28 Nguyén Thanh Tung

Tap Chi Tin Hoc v3 Didu Khién Hoc
Tap 1X(1992), S8 1, 28-36

Vé Mot Bai Toan Thiét K& Plurong An Minimax
Kiém Tra Nghiém Thu Théng Ké

Nguyén Thanh Tung !
Vién Tin Hoc ’
Vién Khoa Hoc Viét Nam

1. Mo dau

Khi thié€t ké phuong an kiém tra nghiem thu thong ké, néu ¢6 day du cd hai loai théng tin:
thong tin v& cac ton that va théng tin vé su bién dong cda chat lwrong trung binh cia sd» xuat th
phuong phap Bayes la phuong phéprthi'ch hop nhat. Truomg hop khéng c6 thong tin vé su bién
dong cia chat luong trung binh, ngudi ta bing long véi phuong phap thiét ké dua trén nguyén

Iy minimax.

Trong nhirng nim qua, bai toan thiét ké phuong 4n kiém tra nghiém thu théng ké dua trén
nguyén ly minimax (phuwong an minimax) dugc nhi¢u ngudi quan tam t&i, (xem ching han [1],
[3]. [7]). Tuy vay cac cong trinh nghién ciru cho t&i nay chi giéi han trong khuan khé mé hinh bai
toan véi nhirng gia thiet tinh huéng kha don gian nhu sau:

- Qua trinh sdn xuat dwoe d3c trung bing mét qua trinh ngiu nghién damg.
- Céc ton that tren mot don vi sdn pham tng véi cac qn)et dinh chap nhan hay béc b4 1a nhirng

ham tuyén tinh cda chat luong 1o.
- Phi ton lay mau kiém tra chi ti 1¢ v6i s6 dom vi san pham mau ma khéng phu thuée vao tinh
trang chat luong 15.
Bai nay nhim trinh bay mé hinh mét bai todn thiét ké phuong 4n minimax ki€m tra nghiém
thu théng ké véi nhirng gia thiét tinh hucng khd mém déo; chimg minh mét s& tinh chat cua

phuong dn minimax, trén co s& dé dua ra thuat todn hiru hiéu xdc dinh né.
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2. Mb hinh bai toan va nguyén Ij minimax xac dinh phuong 4n kiém tra

Gia st can xay dung phuong an lay mau mét lan (n,c) kiém tra mét loat 6 sdn pham c¢6 c¢& N
nao d6 trong tinh huéng gia thiét sau day: ’

a) M&i don vi sdn pham chi ¢6 thé la chinh sdn pham hodc thir pham. Qua trinh sdn xuat la
mét qua trinh chiu sy diéu chinh Bernoulli v&i tham sé p (chéjt lugng trung binh cda sin xuf;t)
khéng d6i trong pham vi méi 16 nhung thay ddi tir 16 nay sang 16 khéac véi phan bé xéc suit khong
biét. )

b) Dura trén két qud kiém tra miu, hai quyét dinh cé thé chon 1a: chip nhan hay bac bd phan
con lai khéng kiém tra cia 16. _ _

¢) Khéng nhitng ton that do chap nhan hay bac bé mét don vi s4 pham ma c phi t8n kiém tra

mau ciing 13 nhirng ham tuyén tinh cia ti 1& thir pham p trong 16 va duoc 1an lugt ky hiéu bdi:

ka(p) = A1 + Aop,

kr(p) = R, + Rop, (1)

ks(p) = 51+ s2p-
RG rang, khi ki€m tra 13 ¢é sia chira’thi gid thiét nay sé hop Iy hon gid thiét phi tn kiém tra chi
ti 1é véi ¢& mau.

C6 thé xem cac hé s6 Ay, Ry, va S; lan luot 13 t8n that cda viéc chdp nhéan, bac bd va kiém
tra mét don vi san pham khi don vi sdn pham dé la chinh pham, con Ay, Ra, va S laq tén that
ciing cda cac su viéc dé nhung trong trudong hop don vi sdn pham 1 thir pham, (xem [2], trang
12).

D¢ Lai todn c6 nghia ta gid thiét ring:

Al <Ry, Ay+A2 >Ry + Ry, $1 2Ry, S22 R (2)

Tir gia thiét ¢) suy ra phi ton trung binh ldy méau ki€m tra ciing nhu tn that trung binh cia viée
chap nhan hay bac bé mét don vi san pham 1a nhitng ham tuyén tinh cda chat lwgng trung binh
P cia sin xuat:

ka(P) = Al +A2P’

k.(P) = R1 + RyP, 3)

k,(P) =S5+ S;P.
ko(P) va k,(P) cit nhau tai diém:

Po:(Rl—Al)/(Az—Rz), 0< Pp<1. (4)

Gia tri Py dugc goi 13 mirc chat luong phan biét. RS rang néu P < Py thi quyét dinh chap nhan
s& tét hon quyét dinh bac bd, con khi P > P, ta ¢6 tinh trang nguoc lai.
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Néu P da biét biét, ta c6 thé chon quyét dinh hoan toan-ding din, tdn that phai chiu khi dé
la t&n that khéng tranh khoi:

Lo(P) = { ko(P), néu P < Py
ST L k(P) néu P> P (5)

Vi khéng biét P d3i vai mdi 16, ta phai wéc luong né thong qua viée kiém tra miu. Do cac gia
thiét a)-c), suy ra tén that trung binh phai chiu khi si' dung phuwong an (n,¢) kiém tra nhing lo

N ” ,e , 2 b <
san pham img v&i mirc chat lugng trung binh P cda sdn xuat bing

L(N,n,¢, P) = nk(P) + (N = n){ko(P)P(P) + k.(P)[L = P(P)]}

= nky(P) + (N = n){ka(P)P(P) + k. (P)Q(P)}, (6)
trong d6 P(P) va Q(P) lan luat la xac suat trung binh cda viéc chap nhan va bac bd.
Q(P)=1-P(P),

> ()P pys o

r=0

P(P)= B(n,cP) = Xc:b(n,r,l’) =
=0
véi z 1a thi pham kiém tra thay trong mau.
Di nhién ta luon cé
L(N,n,¢,P)> L,(P), VP €]0,1]. (8)
Tliéu '
Lo(N,n,e,P) = L(N,n,¢,P) — Ly(P) (9)

dwoge goi 1a 16n that thing du trung binh do st dung phuong an (n,¢).
Nhu da biét, khi phan phdi w(P) cda chat luong trung binh P cia san xuat la da biét, phuong

an kiém tra can xac dinh 1a phuong an Bayes 1am cue tidu ton that trung binh toan cuc
' 1
Ly (N,n,c)= E,{L(N,n,c,P)} = / L(N,n,e¢, P)dw(P). (10)
0
Bay gid gia su-
L(N.n,c) = sup o<cr<1L(N,n,c, P). - (1t

Tir (10) suy ra
Ly(N,nc) < L{N,n,c).

Do dé, trong truong hop khéng biét phan bé cud P, néu chon (n,¢) sao cho L(N, n, ¢) 1a nhd nhat

thi ¢6 thé dam bao ring Ly (N, n,c) sé luén luén nhd, bat ludn P ¢6 phan bé nhur thé nao.
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Dinh nghia Vé&i ¢& 16 N cho trude, phuong an kiém tra minimax 1 phwong 4n (n,é) lam cuc _tié’u
cuc dai theo P cia ham tén that trung binh L(N,n, ¢, P) cho trong (6), tirc

L(N,7,&) = infn o) L(N,n,c) = infn osupp L(N,n,c, P).

Do L(N,n,c, P) 1a ham lién tuc trén khodng ddng [0,1] va tdp S cic phuong an c¢6 thé chon 13
hiru han, cu thé la
S={(ne): 0<n<N, -1<c<n},

phuong 4n minimax luén luén ton tai.

3. MGt sd tinh chat va thuat toan xic dinh phuong an minimax.

) . , . ey P . s ) .
Hién nhién phuong 4n minimax (7, ¢é) ciing chinh ia phuong dn 1am cue tiéu cye dai theo P cda

phiém ham sau day
R(IV,H,C, P) = [L(N,n,c,P)—Lu(P)]/(Al —Az) 7 (12)

R(N,n,c, P) dugc goi la ham tén that trung binh da chuan héa.
Tir (5), (6) va (7) suy ra _
n(8; + 63+ Po— P)+ (N —n)(Py — P)[1 = B(n,c,P)] néu0<P<P,

RN) -y )P = %
(N,m,c, P) { n(61 + 6:P) + (N — n)(Py — P)B(n,c, P) néu Po < P< 1, (13)

trong d6 6, = (S) — R1)/(A2 — Ra) > 0 va 83 = (Sa — R — 2)/(as — R2) > 0, do gid thiét (2).

Dé x4c dinh (%, ), ¢6 thé thre hién 1an lwot hai buée sau day

- Ung vé6i méi 0 < n < N, tim s3 chap nhan minimax c(n).

" - So sanh cdc phuong an (n,c(n)),n = 1,2, .., N. 7

Tuy vay dé dang thay ring khéi luong tinh toan khi d4 sé rat 1én. Dudi day sé nghién ciru mét
s6 tinh chat cda phuong 4n minimax va cda ham tén that (13). Cac tinh chat nay sé& cho phép
gidm bét déng ké thdi gian va khong gian tinh toén. -

Ky hiéu

' - R(N,n,c) = sup o<p<1 R(N,n,c, P).

B& @& 1. Xét cdc phuong 4n dic biét (0,0) va (0,.—1), (khéng lay miu kiém tra ma luén chip
nhan va bic bé mét cach tuong ung). Theo nghia minimax, phuong &n (0,0) t6t hon phuong an
(0,—1) néu Py > 1/2 va téi hon trong trudng hop nguaoc lai.
Chirng minh Véi (0,0) va (0,—1) ta co:

R(NOOP)-—{O néu P < P,
T U N(P - Py) néu P> P (14)

N(P-P) néuP< Py
R(N,0,-1,P) = .

(V,0,—1,F) {0 néu P > Py. : (15)
R(N,0,0) = N(1 - Pp), R(N,0,-1)= NP,.

Tir day suy ra két luan cda b dé.
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B& d& 2 Moi phuong 4n (N,c) v6i 0 < ¢ < N khéng thé la phwong an minimax.
Ching minh. Ta ¢6

ROVN P)_{N(61+62P+P0—P) néuP < Py,
O E U NG, + 6P) néu P > Py.

R(N,N,c) = Max{N (6, + Py), N(6; +82)}.
Vi R(V, N, c) luon Ién hon R(n,0,—1) = N Py, ta thu duge két luan néu trong bé dé.
BS dé 3 X¢t cdc phuong an thudc tap
St={(n,n): n=0,1,..,N —1}.

Néu 6, + 6, + Py — 1 >0 thi phuong an tot nhat la (0,0). Truong hop nguoc lai, phuong &n ot
nhat sé la (n',n') vdi

n = INT{N(L = P)/(1 - é2)}, (16)
trong d6 {z} ki hiéu phan ngu_v&r cia .
Cing minh. Ta ¢6

n(é + 6P+ Py — D) néu P < Py,

R(N,n,c,P) = { . -
n(é +&P)+ (N —n)(P—-P) neu P> P- (17)

Suy ra

R(,N,n,n) = max{n(é + P —0),n(8 + 42 Pp), n(&) + &) + (N —n)(1 = Py)}

= 17?(1.1'{11(61 + P - 0),11(51 + (52])0), n(61 +6+P—-0-— 1) + (‘,.\f - Tl)(l — P())}(]S)

-Néu by +68,+P—0—1>0R(N,n,n)sélaham ting cian bat luain véi 0 < Py < 1va é;, 62 > 0.
Do d6 phuong an tot nhat trong so cac phuong an thuoe S* phai la (0,0).

- Ngirge lai, ncu §; 4+ 62+ P—0—1 < 0 R(N,n,n) sé 1a ham gidm khi n < n’ va ting khin > n'. .
Do d6 phuong an tot nhat phai la (n’,n’) véi n’ cho trong (16).

BS dé 4. Néu chi xét cdc phuong an thuoc tap
S ={(n,-1): n=0,1,..,N -1}

thi phuong an ot nhat la (0,-1).
Chitng minh. Ta ¢6
n(é; + 6.P) + N(Po — P) néu P < Py,

R(N,n,—-1,P) = { r 5
n(é; + 62 P) néu P > Py. - (19)

suy ra
R(N,n,~1) = max{né, + NPo,n(é + é2)}. (20)

Vi 61,6, > 0, R(N,n,—1) luén luén 1a ham ting cia n, do dé phuong 4n tot nhat thuse S sé
la (0,—1). '
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Tir cac b3 d€ 1, 3 va 4 ta c¢6 két luan sau day.

Dinh ly 1. Xét cic phuong 4n thudc tap
S® = sMys@ (21)
- Néu &, + 6+ P —~1>0, thi khi 6 phuong 4n tot nhat Ja (0,0) hay (0,—1) tuy thude vao Py
Ién hon hay nhd hon 1/2.
- Néu b, 4+ 6;+ P — 1 < 0, phuong &n tét nhat la (n',n’) hay (0,—1) tay theo (1 — Po)(6, + Po)
nhd hon hay I6n Po(l — é,), (n' xdc dinh nhu trong (16)).
Ky hiéu
RI(N; .n,C) = sup ()SPSPOR(N,TI, C, P))
Ry(N,n,c) = sup p,<p<1R(N,n,c, P),
B8 dé 5 Ung véi N va n cd dinh, Ry(c) = Ry(N,n,c) Ia ham gidm con Ry(c) = Ry(N,n,c) Ia
ham ting cdac. '
Chirng minh. B8 dé suy ra tir bat dﬁng thirc sau day
—(N =n)(Po— P)b(n,c+1,P) khi P< Py

RN) 2l ,P: .
(Wme, P) {(1’V—n)(P——P0)b(n,c+],P) khi P > Py

Dinh ly 2. Dit
N(1-Py)/(1—63) néu0<éy <Py,

1= { nPy/éa * néu by > P.
Khi dJ phuong dn véi ¢ mdu n thdan; < n < N sé khéng thé 1a phuong dan minimax.
Chung minh. .

a) Gia st ny = N(1 = Py)/(1 - 63), khi d6 néu n > n; thi
Ri(N,n,n)=n(b1+ P)>n(by+62+FPo—1)+ N(1 = Pp)
) = R4(N,n.n).
Vi Ry(N,n,¢) 12 ham gidm, Ry(N,n,c) 1a ham ting cda c, ta lai ¢6
Ri(N,n,c) > Ri(N,n,n) > Ra(N,n,n) > RZ(N,n,c) >

v&i moi ¢. Suy ra s chap nhan minimax ¢(n) tng v6i n bing chinh n. Theo b3 dé 2 phuong 4n

(n,n) v6i n > n; khéng thé la phuong an minimax.
b) Néu n; = N Po/65, khi d6 véi n > n; tacs
Ry(N,n,—1) = max{né; + NPy, n(é; + 62P5)}
< n(é + &) = Ro(N,n,—1).
Nhung theo bs dé 5, khi dé ta lai ¢6
Ri(N,n,¢) < Ri(N,n,~1) < Ry(N,n,~1) < Ry(N,n,c)

v6i moi ¢. Suy ra s6 chap nhan minimax c(n) ing véi n bing —1. Theo b6 dé phuwong 4n (n,—1)
véi n > N Py/6, > 0 khong thé la phuong 4n minimax. '
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Cac két qua trén day cho phép giam bot dang ké khéi lwang cong viéc tinh todn tim kiem

phuong 4n minimax (n,¢). Thay cho tap S bay gi& chi can xét tap

S ={(n,e): n=1,2,..,n1; 0<c<n}.

Mot khi da tim duge phuong an tot nhat thude tap S’ (theo hai buéc da néu & dau muc), dem

so sanh véi phuong an 16t nhat trong s6 3 phuong an (0,0), (0,—1) va {n’, n’) sé thu duoc (7, ¢).
Véi céc phuong 4n thuée tap S’, mét lan nira ta cé thé gidm bét khdi luong tinh toan nho

~ A A~
ménh de sau day.

Dinh ly 3. V4i cic phuong dn thuée tap S, ham tét nhat (13) ¢6 toi da mét cuc dai dia phuong
trong moi khodng (0, Py) va (P, 1).

Chitng minh. Ta ¢é:
B'(n,e,P)=—B(P,n+1,n—c¢)=nb(n—1,c, P),

B"(n,c.P) = B(P,e,n —c— 1){n(P — h)/[h(1 = h)]},
trong 46 B(zx,s,t) 12 ham mat d6 cda phan bo Beta v6i cac tham s6 s,t va h = c/(n — 1), (xem
[2], trang 192).
Su cédc cong thie trén thu duge
n(bs = 1)+ (N —n){(Po— P)nb(n—1,¢,P) = [L = b(n,c, P)]} khiP <P
nés + (N — n){Po — P)nb{(n — l,¢, P} + B(n,c, P)} khi P > Py.

( R'(P)= (N —n)n(n -1 )
c)Pe-1Qnr—c=2{(n+ 1)P2 — (¢ + 2 — Py + nPy)P + cPp}.

R(P) = {

Vi (N —n)P2? = (c+2— Py+nPy)P +cPy la tam thirc bac hai cia P, chi tn tai tSi da hai nghiém
0 <z, < Py < z2. Suy ra R”(P) ddi dau nhiéu nhat hai lan trong khodng (0,1). Hon nita, dé
dang thay ring R”(P) < 0 khi 21 < P < min{z,,1}. Do d6 R(P) chi c6 cuc dai dia phuong
trong khoang (0, Py) khi va chi khi R'(Xy) > 0 > R/(Ps—) va cb cuc dai dia phuong trong khoang
(Po, 1) khi va chi khi R'(Po+) > 0 > R'(min{za,1}).

Dé xdc dinh cue dai dia phuong can giai blmo‘ng trinh R'(P) = 0. Viéc nay c¢6 thé thnre hién
bing moét phuong phip l&p, xuat phat tir nghiém gan ding nao d6. Déng thoi, néu ¢é chuwong
trinh tinh cac cuc dai dia phuong nay thi viéc xac dinh R(N,n,¢) cb thé tién hanh mét cach dé
dang: ‘ 7

R(N,n,¢) = maz{R,(N,n,c), R(N,n,c,0), R(N,n,c, Pp), R(N,n,c,1)}

trong 46 Ry (N, n,¢) la gid tri 16n hon trong hai cue tri dia phuong.

Dinh Iy 4. Cho ¢6 mdu 1 <n < N — 1, khi d6 sé chap nhan minimax ¢(n) dugc cho bdi

(n) { co—1 néu Ri(N,n,co — 1) < Ra(N,n,co),
e(n) = , .
co néu Ri(N,n,co — 1) > Ra(N,n,co), (23)

yng
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trong dé co la sé nguyén duong nhd nhit thda man
Ro(N,n,c) > Ry(N,n,c).

Chitng minh. Vi Ry(N,n,c) 13 ham gidm, con Ry(N, n,c) 1a ham ting cia ¢ (theo b3 dé 5), suy
ra -
Min, {Maz{Ri(N,n,c), Ro(N,n,¢)}} =

Min{Rl(N, n,cp — 1), R](N, n, Co)}.

Do d6, ¢(n) duwgc xac dinh nhu trong (23).

4. Vidu.
Céc két qud nghién ciru thu duoc trong phan 3 cho phép giam bét déng k€ khong gian va thoi
gian tinh todn xac dinh phwong 4n minimax. Dudi day 13 hai vi du minh hoa.

Vidu 1. Gid st N = 200, P, = 0,03, &, = 0,02, &, = 0,60.
Vi Py < 8, nén theo dinh 1y 2 chi can xét cac phuong dn ¢4 ¢& miu khéng 16m hon

ny = N Po/6; = 2000.0,03/0,06 = 100.

Hon nira theo dinh ly 1, trong s6 cac phuong 4n thuoc tap S phuong an tét nhat la (0, —1).
Sur dung cac két qua néu trong dinh ly 3 va 4, lap mot chuong trinh may tinh, dé dang tim
duge mét phuong an tot nhat thuoe tap S’ 1a (25,0).
Vi (25,0) tot hon (0, —1) nén phuong 4n minimax can xac dinh 1a (25,0).

Vidu 2. Cho N = 1500, P, = 0,35, 6; = 0,05, & = 0.
Do 63 < Py nén theo dinh ly 2 chi can xét phwong an ¢é ¢& mau khong Ién hon

ny = (1= Po)N/(1 = 6;) = 0,65 x 1500 = 975.

Phuong an tot nhat thuée S® 1a (975,975).
Phwong 4n tot nhat thuée S’ 1a (50, 17). _
Vi (50,17) tét hon (975,975) nén phuong 4n minimax can tim 1a (50, 17).
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Abstract
On the problem of design of minimax - regret sampling plans for inspection

The purpose of this paper is to fnvestigatc the problem of designing minimax-regret attributes
sampling plans under the following assumptions:

- The production process in control with process average varies at random from lot to lot and
othing is known about this variation.

- Two decisions which will be considered regarding the remaider of lot are. acceptance and
rejection. ' ' ’

- The per item costs for inspection, acceptance and rejection are all linear functions of the
fraction defective in Iot. A

We study some properties of the optimal sampling plans. Tbesc; properties are used to devise an
improved and efficent algorithm for determination of such plans. Numerical examples are presented

to illustrate the potential computational savings of the algorﬂbm.



