Tap chi Tin Hoc v Didu Khign Hoc
_Tép VII(1992), S€ 1, 23:31

Phuong phép chiéu lz‘i]l) gidi plwrong trinh tich phan ky di
véi nhan Hilbert trong khéng gian 1,

L& Xuén Quang
Vién Tin oc
Vign tha Hoc Viét Nam

. Djt Vén aé

Trong khéng gian Ls[0,27]\ta xét phwong trinh tich phan ky dj sau:
g

42(0) = a)o(n)+ 52 [ soreors Lo
0
1 kL | ‘
+§=;fo h(o,8)z(o)de = y(s), s € [0,2n), (1)

trong 46 A la téan - dnh xa Ly[0,27] = La[0,27], a(s), b(s), y(s) vA h(c,s) 12 cdc ham pln"zp
cho trude tudn hoan véi chu ky 2 | con 2(s) 14 ham phai tim.

Phuong trinh (1.1) ¢6 rét nhiéu dng dung trong |y thuyét dan héi, 1y thuyét khuyéeh tén, cd
hoc chat léng, co hoe chit khi v.v (xer [4) [8]) vA dude rit nhidu nha todn hoe, vét 1y, co hoc
quan tam. Tuy vay van dé tim nghiém ding cia phuong trinh d6 chi méi gidi quyét duge trong
rat han ché céc trwdng hop riéng.

Trong nhitng ném gan day do nhu cau tinh todn cde bai todn thue tién cde nhi todn, co hoc,
vit ly va ky thuat dic bigt quan tam dén véan dé giai gdn ding phuong trinh dé.

Trong cong trinh [5] tée gid di dé xudlt cde cong thire cu phuong gan ding tich phan nhan
Hilbert ¢4 the ing dung gidi phwong trinh (1.1). Céng trinh [3) két hgp céng trinh [2] ¢6 thé
gidi true tiép phwong trinh (1.1) va bai todn bién ham gidi tich twong tng béng phwong phdp
chi¢u néi suy Lagrange hofc phép chiéu Fourier trong khéng gian Holder Hqal[0,27] (0 < @ £ 1).

* Typenet by AMS-TEX



24 Lé Xudn Qudng

Mé réng hon ¢b céng trinh [6] d& 4&p dyng phuwong phap mién con gidi phuong trinh dé trong
khéng gian L3[0, 27]. Tuy vay céc phwong phdp gian diing trén thudng cho tdc dé héi tu thdp bac
. O(Ep(x*)), trong dé z* l& nghiém diing cda phuwong trinh cdn E, 1& x&p xI t8t nhit cla nghiém
béng céc da thire lugng gide hay da thire dai 8 bac n, Véi bac héi ty trén d€ dat dé chinh xde
cdn thiét cda nghigm phdi gidi h¢ dai tuyén bac kha 16n didu a4 gay nhidu khd khiin trong tinh
todn thye tién,

Muyc dich cua bai bdo nay 1a 4p dung mét so dé chiéu l&p cho phwong trinh (1.1) nh&m néng
cao tdc d6 hdi tu cia phuong phép nh¥m khdc phye khé khin trén.
1. MGt vai két qua b8 trg.

Toén tit mién con [6], [9].

Gid stk X 1a khéng gian tuyén tinh gdm cdc ham »(t) sao cho

]
wn=£¢mwec

la khéng gian cdc ham lién tyc cdn X, 14 khéng gian con hitu han chiéu cia né, Ta djnh nghia
todn ti mién con P, : X, — X, nhu sau:
Pn la todn'tu: chidu d&t twong dng mdi ham (1) € X véi da thite bic < n sau:

Paliit) = Goalhit) W) = [ plrir, @)
trong d6 ‘
Ln(wit) Zwmmw (2.2)

la da thirc ndi suy Lagrange cia ham () trén co s& cda khéng gian X, véi tap nit ¢

Néu ta biéu dién

Pu(pit) = Zﬂkek(t): . (2.3)
k=0
thi theo [9] ta ¢6 hé thire xdc dinh céc hé 86 a; nhu sau:
th th
mMﬁﬂ-f > et = f (0t (24)
LT tk=1j=0

B8a& 2.1. [6). Néu P, Id todn t mién con véi tdp nit ty = 2n+1' k = =7, 7 trén hé ham co sd
e'** 1h{ ta cd cdc ddnh gid sau: -

Vi € La0,27], ) € Hql0,27], (r 2 0,0 <& < 1)

A

lp=Pnplla £ AoBnlp), Ao = const., (2.5)

. 1
lle = Pnells < BaW' By = const.. (2.8)
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1. Ap dung so a8 chi€u 15p véi phép chi€u mién con cho phurong trinh (1.1).

Khéng lam giam tinh t8ng quat ta xét phwong trinh (1.1) véi a(s) = 1 tie 14 -

Ka(s) = 2(s) + % /h :L‘(o')coiga ; 2 do
‘ 0

1 2 I
+27A h(d’,&?l‘(ﬂ')do‘ = y(s), s € [0,1n], (3.1)

Nu b(s) € Hal0, 27), y(s) (h(c,s)) 1 céic ham khd tich binh phuwong trong Ly[0, 2], La[0, 2m;0,
27] va %ﬁ{u—) = 0 thi theo [4), [8] phuong trinh (3.1) ¢é duy nhat nghiém trong La[0, 2).

Ta dua vao todn tu T nhu sau:

x ' =
Ta(s) = —%i-)‘/ :'(a)cotga Lde
0

o h(o‘,a).c(a)do'. (3.2)

Tor Jo
Véi céc gid thiét trén thi T 1 todn it tuyén tmh lien tuc va bj chiin trong L3[0, 27 (xem [4]
[8]) dong thi T kha nghich trong khéng gian dé.
Ta viét phuong trinh (3.1) dudi dang sau:

2(s) = Ta(s)+y(s), s € [0, 27). (3.3)

Dé 4p dung so d& chiéu l&p cho phuong trinh (3.3) (xem [9), [10] Jtrwée hét ta xdy dyng khéng
gian con X'n nhu sau:

n
Xn = {zn| za(s) = + Z a;,caska+ﬁkamka = cheiks, ok, B € R, e € CY3.4)
k==1 k=,
Ré rdng An € Ly[0,27) va trh mét Lrong dé.
Ta ky higu Sn la todn ti mién con chidu Ly[0, 2] lén Xn véi chc tgp nit 8; = ,T,',ﬁ, j==mn
theo hé ham co s& e'**| k = =T, 7. :
Theo so' 48 chidu 1ip [10], [11] thi tir phan tk2(®)(s) € Ly[0, 27] bit ky cdc phén ti gén ding
tiép theo 2(*¥)(s) cia nghiém phuong trinh (3.3) dutse tinh theo cong thire:

2O() = y(s) + T (s) + Whs)), (3.5)

’ n
w® = 5 Meilt € Xy, : (3.6)
f==1



26 | ' Lé Xudn Quing
thod mén hé phueng trinh:
Sa(W®) = TWiy) = Sn€ry, (3.7)
trong dé :
EW) = y(s) = 2*=1(s) 4 T2lk=1)(s), (38

Thay (3.8) vao (3.7) va sd' dyung cong thirc (2.4) ta thu dwée hé phuong trinh xdc dinh cde hé
86 c}k), j==mn, k=1,23,.. trong biéu thirc (3.6) nhu sau:

n ¥ . ' .
Y deyef = &M, r =170, (3.9)
j==n
trong dé -
rdl "
dp, = f {14 ib(s)Sngj + Tie" }ds
dr

LI 1 2x
S'S") =j . E(k)(a)ds, Tm.‘(i) = h(a,a)da'.
4 / | 2 0

D& 8o dé chiéu 1§p (8.5), (3.6) duge thye hién, ta cdn ching td hé pluong tﬂnh (3.7) hay (3.9)
¢6 duy nhit nghiém. :

Dinh Iy 3.1, Néu todn t¢ K = I —"T khd nghjch tmng Ly[0, 21r] thi sé tén 1ai s& nguyén duong
na dé'V¥n > ng h¢ phwong trink (3. 7) hay (8.9) gidi dwgc duy nhdt nghi¢m. ( I- todn 14 déng
nhdt trong Lg[0, 27)).

Chitng minh,
Ta d&t twong ng mdi ham z(s) € Lg[0,21r] véi tich phén

0(z) = flz(") de, & B, (3.10)

zelﬂ

trong dé v 1a véng trén don vj trong miit phing phire cé tam triing gdc toa do.
Néu ayt a*(s) = 0%(t), t = e €, (0%(6~) 1 gid trj bién trén v cla ham 0(z) titphia trong
(ngodi)) va dit

8cln:v',

(Jz)(8) = %"./n" z(a')cot.qo;

1 ax
(Joz)(o) = 5= fb 2(0)de,
thi theo cong thitc X5 khoxiki [4], [8] ta cé ce ddng thirc sau:

z(8) = a%(s) -2~ (s)

zt(8) +27(e) = (Jor)(s) = i(J)(s), (8.11)
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Dya vio cong thite (3.11) ta viét todn td A dudi dajng sau:

(K2)(s) = (f.B)x(s) = y(s), (,y € L0, 2n]), (8.12)
Todn tt K, B: Lg[0,27] — Ls[0, 2] trong dé

(Be)(8) = v~ (8)a™* () = v (8)0 " (#) + Jo(hx(s)),

h = h(s,0), ¢(s) = ¢+ (s) = 9= (a),
VE(s) = eapl*, 2% =g - iJg+ Jog,
2% ] '
0= g [ 75%do, o) = )

1= zeiq 1+ ib(s)’
flo) = At iba) J_‘("S’, Bio, 4 =[5} ——"(’1' 1’ i;‘ti';(").

Néu b(s) € Ha[0,27], (0 < a < 1) thi theo [4] ta c& f(s) # O trén [0,2 7 ). Do véy todn ti K va
B déng théi kha nghich trong La[0, 27) va ta cé cde ddnh gid sau:

K=, B=': L,[0,27] — Lu[0,27),

Il 1T < 1181 < 1 ool I,
trong d8 £~ 1(s) = i3, llelleo = BUPs[o,any (8)].

Bay gi¢ ta dwa vao todn tir B, nhir sau:

.B"Z'" = SHB-P” = Sn{w-ul';!. — ¢+-U; + JD(TI,J:")]l Ty € X,,'

trong dé a¥ = ka, —iJ(xn,s) + Jo(a).
Chiing ta sé chi ra ring véi n di 1én thi B, kb nghich trong X, va ||B7Y|| = O(1), B;! :

4\’“ =) Xn.
Ta ky hiéu J,, 1& énh xa Xn — Xn nhir sau:
Jnay = 1;’);1': g d’:l‘;;mb# = Yy - I'J('J’m‘) + Jot¥n, (3-14)

trong d6 ¢ € Xy la da thie xdp xi tat nhat cda him y(s) theo co 8¢ e*?, k = ~T;T theo chuén
trong C.

Véi mo | #n € X'n theo céng thire (3.13), (3.14) ta cé:

HB.U,, = Hn"u”? &= ”U = Sn)(Jmn - Jun) + JO(F; 3-'ﬂ)'_ 'S'H‘]G(Fl 3n)i|2

1 = Sull{llv* = ¥Hlleo + 147 = ¥ [loo + EL (Ra}llnlla, (3.15)
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trong dé En(s)(R)2 1a xép xi binh phuong tét nhat theo bién s ( déu theo o ) cida him k(o s)
biing cdc da thic dang (3.4). Tir cong thikc (3.15) ta cé:

1B = Bullxp—sx < 1T = Snlla{ll¥* = ¢*[loo + 19795 lloo + Bh(h)2}
Vi B — 0 khi n = o0, ||T = Sul|  2/|Su]| = 2 khi n — oo va
{1¥F = ¥lloo + 197 ¥ lloo = 2)1¢ = Y lleo + 17(% = ¥n)lleo = an = 0.
Khi n — oo thi
BN = 0, |1 = Sall < 2ISll = 2, ¥+ = ¥ lloo + 19~ = ¥ |l

- 2”'1’ = wﬂ”&; + ||J(¢ = ‘bn)”w = ap—0
Do véy B, = ||B =~ By|| = 0 khi n = o0, hay 'Eno. Yn>ng déd g, = BnllB-nll < 1.
Tir d6 suy ra VYn > ng, B, khad nghjch. Ta xét them cde todn ti b3 trg sau:

Rm Fy: Xp—= X, Ve, € X;\

: j{-n-'ﬂn = Su(f-ann) = FaBnan;

Fozy = Sp(fzn). (3.16)
Ta thiy réng phuong trinh F2, = S,y tuong dwong véi phwong trinh
S(m)ea(ne) = ylm), k =0,2n, (3.17)

trong dé s < ny < 8k, Do'vay nghiém c.lla ching dwoc biéu dién theo céng thiwc:

2n(s) = }: e

D) yen{

vdi ey i 14 da thire néi suy Lagrange theo tap nit ny, k = ﬁ, 2n. Nhu viy toén tik F,, khd nghjch
véi moi n va dé dang dédnh gid dugc:

Fi' Sy, . (3.18)

IFY = O(1), Vn2ny, (3.19)’
Néu ldy ng = maz(no,ny) tﬁ} ¥n > ng, 3K énh xa X, — X, va
155 = o). (3.20)

Néu ky hiéu K, = S, K ta s chira ring ng d& ¥n > ng, K, khd nghich. D& lam diéu déta
chi cén chi ra réng

nVng, @ = ||K7HI|IKn = Kl <1, (3.21)
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Thyc véy ta cé
Il]\'nﬂ}" -— I\'"T"” - ”Sn [fon — B,;-‘L‘n]”

< N1SallllfllcollBn = Bllllzall = BaliSullllflleoll2nll, (3.22)

Do dé

< Ball &5 1S oo . (3.23)

Vi [[Sull = 1, Bn — 0 khin = 00, ||fllees II&5 | bj ch¥n. Do véy s& 3ng 2 0 déVn>n3 g, < 1.
Tir dé suy ra 3K, ddng thdita ¢é dénh gid :

1M S IRTHI =751 = 0(1). (3.24)
Dinh Iy duwge chirng minh.

Dinh Iy 3.2. Néu b(s) € HatO 2], (b < a < 1),ys), (h(e,s)) la cde ham khd tich binh p‘rhuang

trong Ly[0,27) (L3[0,27)2[0,27]) vd Ind ;:": =0 thi phwong trinh (9.1) s cé nghifm duy nhit

trong Ly[0,2x).. Déng theri tén tai 86 nguyén dwong ny dé'Vn > ny so dé chiéu ldp (3.5) (3.6)
héi ty vd la cd ddnh gid:

I +Ds) < AE(EO (), (3.26)

trong d "o e¥+1)(s) = y(s) — 2M)(s) + Te®(s), véi 2 14 2dp 2f ban ddu bélt ky con T 1d todn
t¢ dvgce zdc dinh theo cong thite (3.3), A 1d hdng sé khong phy thuge k.

Chitng minh.

Ta viét phwong trinh (3.1) dudi dang (3. 4) Véi gid thiét clla dinh 1y va theo [4), [6] phuong
trinh (3.4) ¢6 duy nhét nghiém véi mo i vé phdi trong L3[0, 27). Nhw véy theo dinh 1y 3.1 thi
3ng >0 dén > ng, K, khd nghich trong X, va

W = Kr'Sue®(s), k=1,2,.. (3:28)

Mit khéc ta co: ‘
¢ (5) = y(s) = a¥)(s) 4 T2¥)

= y(s) = (y(s) + T2~V (s) + TW(8) + T(y(s) + Ta*(s) + TSN (e))
= T(y(s) + Ta*=(s) = TW (8) = k1) = Wk)(s)
T((e®)(8) = Spe)(8) + (I = K K7 Sne®)(s)]

=T = 8p)I = KK;'8,)cM(s), - (3.27)

Do dé ‘
NeE+D (8|2 < (ITINT = Sallll = K K2 SnlllleC&)]]-
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ViITIl, 14 KK 11Sn]| bi chdin khéng phy thuge vio K va
(1 - Sn)fk(’)” = O(En(f(k))?L
do vay ta ¢é

< AE, (%)), A= const., (3.28)

[+ (8)ll2
Theo cong thire truy chirng thi
le**+D(s)llz < [ABa(<O)), . (3.28)

Vi En(®)3 — 0 khi n — oo nén 3ng > 0 dé Vn > na, ABn(¢” < 1 hay ||e¥+D]|; — 0 khi
k — oo va ta ¢ ddnh gid (3.15). Dinh ly duge chimg minb.

Dinh Iy 3.3. Néu trong gid thiét cia dink Ij 3.2 ma V(") (s) € W Hq, y(")(s), (T2*)(s) € WLy (r 2
0, 0<a<),trong d6 WHy ld khéng gian cde ham gidi tich cé cde gid trj bién thuge Ha, Wik
-khéng gian cdc gid tri bién thude Ly thi sé 16n tai 88 nguyén dwong ng dé'Vn > ng phwong phdp
chidu ldp (3.5), (3.6) ddi véi phwang trink (3.1) hoi ty, déng thoi ta cé ddnh gid:

1
|2 = 2]z < (A",F?r)L’ a+r>0,

trong dd * la nghiém chinh zdc cila phwang trink (3.1), con Ay = const.
Dinh 1y 3.3 dé dangsuy ra tir bé dé 2.1 va dinh Iy 3.2
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Abstract

Iterative - projection method to solve singular integral equations with Hilbert kernel

In this paper the ilerative - projection method is used for solving the singular integral equation
with the Hilbert kernel:

a(s)z(s) + % jo." a:(a)coiga ; 2 do

1 n
+§';A h(d'.s)r(o')d.o' = y(s), s € [0'2“.]‘

where a(s), b(s), h(s, @) are given functions of the space L[0,27], La[0,27;0,2n] respectively. The
method is convergent with the rate of power.






