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PHUONG PHAP CHIEU LAP GIAI PHUONG TRINH
TiCH PHAN KY Di FREDHOLM LOA! llI-

L& Xudn Quang

Vien Cong nghé thong tin
. Dat van de

Hang loat bai toan dan hoi, khuyéch tén, co hoc chat 1dng, chat khi v.v... dugc
dua vé phuong trinh tich phan ky di Fredholm loai 111 sau (xem [1], [2]):

1
Aet) = t'"‘.'r(f)+/ K(t,s)z(s)ds = y(t), (-1<t<1), (1)

-1

trong dé m € N, K(t,s) va y(1) 1a cdc ham cho trude thod man mét so dicu kién tron
nhat dinh sé dugce xac dinh sau, con (¢) 14 ham phai tim.

Trong nhung nam gan day da c6 nhieu nha toan hoc, co hoc va ky thuat quan
tam nghién ctru ])hu‘o‘ng\trinh (1) trong cac khong gian ham va cac I6p ham suy rong
khac nhau. Céc cong trinh [3], [1] da xay dung duge ly thuyét Noether cho phuong
trinh (1) con coéng trinh [9], [10], [11] da& nghién ciu cdc phuong phap gan ding
khac nhau cho phwong trimh (1) nhie: phwong phép noéi suy trung lap Lagrange,
phuong phap moment, phwong phap mien con. Tuy vay do tinh ky di bac cao cua
phuong trinh (1) nén cac phuong phap da uéu trén chuwa dip ding duge yéu cau
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thuc tien. Cy thé la cho toc dd hoi tu thap dan dén viée phai giai hé dai tuyvén bac
kha cao khi can d6 chinh xac can thiét cua nghi¢m.
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Muc dich cua bai bao nay la ap dung so do chiéu lap dé nang cao toc do hoi tu va

A . R I A v g < a7 , , N
m¢ rong dieu kién hoi ty nham khac phue nhuge diém cud cdc phuong phép trén.

2. Mét vai két qua bo tro.

* Bai bdo dirgc hodn thanh véi sir tai trg cud chirong trinh nghién ciru co ban vé khoa hoc tu nhién
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Ta ky hiéu C(m,0) la khéng gian tuyén tinh céc ham lién tuc trong khoang [-1.1]
va ¢6 dao ham Taylor 1} (0) bac m tai didm ¢ =0 (xem [12], [13]) v&i chuan

m-—1
||f||C'1m,0) = HNJL'HC"*‘ ZU{/}(O)L (2)
=0
trong d6
m-—1
(NFYD) = [f(h - ZF e, (3)

1=0
Ta ky hiéu F(t) = (Nf)(t) € ([—1,1] va hitu F(0) = liny_o F(t).
B dé 1 [11]:
Ham f(t) € Cn,0) khi va chi khi né ¢d thé bicu didn duge dudi dang

m-—1

f(ty. = "F Zam (1)

trong do6 F(t) = (NF)(t) con ap = FIFH0)/h1.
Bo dé 2 [11]:
Khong gian C(m,0) vdi chudn (2) la ddy did vi nh ling chudn tic trong C[—1,1].
Néu ky hiéu #, la khong gian cac da thive dai 6 bac < n thi dai lwgng xap xi 16t
nh&t cua ham f(1) e C(m.0) bang cac phan tir cud H, dirge dinh nghia nhu sau:

En(t) = Inf ”f - (IHHC(m 0).
yn€H,

Ba dé 3 [11]

Véi mot f(1) € C(m,0) va moi n > m trong H, ton tai da thice xdp v 16t nh(ff va
E?,,(f) = Eu_m(Nf), trong d6 E,_,, la vdp 0 dlu t6t nhit cud dat leong (N f)(1

Bay glo ta xét 1&p ham hai bién 0(t.s) € C[-1, 1] x C(m.0). Ham 6(¢,s) lién tuc thoo
ca hai bién t va s, ¢6 dao ham Taylor bac m theo bién ¢ tai s = 0.
Bo @é 4 [11]

Vo moi ham 0(t,s) € C[=1,1] x C(m.0) ré moi sé tw nhién n > m sé {on tai ham
¥(t.s.n) € C[-1.1] x C(m,0) la da thice theo biin t bic n thoa man de dinh gid sau:

( )l(()_ l[’)f s l <En 1(())) t,S E[—l,l],

G016 — )M (,0)] < (m = 1)1 _(0), k=0,m—1,

GiDINEO = )t ) < € _(0), &k =Tom,
m-—1 .
trong do ©},_(0) = EL_((h)+ S En_i(gi), h(t.s) = (NO(t,s) = 08, 0/it, i = Dn =T
t
con EL_y(h) la xdp ai déu tot nhit cia ham h(t,s) theo bién t bing cdc da thie bac
n—1. ’

Ry hiéu NF 6 nghia la todn tir dang (3) (N = N™) 4p dung cho bién s.
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Bay gio trén khong gian nen C(m.0) ching ta xay dung khong gian cac ham suy
rong V(m,0) nhu sau:
Ham (t) € Vi,n 0y khi va chikhi ¢6 dang:

m-1

2(t) = Z()+ Y k(PP (5)

k=1

trong d6 Z(t) € C[—1,1], 74 la cac hang s6 bat ky, con (F.P.)t=*=1 1a toan ti xdc dinh
ham suy réng trén C(m,0) theo quy tac:

o1
(F.Pt7 f) = F.P./lf(t)t"“dt, k=1m, (6)

con cac ky hiéu "F.P.” 1a thanh phan chinh cud tich phan Adam (xem [14]). Néu
ta dwa vao V(m,0) chuan:

m-—1

lellvimoy = 112l + Y lwl, (7)

k=0

thi V(m,0) trd thanh khéng gian Banach.

Dinh Iy 1 [8].Néu cdc hé 56 trong phwong trinh (1) thod mdn
' K(t,s) € C(m,0)([-1,1]%),
0(t,s) = (N:K)(t.s) € C[-1,1] x C(in,0),

1
/ (NUIR)(t,8)ds € C(m,0), j=T1,n.
-1
: I\'jj}(t,O) eC(m,0), j=1,m-1,
y(t) € C(m, 0) thi todn td A la twa Fredholm Ihd nghich dnh za V(m,0) — C(m,0).

3. Phuong phap chiéu lap véi phép chiéu ndi suy tring lap

Dé 4p dung so @6 chiéu lap (xem [17], [18]) cho phuong trinh (1) ching ta cin
tién hanh céc budc san: _ '

a - Xav dung khong glan \é/p KL\',, CN= \'(m,O)

b - Xay dung phep chiéu S = V(m,0) —

¢ - Ngién cuu tinh giai dwgc cua phu'(mg tunh Xap xi

d - Nghién ctru tinh héi tu cud so dé chiéu 13p

a - Trude hét ta xay dung khéng gian xap xIX —n cud V(m,0) nhu sau

m—1

Xo ZCN i ZCan “}, (8)

trong dé » la s6 tu nhién bat ky, ¢ la cac hing s6 bat ky. X, 1a khong gian con
n +m chieu cua khong gian X = V(m.0)
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Ta ky hicu

Fopmr) = inf jlr—ay|lx, 2€X (9)
FREA

thi ta ¢6 ho dé sau

Bode 5. Vaiwoi X, e XN dai lwgng rdp o 160 nhil thod man ddng thie

~

I:Vm-{—,z("') = /‘n—](Z)' (10)

a2 o, i LAt L ~ . - N \ e U A ~
lrong do Z dwce bicu dicn theo ¢y thice (3) con E,_y la xap a0 déuw bie n—1.
b - Nav dung toan tu chicn ndi suyv Lagrange suy rong P,.

Ta dinh nghia 2, la todn 1o clidu Vi 0) — X, theo quy tyac sau

(NP U = (N, j=1n (11)
(L) = e k=T =1
trong dé ¢; la he niat Chebysev loai [

ty = cos(2) — Da/(2n), j=1l,n

New ky hidu &, la todn tir chicu noi sny Lasrange ¢[-1,1] — H,_; (khong gian da
thive bac n—1) thi ta ¢d ket qua sau:
m—1

Pt ([ 0) = M (S N )10 43 P (0) /R (12)

k=U

Bay gio chiing ta dp dung so do chicu lip cho phuong trinh (1).
Tl phan tw o e X =1 (n,0) bat kv ta x4y dung phan ti gan ding % nhu sau:

2 = ) T Y k=102, (13)

. . S N , - o A N N k - .~ N
trong A6 toan tw 7' =1~ A ([ la todn tu dong nhat trong X) va Wi* € X, nghia la
k , K. L x Je
157 ¢é the bien dien duwdi dang

n—1 m—1
(ks Ak, kY i~ )
Wy = Y e YTl e (1)
J=0 j:()’

thoa man phuong trinh

P (I =TI = Pt (15)

n
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trong do
M) = ) =P+ T (). | (16)
Phuong trinh (15) ¢6 thé vict dudi dang
Pa MV, = Ppel®) (17)

Dinh ¥ 2. Gid st todn té A khd nghich, phwong trinh (10) ¢6 nghiém duy nhdt
trong X = V(m,0) vdi mot y(t) € C(m,0) cdc ham h(t,s) = (N6)(t,s), 0(t,s) = K(t,s)
(theo bicn t), gty =01 (,0) (1 =0, m =1) va (Ny)(t) thuéc l6p ham Dini-Lipschitz.
Khi d6 sé ton tai s6 tu nhién No > m dé ¥a > Ny phwong trin h (15) ¢6 nghiém duy
nhdt dong thoi ta ¢ ddnh gid

PR — 1) = {e]_1(0) + Eaoy(Ny)Inn}, (18)

trong do W1y = A1 (q),

Chirng minh. Ching ta xét cac phuong trinh ding va phwong trinh gan ding sau:
q 1 g & 1 & g

ARy = gy, (19)
LA = PAT ) = PeW ), (20)
Theo gia thiét cua ding I¥ va két qua cua dinh 1§ 1 thi phuong trin h (19) ¢6 nghiém
duy nhéat trong khéng gian .\, toan tir A kha nghich bi chin dnh xa X — Y = C(m, 0).
Nhu vay dé chirng minh phwong trinh (20) ¢6 nghiém duy nhat ta chi can chi ra
1'5 ng ANy (Ié Vn > No tlll
A= a4 < 1

[|Pact®) — )| — 0. n — .

Ta ky hiéu todn tw A= K + L trong dé LIV (1) = tm i (¢)

-1
NIV (1) :/ K(1,s)WE) (s)ds, (21)
-1

vai WP e X, 1a khong gian con cud X ¢ m +n chiéu.
Néu kv hiéu Y, = Hypn la khong gian cac da thie da so bac <m+n-1 thi 16
rang Y, C Y = C(m,0) vay phép chiéu noi suy Lagrange P, trong (20) la c6 nghia.
Mt khdc 1w ¢ X, — Lo = i) 1A da thode dai s6 nén P LIvEY = Lwd®). Do
vay v 11 e X, ta o
AW (1) — A, WE D)) = |F W) = P, KW ()]
< diEn 1 (N(KWW Y n < dy=t_(0)|[IVEF])x, (22)
a0 = [|An = ]| = O£}, _1(0)Inn). (23)
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Vi 6 1a 16p ham Dinni-Lipschitz theo dinh 1y Dresson thi el _(@)nn — 0 khi n — co.
Déi v6i vé phai ta dé dang danh gid dwoc

by = |ls*) = Pzl = O{ Ep_1(Ne®)inn}. (24)

Toan tu T bi chan va
eF) =y plk=1) 4 (k=11
Vay theo truy chimg dé dang suy ra dugc
O{En_1(Ne®lnn}y = O{E,(Ny)lnn}. (25)

Nhuw vay

NGt = DVE |y = O(zn + 62)IWEH) %, (26)

Tir (24) suy ra ton tai Ny >0 dé moi n > Ny 1|4 — Aulll 4t ly,—y < 1 va ddnh gid (18).
binh 1y dugce chirng minh.

HEé qua : Ngoai cac gia thiét cud dinh I¥ 2 néu K(t,s) (theo bién t), y(t) € C"[=1.1]

va K0 ") € i, (Ha la khong gian Holder v6i chi s6 0 < o < 1) thi ta ¢6 dénh gid

sau

inn
net+r

T —WwiPix, =0t—=), r=1.2,.. (27)

Heé qua dwge suy ra tir dinh Dresson va déng thire (13).
Dinh Iy 3. N€u ¢6 gid thi€t cud dinh 1j 2 thi 16n tai s6 4w nhién Ny > Ny d€ véi mot
n> Ny so do chi€u ldp (13)-(15) héi tu dony thoi ta ¢d ddnh gid sau
D0 x < gille@llx, 0<ga < 1, (28)
gn = |T(I — AAHY P2 x,s

trong dé «® lo xdp 2i diu tién con
() = y(t) — 2 * 1) + T,

Chitng minh. Theo gid thiét cua dinh Iy thi phuong trinh (1) ¢6 nghiém duy nhat,
A, A~! déu bi chdn nén tir (28) ¢6 thé suy ra ) — z* vdi tée dd luy thira ¢¢ (2* 1a
nghiém chinh xéc cud phong trinh (1)).

Ta cé

e+ x = () = 251 1) + Ta® ()] x

= [lu(t) — =(y(t) + T () + W) + Tly(t) + TEVED () + WE@O)|x
=||T(I = AA; Y Pe®()]lx < aalle™ ()|l x- (19)
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Theo truy chirng thi

e+ lx < anll P lix = aall=@)llx. (30)

A s . A 1 v N . . A ,o . ~
Bay gio ta chi can chi ra rang ton tai ¥, > 0 dé v&i moi n > Ny, ¢, < 1. Thyc vay
theo (28) ta ¢6

n SITIHN = AATH + I(AATY — AATTPa) (0)]x )
SNTULEA = AllllAZH = NAMAZ I = Pa)e®@)llx. (31)

Theo b6 dé 5 ||(I - P)e(1)]|x — 0 khi n — 0.

Theo dinh 1y 2 ||A — 4,|| — 0 khi n — oc va cac toan tu T, 4, A;!, A, bi chdn nén
an — 0 khi n — oc vay ton tal Ny sao cho vdi moin> Ny, 0< g, < 1.

Dinh Iy dugce chitng minh.

Nhan rét: Néu chon n cang 1dn thi ¢, cang nhd, phép lap hoi tu cang nhanh son
5 / > 1 g ; » pl1ep lap not iy o
’ I .1 ~ . . ’ R B . AN k N . [N ~ . <
ltc bay gior khong gian X, ¢6 chiéu lén va dé tim 1w thi phdi giai hé dai tuyén
’ g ’ A N . . N . N IR < o
I6n. Chién luge o day la phai tim A vira du dé ¢, < 1 sau dé tién hanh 13p.
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- Abstract

fir

Iterative-projection methods for solving the Fredholm singular integral equatlon of the
st kind

In this papcr the iteratire-projection method for solving the Fredholm singular in-

tegral equation of the first kind

1
Ax(t) = t"x(t) +/ Nt s)r{~)ds = y(t), —-1<t<1,

-1

where Kitos), y(t) are given functions of the space Cyf=1.1] and C[=1,1] x C%[-1,1],

[Aa

spectively.

The method is convergent with the rate of power.



