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MO RONG LGP CAC SO MERSENNE

Léu Dic Tan

Ban co yéu chinh phi

M¢& dau

Niim 1640 Mersenne xét 16p cac s6 ¢6 dang M, = 2" — 1 va dé ra gid thuyét rang:
Vi n < 257 thi M, 13 nguyeén t6 khi'va chi khin=2, 3, 5, 7, 31, 67, 127 va 257.

Gudng may xéc dinh nhan dinh trén va hon nira dé khdo sat mét 16p cdc s6 ¢6
dang M, = 2" — 1 v4i n nguyén t& bit dau hoat dong. Cac s6 May, Mz, Ms va M- da
dwge biét 1a nguyén t6 tir thoi Euclide. My ciing duge biét tir 1461 nhung khéong
xé4c dinh ré tac gid. Nam 1732, Euler da chi ra My 12 hop s6 va ndm 1750 chi ra Ma;
1a nguyén t6. Nhan dinh cila Mersenne dirng virng hon 200 ndm cho dén khi Lucas
chi ra ring M7 1a hop s6 vao ndm 1876. Cho dén 1914 gid dinh cia Mersenne méi
durge b6 xung thén. ()ng da sai trong 5 truwong hgp: Thiéu M, (do .M. Pervushin
chi ra 1883), Mse Myo7 (do R.E. Powers va E. Fauquenberg chi ra 1914). Va thira
Mgz, Mass. '

Trong qua trinh gidi bai toan trén cta Mersenne da hinh thanh 1én mét loai kiém
tra tinh nguyén t& cho cac s6 nguyén va dugc goi la thuit todn kiém tra tinh nguyeén
t6 kiéu-(V + 1) nhu sau:

Gid st ta bit dwoc khai trién N + 1 thanh tich cde thica sé nguyén té
va D la mot s6 sao cho J(D/N) = —1. Néu vdi méi wde nguyén té p cia
N +1, c¢6 mot day Lucas Uy vdi biét thice D sao cho N la wée cua Uny,
nhung khong la wde cia Uiy the N la nguyén (6.

Trong phét biéu trén, J(D/n) la ky hiéu Jacobi, con khai niém day Lucas duoc
dinh nghia & phan 0. Két qua tot nhat vé loai thuat toan nay cho bdi dinh ly sau
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Dinh Iy Lucas. Cho N = R2* — 1 véi R lé < 2* va 3 khong la wdc cua R va N. Khi dé
N nguyén té khi va chi khi Vinsrya =6 mod N.

Véi két qua trén khéng nhirng kiem tra tinh nguyén t6 cho cac s6 thude 16p cac
s6 Mersenne ma con kiém tra dugc cho mér s6 16p rong hon nhicu. Trong bai nay
ching toi s¢ m& rong hon nira tam hiéu luc <da thuat toan kiéu N + 1 ndi trén.

Bai bao nay nhim gidi quyét van dé xay dung co s& ly tlluyét cho mét thuat
toan ki€m tra tinh nguyén tS ki€u N +1 va tir d6 tim kién) nhanh céc s6 nguy én to
161 trong mot 1ép sé duoc ky hiéu la lop L.

Ta ¢6 thé xuat phat tir dinh 1y sau day.

Dinh Iy Lehmer ([17]). Cho N = RF — 1, (F.R) = 1. Néu {Un)} la ddy Lucas vdi
J(D/N) = —1 sao cho vdi moi wde nguyén té q cia F ta ¢6 Uy = 0 mod N va
(Untry2-N)=1 thi moi wde nguyén 6 p cva N déu ¢6 dang p=mF £ 1.

Tuy nhién viéc chi ra day I ucas thod mau diéu kién cud dinh ly khong phai dé
dang, do vav két qua kha quan nhit cé finh thuc hanh lién quan dén thuat toan
kitu N +1 chi dat dén két qua cua Luca- da néu & trén. Ching toi da tim ra mot
két qua (dinh Iy 3) twong tu nhu‘ng yéu hon l\ct luan cua Lehmer nhung dé bu lai
ching t6i da chi ra ¢é tinh kién thiét (diéu klen 7) 15p so cu thé (I6p LM) ma trén
dé viée viét chuong trinh kiém tra tinh nguyén té cic s6 thude 16p dé lai hét site
don gidn. Ngoai ra ching téi da chitng to diwgc viée tham gia cud tham s d trong
bude kiém tra tinh nguyén td kidu N +1 van con ¢6 hiéu lue (dinh 1y 4) do vay da
xay dung duge thudt toan NT ma ldp cde s6 kiém tra dwrge cud né 16n hon han 16p
cdc s6 kiém tra dugc cua thuit todn cua Lucas vé bac.

Noi dung cud bao gom cac phan sau:

Phan 0 nh&m gidi thiéu vé khai niém day Lucas va céc két qua lién quan dén viéc
chirng minh cac két qua & cdc phan sau.

Trong phan 1 chiing téi chirng minh thém mét s6 tinh chat khac cdn cho muc
dich vé sau.

Phan 2 bao gém cdc két qua chinh dé xay dung mét 16p s6 va mot thuat toan da
thire dé kiém tra tinh nguyén t& doi véi cac sé thude 1ép do.

Trong phan 3 ching téi dua ra két qua tinh toan thu dwoc khi thuce hién tim
kiém cac nguyén té bang thuat toan xay dung duge & phan trén.

0. Cac khai niém va két qua lién quan
0.1. Ky hiéu Legendre va ky hiéu Jacobt
Cho p nguyén t& va a la s6 nguyén té déi véi p, khi dé 0

L(a/p) = 1, néu c6 b sao cho a = b? mod p
= —1, trong truong hgp nguoc lai
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duge goi la ky hiéu Legendre cia a va p.

Dinh nghia 0.2. Cho m, n nguyén véin >3, (m.n)= 1. Néu n = pypy..p, Lrong dé p; la
cac nguyén té (khong nhat thiet khac nhau) ta goi /(m/n) = L(m/py)L(in/ps)...L(m/py)
la ky hieu Jacobi cia m va n.

Dinh ly 0.3 (luat binh phirong tuong hd). Cho cde sé nguyén Ié m,n vdi (m,n) = 1,
khi do _
J(m/n) = (=1)MAM-DN=D y(q fn),

Dinh Iy 0.4. Néu p la nguyén t6 I khi dé véi moi a ma (a,p) = 1 ta ¢6 J(afb) =
L(af) = amod p.

Céc két qua trén 6 thé tim trong [1].
Cac ket qua trén trudng z,(VD)

Cho p nguyén 16 khi d6 vanh dong du modulo p, k¥ hiéu 1a Z,, la trudng hiru han
p phan tir. Néu d la so sao cho p khong la widce cud D ta ky hiéu

Z,,(\/B) = {e+yVD| r.ye 2,)
va xay dung cac phép toan trén dé nhu sau:
Néw a; = 214 11V D Va an = 2o+ y2/D ta 201 tong a; va a» 1a phan tw ky hiéu a; + ay
xac dinh bai cong thic

cay+as = (ry + x)(yy +!I2)\/5-

va tich cia a; va a; la phfin tu ky hicu la ay.as = (z102 + y1y2D) + (21y2 +:l‘gy1)\/5

Két qua 0.5. Tap Z,(VD) v6i cac phép toan cong va nhan xay dung 6 trén la truong.
Hon nira néu J(D/p) = 1 thi Z,(vVD) = 2, con néu J(D/p) = -1 thi Z,(vVD) la trudong
md rong cud Z, v6i sé phan i la p.
Dinh Iy 0.6. ( Dinh ly Fermat trén Z,(VD). Vdia #0 va a € Z,(VD) ta cé

(a) a*~' =1 mod p khi (D/p) = 1,

(b) @ = a* mod khi (D/p) = -1

o diy a* =2 —yVD (v6i a =z +yVD) va goi ld lién hgp cud a.
Céc két qua trén cé thé tim trong [15] hay [17].
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0.3. Day Lucas
Cho phuong trinh véi hé s8 P, Q nguyén
M_PX+Q = 0. (1)
Gid st a va b 1a hai nghiém cia phuong trinh (1) véi m >0 ta l\y hiéu
= (@™ — b™)/(a = b) VA Vjp = a™ + b™. (2)

Dinh ngh{a 0.7. Day cdc s6 {Un}, {Vin} goi la day Lucas cua phuong trinh (1) vi
phuong trinh (1) goi la phuong trinh dac tru’ng cua day Lucas {U,}, {Vin} V&1 U,
Vin xac dinh & cong thire (2).,

Ta thay rang Ug =0, Uy =1, Vo =2, V; = P la cdc s nguyeén.
Cong thic 0.8. Véim>n>0taco

{ Um+n = U,V, - Q"Um——n (3)
V'm+n = ViuVa — Q" Vinn.
Truong hop n=1
{ Um+n = PUm - QUm—l (4)
Vm+n = PV — Q"o
Truong hgp m=n
{ U2r.nn = Unlm (5)
Vom = Vo —2Q™.
Truong hgp m=n+ 1.
— _Nnm-1
{ U2m—1 — Ume—l Q (6)
Vame1 = VpVimo1 — PQ™ L

Tinh chit 0.9. Cho day Lucas {Un} khi d6 néui la wée cud j thi U, la wde cud U;.
Tinh chit 0.10. Vi moi M >0 ta c¢o

Untt V] _ [P =Q]" [ty Wi
- Un Ve |~ |1 0 Uy VOf-
Tinh chat 0.11. Cho {Un} la diy Lucas cud phwong trinh X2 — PA+Q = 0 vdi biét
thite P? —4Q = 22D trong dé D khéng c6 thica sé chinh phwong. Khi d6 néu sé
nguyén 16 p khéng la wée cud D.Q th Up—s(p/py =0 mod p.
Diéu kién Riesel 0.12. Phwong trinh ddc trung A2 — PA+1 = 0 v6i biét thite P?—4 = 22D
trong d6 J(D/N) = -1 va D khéng cd thira sé chinh phwong, ¢é nghiém a = b2/r sao
cho
b*/r)yJ(r/N) = -1, (N

o day b* la lién hop cud b dwoc goi la thod man di€u kién Riesel 467 vdi N.
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Dinh ly 0.13 (xem [17]) Cho N = R2*~' — 1 véi R I¢ R<2F va {Vy,} la day Lucas cud
phwong trink thod man di€u kién Riesel d6i vdi N. Khi d6 2 diéu kién sau la twong
duong:

(a) N nguyén 6

(b) Ving1yja =0 mod N.

1. Cac két qua ly thuyét
1.1. Bé rung vé tinh chit cud day Lucas

Tir tinh chit 0.11 ta ¢6 quyén dinh nghia nhr sau:
Dinh nghid 1.1. Ta goi gid tri d = ming,so{U,, =0 mod p} véi p nguyén t6 khong la
uée cud D. Q la bac cud {U,,} d6i véi p, & day {Un} 12 diy Lucas cud phuong trinh
dac trung A2 - PA 4+ Q.

Ta c6 tinh chat sau day.
Tinh chat 1.2. Néu d la bic cuo {(Un} d6i v6ip va néu Un =0 mod p thid lé wéc «ud
m.

Chitng minh. Gia s

m=qgd+r voi0<r<d. (8)
Truong hop g=2t—1 (tr. 1)
Un = Uiagp(t=1)d4r
=UaViem1yd4r — QU-VItry, . (9)

Tir dinh nghia 1 ta ¢é p la wéc cud U/; ma d la wéc cua td nén theo tinh chit 0.9 ta
c6 Uy la wdc cud Uy nén p la wéce cua Uy mat khéc p 1a wée cud
Up == Uth(f—l)(H-r - Q“_l)dJrrUd—r,

do dé ta c6 p la wdc cua Q=14+ U, . ma p khong 1a uwdc cud @ vay p la udc cud
Ugr.

Do d la bé nhat nén d<d—-r hay r=0.
Truong hop ¢ = 2t

Ré rang ta chi can xét véit > 1 va nhu vay m=qd+7r = 2td+r = (t+ 1)d+(t— D)d+r
0€n Um = Uigr)ati—1)a4r theo cong thire 0.8 (3] thy

Usnyasi-vyder = UpsnyaVi-nyasr — QU
Lap luan nhuw truong hgp trén ta ¢ Uss—r = mod p. Nhu vay lai tu cong thie 0.8
[3] ta co
0 mod p=Usi—r = Usya—r = UsVa—r - Qd_rUr

cho nén U, = 0 mod p ma d bé nhat vi theo [8] thi r < d cho nén r = 0. Tém lai ta
déu c6 m = ¢d hay d la wdc cud m.
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1.2. K¢t qua chinh
Dinh Iy 1.3. Cho N = R2"—1 vdi R le. Cho {Vin} la day Lucas cua phwong trinh ddc
trung
M—PA+1=0 (10)

thod man di€u kién Rie~el d6i véi N. Khi dé ta cé
(a) Néu N nguyén té thi Vingryya =0 mod V.
(b) Néu Vins1ya = 0 mod N the moi wde nguyén 6 p cud N déu c¢d dang p = s2¥-1£1.

Chirng minh. Truéc hét do hé sé Q cua phuong trinh dic trung bang 1 nén ta
¢6 tich hai nghiém cua phuong trinh (10) bang 1 viy néu a la nghiém cud phirong
trinh (10) thi a* ciing 1a nghiém va do dé bang lien hop cud a.

Chung minh (a)

"/(N+1,/.1 = a(:\""l’l)l‘:l +a—(N+l)/4
= a—(N+1‘)/4(a(,-'\-'+1)/2 +1) mi a— b?/r nén
= g (NFD/A(pN+LY UIN=1/2 4 )

= am VDAY )N D2 ),

do N nguyén t6 theo cdc dinh 1y 0.6 ta ¢ bY = b* mod N (vé6i b* la lién hop cuad b)
va theo dinh 1y 0.4 ta ¢6 /¥-1/2 = j(r/N) mod N vay

Viverys = @ SHB00 rI(e/N) 4 1)

tir dieu kién Ricsel ta ¢6 bb/prN=1/2 = _1 nén bb*/rrN=1/2 4 1 = 0 hay Vinyiye =
0 mod N. :

Chirng minh (b)
Tir Vix41y74 =0 mod N theo lap luan trén ta ¢
bb* [y N-1/2 = _1 mod N. (11)
Mat khéde theo cong thire 0.8 [5] ta ¢d
Uixsrz = UgvenyaVinenya =0 mod N (12)
Theo dinh nghia cua day Lucas ta 6
Unsiya = (a(N+1)/4 _ a—(N+1)/4)/(a _ a—l)‘

Lap luan nhu phan trén thi

U(]\’+l)/4 = a_(N+l)/4(bb"‘/rr(N"l)/g___l)/(a_a—l) = (a(N+1)/4_a_(N+1)/4)/(a_a_l) mod N,
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tir N 1é nén (=2, N) =1 con aN+1/* va a—a~! 12 cée phan tit ¢é nguge trong Zy (VD)
nén ta cé

Un+1ya # 0 modulo N. (13) '
Néu p 1a wée nguyén t& cua N thi tir cac he rhice (12) va (13) ta 6
| Unsy2 = 0mod 9 (14)
Unt1ya £ 0 modulo p. (15)
Nhu vy néu d la bac cud U, déi véi p tir (14) va (N + 1)/4 = R2¥-2 vay 21 13

wde cud d. Lai theo dinh 1y 0.11 ta ¢6 U,_r(p/py = 0 mod p theo tinh chdt 2 thi d la
udc cud p— L(D/p) do dé 25-! ciing la wéc cud p— L(D/P) va ta c6 ngay

p = 211 L(D/p) = s2F 1+ 1.
1.3. Cdc thia s6 dang M2F £ 1

Dinh 1y 1.3 da cho chiing ta nhiéu hon mét diéu kién ¢an cho mét s6 1a nguyén
t6. D& dat duoc thuat todn can thiét ching ta chitng minh dinh 1y sau day

Dinh ly 1.4. Cho N = A¢> + Bg—1 vdiq chdn. 0< B < g, A>1. Khi d6 cdc diéu kién
sau la twong dwong: '

(a)
N = (zqg+ 1) (yg—1)voti z, y>1 (16)

(b) tén tai d thod mam dy < d < dy vdi d; = (-B — A+ 1)din(g — 1) con dy = 0 néu
A—B—1<0 vad bing (A-B—1)div(g+1) néu A—B—1>0 [17] sao cho (B+dq)®+4(A—d)
chinh phwong [18].

Ching minh. (a) = (b). Tu N = (z¢g+ 1)(ug—1) = zyi* +(y—z)g—1 ta c6 B =
(y—z)mod ¢ va A = zy+ (y— x)div ¢. Dat d = (y — z)div ¢ ta cO6 y—z = B+ dq va
yr=A—d. Vay

(B+dg)? +4(A—d) = (y+2)%

tirc (18) dugc thoa man.
Truong hop d >0 thi B +dg >0 vay

1< min (r,y) = 0.5(\/(B + dg)? + 4(A — d) — (B + dq))
ta co
(B+dg)* +4(A-d) > (B+dg+2)?
4(A—d) = 4(B+dg)+4
- A-B-1 d{g + 1) hay
d (A=B—-1)div(g+1)

A

IA
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Trudng hop d< 0 thi B+dg<0 vay
1< min (z,y) = 05(/(B+ dg)? + 1(A - d) + (B + dg))
ta gé
(B4+dg)’ +4(A—-d) > (2—-(B+dg)?
4(A—d) = 4—4(B +dg)

di¢g—1) < ~4A-B+1 hay
d < (-A- B+ ldiv(g +1).

Két hop hai trudng hop trén ta cé (17) dugc thod man.

(b) = (a). Tir d thoa man (18) (B + dg)? + 4(A - d) = C? khéue giam tdng qnat
gia st € > 0."ta dit = = 0.5(C — (B + dg)) va y = 0.5(C + (B +dg)) khi d6 r6 rang te 6
r, y>0va

(xg+1)(yd—1) = zyg® + (y—2)g -1
= = 0.25(C* = (B + dg)*)q* + 0.5(2(B + dq))q — 1
=0.25(1(A —d))¢® + Bg+d® — 1.
=A¢? + Bg—1
= N.

Mat khéc tir diéu kién (17)
(-B-—A+1)div(¢g—1) < d <(A-B-1)div (¢ + 1)

ta co néud<0thiy<zrva

y = min(e,y) = = 0.5(/(B + dq)? + 4(A — d) + (B + dg))
ma
d >(—A-B+1)div (g—1)
dlg—1) > ~A+B+1
_ 4A—d) > 4—4(B+dg)
(B+dg)* +(A—d) > (2—(B+dyg))*
V(B +dg)2 +4(A—d)+ (B +dq) > 2,

\

do d6 z,y > 1. Truong hop d > 0 ta ciing ¢é lap luan tuong ty va nhu vay dinh ly
da dugc chimg minh.

Dén day ta ciung rit ra mot két qua cudi cing nhu sau:
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Dinh Iy 1.5. Cho

(i) N = A2%* + B2* ~1, vdik > 2, 2||B va 0 < B< 2% .

(ii) {Vin} la diy Lucaes cud phwong trinh X* ~PA+1=0 thoa man diéu kién Riesel
déi vdi N.

Khi do cde dicu kién sau la twong dwong:

(a) N nguyén té.

(b) N thod man cdc diéu kién sau:

(%) Voxsays =0 mod

(**) Néu A > 0 thi véi moi d thod man dy < d < dy vdidy = (~B—A+1)div (2—1) con
dy =0 n€u A—B—1<0 va bing (A-B—1)div (2" +1) néu ngwoc lai 1hi (B+dq)?+4(A—d)
khong chinh phwong.

Ching minh. (a) = (b).

Néu N nguyén t6 tir dinh 1y 3 ta cé (*) thod mén, gid su(**+ khéng thod man
thi tir dinh 1¥ 4 thi N phai la hop s6. Didu vo Iy trén dan dén (**) phai dugc thod
man.

(b) = (a). Tir gid thiét diéu kién Riesel thod man clng véi cac diéu kién (*)
nén gia thiét cua dinh Iy 3 dugce thoa man nén ta c6 moi wéc nguyén té cud N va

do d6 moi wéc cud N déu c6 dang 2% + 1. Nhu vay néu N 1a hop s8 thi N = UV véi

U=s2¥+1, V =25 (£)l vdi s, 8’ > 1, lai theo dinh 1y 4 ta c¢é d thoa man d;, < d < d,
sao cho (B + d2¥) + 4(A — d) chinh phwong, dicu ndy mau thuan véi diéu kién (*) va
do d6 dinh ly da dugce ching minh.

Thuat toan kiém tra tinh nguyén to kiéu N + 1
2.1. Thuat lodn.

Dinh 1y 1.5 trén la co s6 thuat toan sau.

Thudt todn NT. D& kiém tra tinh nguyén t6 cud s6 N ta tién hanh qua céc budc
sau:

Bude 1: Biéu dién N = 422% + B2 — 1, v6i 2||B, 0 < B < 2*.

Budc 2: Tim phuong trinh trong diéu kién (ii) cua dinh ly 5.

Budce 3: Kiem tra diéu kién Vin41y4 = omod N.

(*) Néu sai két ludn N 14 hgp s6, dung chwong trinh

(*) Nguoce lai ki€ém tra diéu kién 4 = 0.

+ Néu ding két ludn N 12 nguyén t8, dung chuong trinh.

+ Ngugc lai sang budce 4.

Budce 4: Lan luot kiém tra tinh chinh phuong cua S(d) = (B’ + d2F — 1)2 + 4(A’ —d)
v6i d 1an lwgt tiv dy dén dy véi dy,ds nhu trong dinh 1y 1.5.

* Néu diing v6i mot d ndo d6 thi két ludn N 13 hop 8, ding chuong trinh.

* Nguoc lai két ludn N 1a nguyén t6, ding chwong trinh.

<)
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Nhan xét: \e nguyén tdc thi thuat toin néu & trén ¢6 thé kiém tra tinh nguyen
t6 cho mot so l1é ma véi né ton tal phuong trinh thod man Riesel. Ching toi sé chi
ra cac 16p s6 ma véi ching viée tim phn‘o‘ng trinh thod man diéu kién nay cé the
bang cach tra, bang (diéu kién ) tuy nhidn tinh da thirc cud né van khong dat dwge
do buse 4. & day ching t6i s¢ dua ra mét 16p s6 cy thé ma trén dé thuat toan NT
dung ki€m tra tinh nguyén té cac so thuge lop dé sé dat tinh da thie.

2.2. Viéc han ché lp s
Dé thuit toan NT c6 thé thue hién trong thoi gian da thire ta bude phai han ché
déi tugng dau vio, viéc han ché cu thé duwge trinh bay sau day.

D5i véi khé khin giy ra béi bude 2 ta chi xét 16p cée <6 ma véi ching viée tim
phuong trinh dac trung thoa man diéu kién Riesel ¢6 thé thay ngay. Sau dav sé
dlra ra vai I6p s6 ma véi ching t6i can théng qua mét kiém tra don gian ta cé 1hé
tim diwrgc phuong trinh thod man diéu kién Riesel hing cach tra bang.

Diéu kién (*). Cho N ¢6 J(D/N) = —1. Khi dé phwong trinh dic trung A2— PA+1=0
thod man dieu kién Riesel c6 the t1m dugc qua bang sau

Bang 2: 1é s6 va nghiém cud phwong trinh thod méan diéu kién Riesel

nghiém phirong trinh b

D { T
3 4 243 1+ V3 2
5 3 - 05(3+ V5 L+ V6 4
11 22 10 + 3/11 3+ V11 2
13 11 11 + 313 3+ V13 4
17 66 33 + 8V17 1+ V17 1
19 340 170 + 3919 13 + 3v19 2
29 27 0.5(27 + V29) 54 V29 4

Tat nhién ta ¢ the lam ting s6 lwong cua bang trén bang cach do tim nhung &
day cling ndy sinh van dé ma bai bao ndy chua gidi quyet duge dé la:

Liéu ¢6 hay khong phwong trinh thod min diéu kién Ricsel déi vdi sé N cho
trudge?

Tuy nhién, ta c6 thé ta cé the suy ra duge két qud sau:

Dinh nghia 2.1. LM = {N 1& ton tai a € [3;5:11;13;17; 19:29] sao cho J(a/N) = —1 va
R < c'k? véi N = R2* — 1}. :

Tw do ta co: -
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Dinh Iy 2.2. Thudt todn NT la thudl todn kiém tra nhanh tinh nguyén té cdc sé lop
LM.

Phan 3. Danh gia vé thuat toan ~7.3 va I6p s6 L.

Hoan toan twong tu nhu & muc 3 chwong trude ta cing thu dirge cic két luan
sau: '

3.1. Ddnh gid vé lép kicin tra duoc

Theo dinh 1y Lucas ta thay ring 16p kiém tra dugc cud thuit toan NT la rong
hon rat nhiéu. Néu nhu trong dinh 1y Lucas yéu cau d&i véi N phdi la < 2% thi &
thuit toan 6, N tham chi c6 thé > 23% v6i N = R2¥ — 1, R 1&. Day la budc tién kha
16n vé mit phat huy kha ning cud cic thuit toan ki€u N +1. Sau day ta sé phan
tich cu thé mét 16p con cua Idp cdc s6 kiém tra dwoce cud thuat todn NT.

Ky hiéu:

Ms = {N =12m—5|m lé}
va
Ms(k) = {N =R2"—1| Rlé k >2va (-1))R = —1mod 3}

ta dé dang nhan dugc cac két qua sau:
Két qua 3.1. {M3(k)}, k > 2 la phan hoach cua Ms.
Két qua 3.2. Hai phan ti ké nhau trong Mas(k) cich nhau la 6.2%.

Ky hiéu LMs = {N € LAf| J(3/N) = -1}, ta 6 két qud sau:
Két qua 3.3. Cho trudc s6 ¢ > 0 khi d6 s6 cac s6 N thude 16p LMs khong qud z(N < z)
la O(z*/3).
3.2. Théi gian tinh cud thudt todin NT

Ngudi ta da chi ra ring thoi gian tinh cua thd tuc tim s8 Lucas thit v 1a O(m?)
va xdc dinh tinh chinh phuwong cud sd M ¢é thoi gian tinh 12 O(m3) véi m = logM.
Trong thudt todn NT ta chi cAn mét lan tim s§ Lucas thit (N + 1)/4 va dai véi
N € LM thi ta can khong qua C lan xéac dinh tinh chinh phuong cud S(d). Do vav
ta co

Dinh Iy 3.4. Thudt todn NT thuc hién trén lop LM co thm gian tmh la O(n), o day
n=logN, vdi N la dau vao.

3.3. Nét qud thuwe hanh

Chiing t6i da thé hién thuit toan trén trong mét bé chwong trinh viét béng ngon
ngir TUBO-PASCAL, cic két qua thu dugc khi chay chuong trinh nhu sau:
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+ Da tim trong 95 1&p céc s8 LMy(k), k=13..96 va thay ring

* Luan ton tai s6 nguyén to trong cac lp dé.

* Cé 21 1dp ngay s6 thi nhat 1a nguyén to.

* C6 55 16p ¢6 s6 nguyén to troug 9 sé dau cud I6p

* Va lp 6 s6 nguyén (& dau ticn xa nhat 1a 16p L Ys(51), né 1a s6 thir 70 cud 16p.

Bang 3. S6 thi" tu cud s nguyén t6 dau tién cua cac 16p LMs(k)
vGi k tu 3 cho dén 95.

k¢t k t k t k t k t k t

3 1 191 355 51 70 67 8 83 16
4 1 203 36 3 52 11 68 30 84 15
5 1 212 37 6 53 32 69 10 8 31
6 3 2211 382 541 70 3 86 51
T 11233 395 559 71 13 87 33
8 1 24 14 40 18 56 54 72 1 8R 24
9 2 25 11 41 4 57 10 73 16 89 1

101 262 429 58 13 74 19 90 18
115 27 21 43 11 39 20 75 5 91 21
121 2811 44 6 60 3 76 5 92 40
131 292 452 61 1 77 10 93 49
41 307 46 4 629 78 8 94 11
159 311 47 6 63 11 79 13 95 9

16 3 321 481 64 13 80 19

171 336 49 4 65 12 81 9

18 1 34 21 50 2 66 16 82 24

+ Da kiém tra 817 s ngdu nhién > 100 chir s6 thap phéan trong 16p LM; va thu
duge

* 10 s6 nguyén té.

* Trong d6 ¢6 131 hop s6 dugc phat hién bdi viée kiém tra Vins1)/4 = 0mod N.

* Khéng ¢6 hop s6 nao bi phét hién bdi loc chf_nh phuong.

+ Da kiém tra 306 mau s ngau nhién ¢ ding 151 chir s& thap phan trong 16p
LM va thu dugc

* 2 56 nguyén to.

* trong dé ¢ 33 hop s& dwoc phat hién bai viée kiém tra V(n+1)/4 = 0modN.

": khéng ¢6 hop s6 nao thod man Vin+1y/4 = 0modN nhung bi phat hién bdi loc
chinh phuong.
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+ Da kiém tra 783 s6 ngau nhién c6 300 chir s6 thap phan trong 16p LM va thu
dugc

* 2 56 nguyén té. _

* trong dé ¢ 83 hop s6 dwoc phat hién bai viec kiém tra V(N+1)/4= modN.

* khéng ¢4 hgp s nao thod min Viy41)4 = 0modN nhung bi phat hién bdi loc
chinh phuong.

Két luan

Mic di cac két qud thu duge vé thuat todn ki€u N + 1 ciing nhu cic s§ kiém tra

dugce (16p LM) cué ching t6i dwra ra trong bai bdo nay van con bi han ché rat nhiéu
nhung du sao v6i cac két qud thn duge tir thye hanh ching ta hy vong nhirng két
qua trén sé cung cap cho ching ta mot khd ning tao 1ap nhanh kho sé nguyén t8
16n.
Loi cam on. Cac két qud trén da dirge trinh biy tai cdc xé mi na cua Vién toan hoc
~ va cua bo mén Toan hoc Vién ky thudt quin sy. Téc gia xin chan thanh cdm on
cic thanh vién tham gia vé nhirng ¥ kién nhan xét quy bau gitip cho tic gid hoan
thién cdc két quéa dat dwoc.
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Abstract

Extension of class of Mersenn's numbers

In this paper we investigate a class of nature numbers denoted by LM which prop-

erly includes the class of Mersenn ones. For this class, we propose an algorithm:
for testing primality. The algorithm works in polynomial time according to input
belonging to LM .

The problem tliat whether or not LM contains infinitely-many primes, even under

the generalized Riemann hypothesis is open one.



