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Ham san xuat mdt mirc véi nhip @6 ting ning suat

t6i han phu thuéc moi nhan td san xuat

Té Cam Td
Vien Quy Hoach & Thiét Ké Nong Nghiép
Bo Nong Nghiep

I. M& dau

Cho t6i nay xuat hién nhiéu phuong phap xay dung ham san xuat (HSX), nhu
dya trén co s& cdc tién dé 6 dién vé ham san xuat (xem [2, 3, 4]), hodc st dung
phuong trinh vi phan véi dé co dan thay thé khong déi (DCDTTKD) [3,5]: Mot s
tac gia da st dung cac ham san xuit vdi d6 thay thé co gian bién déi (DCDTTBD)
(xem (1, 6, 7, 8]).

Gan day véi khéi niém nhip do ting ning xuat t&i han (NDTNSTH) duge dua
N N . ~ . -~ ~ . . 9 , .« A A N
vao cho ham san xuat cliing mot so dinh 1y co ban (xem [9]) ta cé tiéu chuan dé
~ N A qen At , A ’ . Y . ~ ’ ’. ’ ’
trén co s& bo so liéu dé ¢ thé xac dinh rang ham sdn xuat twong ing véi né ¢
A .s ~ A Ao g Ale A’ , ] . 3 A v v A
d6 co gian thay thé khong déi hay bién déi. Biéu thire cia nhip do ting ning xuat
tdi han trong mdt nén san xuat nao dé con cho biét hiwéng dau tur (md rong san
o K]  a 5 4. p . . A K . - A
xuat) dé dat hi¢u qua kinh té cao. Trong [9] da xay dyng cac ham sdn xuat véi do
co gian thay thé khong doi va 6; =0, i,j=1Tn, i #j.

Trong bai nay ching toi trinh bay cdac ham san xuat véi DPCDTTKD ma §;; =
6ji(z1; 22, ...,zn) trong do r;(j = T,n) la cac nhan to san xuat.

2. Dinh nghia va Dinh Iy

. k] ~ A ’ se a2 .~ r'e ~ Ade N ’e .
Ham san xuat mot mirc véi do co gian thay thé khéng doi va véi nhip hon hgp
v % ~ e X A . A A ~ N N ~
tang nang xuat gidi han da bién (phu thudc moi nhan t6 san xuat) 1a ham sdn xuat:
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y= f(xlyzzy ﬂ-;xn)

thda man: . .
bii ¥ o, = b | (1)
6]'.’ = 61’.’(1:1, Zo, ....‘L',,) (2)

H

v6i moi i,j = 1,7, i # j, trong d6:
la NDTNSTH don

0%y

6= 2% 13 NDTNSTH hén hop
Ly
Jz;

o = const. 13 do co dan thay thé cic nhan t3.
Phwong trinh (1) trong dinh nghia chinh la dinh 1y co bdn trong [9] cho ham san
xuat véi d§ co dan thay thé khéng d6i con (2) chi ra sy phu thudc da bién cda §;.

Bs dé; Trong moi ham sdn zudt mét mize vdi DCDTT khong déi NDTNSTH hon
hap thda man hé phwong trink sau:

E T 66 66' . .
e LR X
61:; - 0-51' (3)

vdimoti,j=1,n, i #j:

Chitng minh. D3t p; = & va c6 dinh véi moi zi, k=Tn, k#,j thi

1 dp;
% = o s (@)

Liy tich phan (4) theo z; ta dugc )

dp;
/6j;d1:j +In¢; = /f— = lnp;,

hay: ,
pi = cjezp/6j;d1:j (5)
trong do ¢; khong phu thuéc vao ;.
Néu ¢; phu thudc vio z; thi lay dao ham (5) theo z; ta cé:
Py _ op:

06;; o
— T — . - . paoe® LIp7 IO bjidz;
522 = Gg, = (0cj/0z; +¢c; / 7z, dx,)ef ’
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Tir do s o5
¢ ji
==L Ry Ny
” "/01, (‘j 61',- 61‘,’ JJ
Do d6 (1) trd thanh
1 (’)cj ()6], 1
— L dz = b;;.
Cj a.t,' + 6 + 6,] j 4

Lai lay -dao ham phuong trinh cudi cung theo r; ta dwoc phuong trinh (3).
Néu ¢; khong phai la ham cua z,. thi g—;f =0 va ta c6 ngay két qua khi lay dao
ham phuwong trinh cudi cung theo r;.

Ngugc lai, ldy tich phan (3) theo z; ta duwgc

06;

I T
6]: = Oz, ——dr; + ¢, R
trong do ¢; khong phu thudc vao z;.
Ro rang la
.04;;
. d.l’, = 6j;.

Jx;

Tir d6 suy ra rang ¢; = ¢;(x;) va dic biét tir dinh nghia rit ra e; = 1/62; doi véi ham
san xuat véi do co dan thay thé khong doi. Bo dé duge ching minh.
1

Cheng minh cdch khde: LR
Lay dao ham (1) theo r; v6i chi ¥ radang ¢ la hang s6 ta duwgc

35]',; d 1 06;; 3y dy
ar; (’).t,-( i + o.cj) ax; 01';?'0.13/(')1'] 8350
Mt khéc theo dinh nghia NDTNSTH hén hop ta ¢6
%; _ 8 Oy By, ) s
Ar; — Orj Ox;0x, (91'1 31 Or fh'j v

Tir d6 ta it ra phuwong trlinh can tim.
Ménh @& 1: Nhip dé hon hop ting sudt tdi han cud ham sdn rudat moét mirc y =
f(x1,2a,..2p) Vo1 do co dan thay thé khong doi thod man

r; 4

=), (6)

trong do aj; khong phdi la ham cud x; va z; vdi moii,j=Tn; i#j.
Chitng minh. Phuong trinh (6) la dwong uhién, vi mét mit theo dinh nghia cia
6,‘,‘ va 6,‘]‘ ta Cé
;i _ 3’ Y 3!! 9y
& (?.r 0:1:, )/((h /62 dr; /61: ) = 61:,- ox;’
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Mit khéac theo dinh nghia chuan thay thé

Oy 8y _  dx;

sz 0.’8,’ o dl']
va v1 theo [9]

d.’L‘,' Tiyd

= —an(Z)

trong d6 aj; 13 hing 56, ta cé ngay (6).

Tuy nhién & day ta chirng minh mét cac khic d€ thay ro aji 1a hing s6 d6i véi
nhirng bién nao. :

Tu (5) ta co

) y= Cjef byidz, dr; + K;, B)

trong d6 ¢; khong phu thuéc vao z; va K; khong phu thudc vao .
Hai lan lay dao ham (5)’ theo z; ta dugc

9 _ [ [oyudeys o OKi
7z, = /cJe oj;dz; + 9z, . (7)
:’ 1
v . a&, PRGLY :
22 /c e 84 G t T ®)
J J
Mat khac, tir (1) suy ra
Jdy -1 "
ar. . i fé]'d g (9)
7
hay .
o = 3% sl bes (10)
trong d6 a; khong phy thudc vao z;,
62y — . = f’;-‘“’: .. L
0x;?' = L€ (8 — 51«']')' - (1D

So sanh (7) véi (9) va (8) véi (11) ta duge hé phuong trinh

djide; 61\’ bjid
cje f Tigs ,(l;l?j + -aT] =a;z; f ’71
2
f6J'dIJ 6 66], d ) 6 1\ — ’ f&,,d:, 6 -
/ce . ( +61)‘r+82 alz ( (71:])
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Lay dao ham hé phuong trinh cudi cung (chi y ring K; khéng phu thudc vao ;)
theo z; ta dugc

Jda; 0é;;
CJ(SJ.—JJ (al:-rn- 31 dr;). (12)
) 96 00 36 1 D6
Cj(6ji+"0—" J / J dIJ)(J,—;; aj 0‘:‘] (13)
Chia (13) cho (12), véi chi v ring 6;; # 0 va do bo dé ta dugc

i f’ﬂj,' ()6_,, 6u, i
— i - : 11
“ji Ol'j ().l, /( nJ ‘“) mr; . ( )

Ta chirng minh rang o; = constant, tivc la khong phu thudc vao bat cir bién nao.
Thye vay, gia st nguge lai o; la ham cia nhang bien khac véi r;. Khi dé6 tir (10)
ta dugc
3 - 2 &
ﬁ"i - .[‘51"111 [A. ()y “J]

ax '(?.I',' i).!.‘j !

H.l‘,‘ J

Nhirng biéu thirc trong ngodc bang 0 (theo dinh ng.,lna cia nhlp d6 hon ho’p tang
ning suat gigi han), vi vay %—l =0 mau thuan véi gia thiét réng a; la ham cia ;.
Do dé, theo bo dé ta ¢é

o Dsiydoy 106
g G toatn) = oA
va phuong trinh (14) bay gis co d ang
6 .
L0 1ok 1 (15)
6]',' 01.']' 8z E):,- or;
Phuong trinh nay cho nghiem -
' i _ .t
E = CJ'.L'J y
trong do ¢; khong phu thudc z;.
Tuong tu, tir phuong trinh
108 194 1
b Or;  b;; Ox; or;
ta dugc
& -4
o= -,
jt

trong do ¢; khong phu thudc vao z;.
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\ N » . ~ £ ~ ) N . V N N \
Toan bo chirng mlnh trén da’in dén van dé 13 ¢; 14 ham cla z; va ¢; 1a ham cia z;,
ma chinh 13 ¢j = Bjz? O ﬂ,x trong do B; va B; hoan toan khong phu thuéc vao «;
va z;. Thuc vay, gid su

SOV | (16)

Dua ding thirc nay vé dang 16 - ga rit va 14y dao ham két qua thu duogc theo Ij,
ta dugc ‘

Gidn, B 0n, ~ any
Tir d6 hién nhién ring hé thirc cAn tim va (16) chi khac nhau mét hing sd.

Ménh dé 1, vé nguyen tic, ¢6 thé dwoc st dung dé xay du’ng moi ham san xuat
v4i d6 co dan thay thé khong d6i, nhung d6 14 mot cong cu rat phire tap. Vi xdy
~ ta sé tién hanh bing con duong khéic (kém tong quat hon), va (5) khi dé c6 thé
duge dung d€ kiém tra tinh chinh xac cda him san xuit véi dé co dan thay thé
khéng doi da dugc xay dung.

Ki hiéu 63"], &% lan lu‘o’t 14 nhip d6 don va hén hop ting ning suat téi han cia
ham y = f(zy, .. z,,) va 61, 8); la cac nhip d6 twong (ing cua ham Y, trong dé Y la
ham s6 cda y, ta ¢4 ménh dé sau:

Ménh @é 2. Ham tron cia ham 'sdn rudt mét mitc vdi dg co dan thay thé khong d6%
la ham vdi cung dé co din thay thé khong doi né.

Chitng minh. Gia st y 1a ham bat ky cla z,.z,,...,2z, VA Y = F(y) la ham lién tuc va
hai lan kha vi lién tuc cia y. Khi dé tir -
O v oy Y _ PV 0y dv oY
6.‘6, ~ dy 0z;’ 3:ch T dy? ‘Oz; dy O;tf’
9*Y . d*Y 9y dy  dY 0%

Oz;0x; — dy? Oz; Ox; + dy 0x;0x;’

ta dugc
8, _6yyygy +6Y, 6% _6yYy;y + 6%,
| trong do
' , i d?y /d_y_
T d(:')

Y Y _ <Y Y

8jj = b = &j; = &ij.
Vi vy néu y la ham sin xuit mét mirc véi d6 co dan thay thé khéng d6i; tic la
néu : 1

Yy — 2 &Y =

it o THi=0
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thi .
1 ’ ‘, )' —
theo dinh nghia Y = F(y) cing la ham san xuat mot mic v6i dd co dan thay thé
khong doi o. D6 1a diéu phai chimg minh.
3. Mét vai vi du

Sit dung dinh ly 2 ma cac ham co ban y = f(x},...t,) la cac ham san xuat co dan
thay thé khéng doi va nhip do hén hop ting ning suat t&i han bang khéng (9).

n

o 2=1 a
y = Z(\j———xj" neu l<e < oo
£ c—1
j=1
n
y = Zojln.rj neu o = 1(r; > Incu a; > 0)
i=t
n
v = ) aI neu o= x
1=1 ) .
q y = min (ry, ra,...ry) neu o =0

’ N A N “ . A e a ~ ~ ' A ade N
ta c6 thé xay dung hang loat ham san xuat véi do co dan thay thé khong doi va
nhip d§ tang ndng suat tGi han la ham cua cdc bien ry, rs, ..xp.

N N ~ . x N ~ Y >

Ham san xuat ¥ = a¥, «= constant. De dang thay rang

g=1

" -2 _r ° LY
(,Z,=."”-"1 , hew 0<o<x, o#l

in " rja 2
Y = a n:=' L neu o =1
LI v
azl=' " neu o= >x
amin (ry.r2,..75,) "é'u oc=0.

il

Trong dang nay ta ¢6 nhan xét sau
1. Néu a = ¢ thi ta dugc ham Cobb - Douglas

n

Y = H.lfj’,
=1 )
khi o =1. .

2. Khéc véi trudng hop nhip dé ting hon hop ning suat téi han bing khong,
trong ham sin xuit dang nay &;; = f;(z;). llon nira, ¢ c6 thé 14y moi gia tri hing
s6 tir 0 dén co. o

3. Riéng véi truong hgp 6 =0 ham s6 van ¢6 nhip dé hén hop ting ning suat tdi
han bang khéng. '
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Ham san xuat dang Y = by®; a,b = constant.
1. V6io<é<oo, 6#1,taco

n o T .
[ 2=Ll.q e e
j=1 t
Véi a > 0 thi day 13 ham CES quen biét, va la ham thuin nhat bac =lg.
-Néua= 2o thiy tuyén tinh thuan nhé’t
- Ham m& roéng quy, mé san xuat gidm néu a < 2= va tang voi a > %;.

..VO’! a<0th Y 1a ham ty lé nghich véi y. . . ,

th vao (17) ta thay rang Y khéng 4m véi moi gid tri cla a, néu b>0 va a; >0
néu o > 1, a; < 0 néu o < 1. Dao ham bac nhat khéng am khi a > 0 (néu o > 1) va
khi a < 0 (néu ¢ < 1). Dac ham bac hai 3°Y/d«? khong dwong khi

og~1
o

0" C\’JI] 1
=1 < :
S agar . (0= Da—1)
Dic biét bat déng thitc cudi cing luan luan thda man néu a < -2,
2. Véio=1,tacod
Y = b[Zaj lnxj]a. (18)
ij=1

Dé dang thay réng véi cling mirc d6 m& réng qui mé san xuat thi hoan tra (return)

ctia nén san xuat xac dinh b&i ham (18) thap hon cda nén kinh té xac dinh bang ham

(17). Ham nay thda man moi tién dé clia ham sdn xuat néu >0, a; >0, 0<a < 1.
3. Véi o = o thi ham

Y = b[Z(lj.’l'j]a '
j=1

la ham sdn xuat néu >0, 0; >0, 0<a< 1.
Ham san xuéit dang logarit Y =Iny.
Néu dit . )

(19)

Y

i n o 0_;_1
Y = ln[Zaja—__l~(xj+aj) ],
i=1
trong d6 ay,...a, 12 nhirng ham s6 khong am bat ky, thda man
= o 2=
2o nt =h
=1

véi a; >0, j = T,m thi (19) la ham san xuit khéng thudn nhat.
Mot cach twong tu ta xét cho cac dang ma ¢ =1, ¢ = >, va o = 0 (Léontiev).
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Han sdn xuat dang Logistic ¥ = e ey
Nhu da biét, trong [9,10] xem réng su ting trudng trong cac nén kinh té dang
phét trién ¢é thé nghién ctu dwoge néu dung ham san xuat 16m - 16i. Néu xem ning
suat ciy trong la ham cia lwgng phan bén céc loai duwge st dung cho mét cong
thirc canh tdc ndo dé thi ta luan cé

t

v = £(0,0,...,0) >0,

trong do y = f(z1,22,...,2,) la nang xuat , va z; la lugng phan bén loai j. Ham nay
trong mét mién nhat dinh nao d6 ¢é thé xem nhu tuan theo luat logistic (16m - 16i)
V.V... SRR n
Dé nghién ciru cac (]a,n!g'phét trién trén cé thé dung luat logistic.
D€ lam vi du chiing téi xét ham san xudt véi 0 < o < co, o # 1. Khi d6 ta c6
Y = ¢ — (20)
1+ cexp(— Z;:I a5 )

Ham (20) 1a ham sdn xuit néu a >0, fo=a/(1+c), ¢>0 (hodc —1 < ¢ < 0) hodc vdi
a<0thi —so <c<—1va a; >0 néu a>0, ¢>0 hodc a <0, ~c0o<e< -1, aj<0néu
a>0, —1<c<0véimoi j=1,n. '

Tém lai, nhd ménh dé 2 ta ¢6 thé xay dung hang loat ham sdn xuit véi do co
din thay thé khéng d6i.

Tai liéu tham khio.
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Abstract

The one level - production functions with the rates of limit productivity’s growth of
several vanables. '

By using of rates of limit productivity’s growth

g Ly 0y
ST 01’j6.l',' 61,'1"

iij=1.n

in this work, the following fundamental theorems for one-level production functions
with constant elasticity of substitution are proved:
a.

Oy _ 04y
a.’l,'i - (‘)1,']'1
b. 5
% _ i (ZNY/E
.6,'j aﬂ(lj) )

With these sentences the building of all such functions is possible. However, for the
construction of almost all such functions we have a simple theorem:

The smooth function of one-level production function with constant elasticity of
substitution is the function with the same constant of elasticity of substitution.



