =*'t (13)

-l

" r - *1fr(4,, 
i, )N' *fr {rr,,n )t, * ffi (4,-rr' niu )As,-, 

)= * "r

ViQc girii h0 phuong trinh dai so tuyen tinh (13)

cho ph6p tinh duoc mat d0 diQn tich tht c{p tai circ

rtidm ciia mit phAn chia, tir d6 x6c dinh duo. c the

vi cudng do cita trudng thf cdp do c6c dien tich

trOn mat phAn chia gAy ra tai didm quan s6t P :

N u. N o.l \
(J,, (t)=i jr os, :E,.(t)= 

'lV'r,,,n" 
Asr 

( 14)

Frrpi, i=trpjl

Do dion cuc ph6t tlat tai didm A trOn mat mOi

trrtdng nua khong gian' kdt hSp (t) vn (14) suy ra:

(ls)
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Tir d6 ta xic dlnh duo. c gi6 tri diQn tr6 sudt bidu

kidn theo c0ng thfc (5).

IV. dT QUA AP DUNG

Dudi day ch0ng tOi trinh bdy mOt vi du 6p dung

thuAt to6n neu trcn cho m0 hinh nrla khOng gian c6

mot m{t phAn chia mOi trudng thinh 2 lctp c6 diQn

trd su{t tuong irng ld pl, p2 (hinh I).

Mpt phAn chia g6m 3 phAn :

- Phdn th0 nhdt nim song song v6i mgt rnoi

trudng c6 dQ sAu h L ggi ld mlt h 1 .

- Phdn thf hai nim nghiOng vdi mpt mOi truong

mQt g6c o goi ld mqt nghiOng.

- PhAn thf ba ciing nim song song vdi m+t mOi

trudng c6 dQ sAu h2, gQi li mgt h2.

Hinh L M0 hinh mOi trudng ddng nh{t tirng phAn

Sil dung hQ toa dQ Dd c6c v6i gdc tga d0 O dpt

6 hinh chidu giao didm giila hai mlt hlvA mdt

nghiOng lOn mdt mOi trudng, truc z hudng xudng

dudi. Giri srl t+i mgt didm A(xn,y4,0) trOn m+t mOi

trudng c6 mOt ngudn didm (diOn cuc ph6t diem)
ph6t ddng I. Khi d6 tai mOt didm P (xp,yp,zp) bdt kl
h'en mat phAn chia xudt hi€n ydu td dien tich thf
cdp do tirc dung ciia diQn cuc ph6t vd chiu t6c d0ng

cila c6c diQn tich thf cdp tai c1c didm Q(xq,yq,zq)

- ,.. ,-\ K'l4f+ Eor(i, 
j) 

6oP\t'k)= _E_lLi, r; Y.r,,.,,,,

o day : Kr2 le he s0 cria bd mAt tidp x6c tai diern P,

rqr, li khoiing circh ttr didm Q ddn diiil P, r"n li
kioring c6ch tir didm A dat diOn cuc phit tdi didm

P, ii,ld vecto ph6p tuydn ciia mf,t phAn chia tai

didnrP,l;rl =t.
C0ng th0c (16) cho thdy muOn x6c dinh duoc

op(i,k) phrii tinh duoc c6c tich v0 huong
(i1,,,,ii1)lrl,,1 ,(iup,hp) khi clc didm P vd Q thay

drji tren c6c phAn ciia mrt phAn chia vi x6c dinh

duo. c c6c oq(i,j). C6 thd 1p dung phuong ph6p xdp

cdn lpi trcn m|t phAn chia, xudt hiQn nhd t6c d0ng

ciia diQn cr;c phdt.

Trong m0 hinh tren, ta chia mgt ranh gi6i thenh

c6c ydu td dipn tich AS, c6c didm P vA Q nim o

gifra c[c ye'u td diQn tich d6. Ggi sd ydu td diQn

tich AS theo chidu trqc x lA l, cdn sd ydu td theo

truc y lA m, ta c6 st yeu tO trOn todn b0 met ranh

gi6i ln : N = I x m, phuong trinh (6) tro thinh :

(16)

xi lien tiep gi6i hQ phuong trinh (16) dd x6c dinh

c6c op.

- Mat phan chia duoc chia thinh mqng ludi
"dQng", gdm c6c ydu td diQn tich AS1 khOng d€u

nhau.

- Mu0n x6c dinh op(l,J) li mAt dE diQn tich thti

cap tai didm P cria y6'u td diQn tich ASi;, cAn x6c

dinh duo. c oq(l,J) t4i c6c didm Q li didm gifia ciia

c6c ydu tef diOn tich AS1 cdn lai trcn met phAn chia.

I
,*+ +,,,in)l; k+ i (k=l..nr)

alL ,iP I
)as
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DAu tion tinh tdt ce ce

x (IPr /r;1,, )(l',,p,fip)
dien tich (I,J) do

phuong PhAP xdP xi lion

Ad tinn op(l.J) theo (16)'

ci cilc op(l,J). Sau d6

tuong ddi:

loe(/,.I) - oo(/'/)l . ro-u (1?)

lou(/'/)l

Ndu (17) th6a mdn thi sE ldy gi6'trt op(I'D ln

mit dQ dion tich thu calp t+i didm F cria c6c ycu tci

dion tich ASO,J). Ndu (17) khong thi ta

;i';;;Jiij= odr,J) de tinh gi mdi'

ft-Jo i; ffic PhiP tiem tra ntr trinh

;l; .h" oen xtrl itr6a man didu kien kitjm tra'

Sau khi di tinh drroc clc op(l'J)' ta s€ tinh dttoc

narn*tt e;u*t:rl) rdi pr(M) tai didm do M theo (4)'

Sau khi tinh duoc c6c op(l,J) - m$ ga.di9n:ich

tt,irilp ,J J. ate- P, c6 thd x6c dinh thd vi cuong

d0 crja truong ga1'ra tai didm quan s6t M (18) :

Tu d6 ta ric dinh dtro-c gil tri dion trd sudt bidu

kien theo cong thric (5)'

lu,,(M)=\#.2i,#*, (18)

+ E,, (M, =\hr qM = t,i,+t,u Ls r

m6t seikct quri vi du minh ho4' 
diem O vd lA'y lim gdc toq dQ'

o

10

n

30

Pz = 10Qm

1Ata

Hitth 2.Mat cit ding tri dien tro sudt bidu kidn m0 hinh 1



Kdt quri mlt cit diing tri diQn trd
sudt bidu kich ring vdi mo hinh 2 c6

bAc nghi€ng g6c 30o vi cAc tham s0

Pr =10 C)m, hl = [0 m, hz =20 m,
pr =0,1 C)m duo.c bidu di€n tren

hinh 3, cuc phlt dat tui diern O vl
ldy ldm gefc toa dQ.

Nhin vio ket quri thu duo.c ta

thdy ching phn hgp v6i mO hinh
thr? nghi€m, n6 chfng minh cho

tinh d0ng din cria thuAt girii vi
chuorrg trinh tinh.

rEr luAN

Trong phuong phep diQn tich tht c{p, trudng

tting hgp duo. c t1ch thinh trudng so cdp vi thfr cdp,

cong sfc tinh to1n chii yeu o phAn thfi cdp gay ra

do c6c diOn tich tht cdp nim trOn ranh gidi bdt

<ldng nh{t ciia m0 hirrh n€n c6 nhidu uu diti:m v€

tdc d0 tirrh toirn, thuc hiQn hi€u quri fien mey vi

tinh, nlrit li doi vdi circ m0 hinh bdt ddng nhdt cuc

b0 c6 kich thudc hiu hirn. Vi€c xay dung circ thuAt

to6n cho ph6p tinh nhanh mot s0 nrtl hirrh b:ii toirn

thuAn birrg phuorrg phirp diQn tich thu cdp s€ giirp

cho vi€c phirt trien clc hO phAn mdm xii lf, girii

thich tli liOu rlo sAu diOrr nr6i truong diu diQn bdt

ddng nhCt vi nArrg cuo vai trd ciia phuong phip do

sAu di€n cdn han chdhien nay.

Chfing toi s€ tiep tuc nghi€n cfu thuAt toin tinh

mat do di0n tich thft cdp cria phuong phirp diQn tich

thf clp irp dung cho mOi trudng bdt ddng nha't

gradient (c6 clc diOn tich thf cdp khdi) ve toi uu

c;ui trinh roi rac h6a circ mit ranh gidi c6 dang bdt

ki drji vrvi circ nr6 hinh hui. ba chidu phfic tqp hon

de tinlr dti nhanh. du chinh xirc cic bii to'in d6.

Ilinh 3. Mit cit ding tri di€n tro sudt bi€u kidn nrO hinh 2

Ddng thdi s€ 6p dqng dOi vdi cfic loqi hQ diQn cyc

do trong thuc td.
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SUMMARY

The Algorithm for calculating density of secondary
electrics on the unhomogeneous boundary

This adicle introduces the algorithm for calculating
density of secondary electrics on the unhomog€neous
boundary. On this base, we build a set of algebraic
equations, find the formula of density of secondary elec-
trics charge for padially - unhomogeneous model from the
salvation of Fredholm integral equation category 2.
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