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Summary. In the present note, we investigate the existence of Bayesian estimate for the variance component
o2 in a nonlinear statistical model and the problem of finding an approach to this Bayesian estimate.

I. MO DAU

Viéc khdo sét cac mé hinh théng ké tuyén ti’nh&ve‘x phi tuyén d3 thu duoc nhiing
két qud khd quan (xem [1,2,3]). Bing tiéu chuan rée luong t61 wu theo nghii Bayes ,
trong [5], [6] 43 dwa ra mot hudng ti€p can d8i véi bai toan wéc lugng t3i wu trong md
hinh phi tuyén. Dic biét, trong [6] 44 ching minh sy tdn tai cda wéc lugng Baues d4i
véi tham &n va d3 dwa ra mot x4p xi cho wéc lwong d4.

Tiép tuc theo huéng trén, bai nay sé khdo sit sy ton tai wéc lwong t5i uu Bayes d3i

véi phuong sai trong mé hinh phi tuyén va mét cach x4p xi wéc luong dy.

~ II. VE SU TON TAI UGC LUQNG BAYES CUA
PHUONG SAI TRONG MO HINH PHI TUYEN

Truée hét, ta dua ra vai ki hidu:
R", R? cac khong gian O'colit n-chidu va p - chiéu.
B., B, - cic o - dai s8 Borel trén R™ va RP.

K - bao déng cda tap K.

Xét mb hinh théng ké c6 dang sau
X= p(a) + €, (1)

trong d46:
X - véc to quan tric ngau nhién cé gia tri trong R™.,
€ - véc to sai ngiu nhién cé tri trong R",
¢ - tham &n &inh vi chua biét, cin wéc luong, § € ©,
© - tip compact thude R,
© - ham phi tuyén cho truwéc, ¢ : © — R™.
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Véi nhiing gid thiét nhu trén, trong [5], [6] da ching minh su t6 tai wéc lugng Bayes
cia tham &n dinh vi 6 € © ¢ R?. Hom nita, trong [6] 33 dwa ra mét phuong phap x4p
x{ wéc lugng Baues cho § € ©® ¢ R' (trudng hop d¥c biét khi p=1). Tuy nhiéh, dasi véi
viéc khdo sit mé hinh (1), néu chi wéc lwong tham &n dinh vi § € © nhu trén thi chua
dd. Thoéng thudng, ngudi ta con cin phdi wéc lugng phuong sai. Dé lam diéu nay, ta

can dua thém mot sd dinh nghia sau.

Xét mé hinh (1). Ki hiéu Ee va De la ky vong va ma tran hiép hiép phuong sai cda
véc to sai ngau nhién e cé tri trong R™.

Gid st Ee = 0. Ta xét van dé wéc lugng De. Thong thudng ngudi ta khéng cin
wéc lugng toan bd ma tran hiép phuong sai De ma chi cin wéc lugng mdt bo phén cda

ma tran d6. Vi viy, ching t5i d& xuét gia thidt De = ¥(o?), trong do:

o?: la thanh phin phuong sai chua biét, c3n wéc lugng, o2 € R = [0, +o0)
¥ 13 ham phi tuyén cho truéc, ¢ : Rt — M(n x n), 13 tip hop tit cd cidc ma tran

x4c dinh khong am cép n.

Nh& lai réng, trong trudng hop mé hinh tuyén ti’nh, tic 1a khi p(6) = A.9, ta cd
X =Ab+e, (1)

trong d6 A 12 ma tran thiét k& cip n x p va ¢ 1a tham &n thudc khong gian tuyén tinh RP
(hoic thudc mét khéng gian tuyén tinh con cda RP). khi &6 ngudi ta thudng giad thiét:
Ee =0, De=02%G, véi 0% € [0,+00) va G la ma trdn xac dinh khdng 4m c8p n x n, tirc 13
G € M(n x n). Mb hinh dang (1°) da dwoc khdo sat chi tiét trong [1] va céc tai lidu khéac
tén goi thong dung la mo hinh Gauss-Markov.

Nhu vdy, md hinh (1’) 1a tgudng hop dic biét cda mé hinh (1), 13 t8ng quat hos gia
thiét vé phuong sai trong mo hinh (1).

Trong bai ndy, ta s& tim modt wéc luong t3i wu cho thanh phin phuong sai o2.

Dinh nghid 1.1. Anh xa h: (R",B,) — (R, 8, goi 13 uéc lugng cda thanh phin phuong sai
0% €[0,400) C R*, néu h la ham Borel do dugc.

Ki hiéu 4 13 d6 do o-hitu han trén khong gian do duoc (R, 8,).

Tuong tu nhu trong [6], ki hiéu B(R"™, R") la tap hop tat cd cic wéc lugng bi chin
va L®(u, R') 13 tdp hop t4t cd cdc udc luong bi chdn c8t yéu( bi chin hau hét) ddi véi
a6 do u.

Mot @b do xic suat v trén khong gian tham (R, B(R')) dwoc goi 1a phan phdi xéc

suit tién nghiém cda thanh phan phuong sai 0? € Rt. Ta ciing ¢ cic ding nghia tuong
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tw vé ham ton thit, hAm mao hiém va wéc luong Bayes nhu trong [6]. Hon nita, ta cé

hai dinh ly sau vé su ton tai uwéc lugng Bayes cda phuong sai.

Dinh 1y 2.1. Cho K Cc B(R™, R!) la mét 16p u6c lugng cda thanh phin phuong saio? € Rt c R!
thda cdc diéu kién
(i) h(z) > 0, Vz € R*, Vh € K.

(ii) Ve > 0 3 phan hodch hitu han {E;}™, C R va cdc diém z; € E;, i = 1,...,m sao cho

i
£

supzeg;|h(z) — h(zi)| <&, Vhe K, Vi =1,...,m,
(iii) ton tai C > 0 sao cho
|L(y,0?) - L(y',0®)| < Cly = ¢/, Vy,y' € R, Yo® € RY.

Khi d6 K 1 tip campact tuwong ddi trong B(R™, R') va trong 16p uéc lugng K ton tai udc lugng
Bayes.

Chiéng minh. Xét 4nh xa ®: B(R™, R!) — R™, dugc xdc dinh bdi
@(h) = (h(z1), .. h(2m)).
Theo diéu kién (i), ton tai C’ sao cho
= |®(h)|lrm = mazi<i<m-|h(z:)| < C', Vh € K.

Nén ®(K) bi chin trong R™, do d6 sé hoan toan bi chin trong R™. Suy ra ton tai s qua

ciu B(tJ-,e), j=1,...,s sao cho
®(K) c Uj_,B(t;,¢), t; € R™.
Do dé,
|h(z:) —tji] < e, Vi=1,..,m. (2)
Hon nira, véi mbi quéd ciu B(t,,¢), ton tai hj € K sao cho
(hy) € Bltj,e).
Suy ra,

(hi(zi) — tjsl < e, Vi=1,..,m. (3)



56 UNG NGOC QUANG

Tir (2) va (3), ta duwoc
IhJ'(I,') - tJ"'I < 2, Vi = 1,...,m.
M3t khac, vi h, h; € K, nén theo didu kién (ii), ta cé

sup.ep,|h(z) — hz;|<e, Vi=1,..,m.
supzeg,|hj(z) ~ hyzi| <€, Vi=1,..,m.

T (4), (5), (6) ta cé
supsek, |h(z) — hjz| < 4¢, Vi =1,...,m.

Suy ra

supzepn |h(z) — hjz| < 4e.

Diéu nay cé nghia

va K la hoan toan bi chin. Do d6 K la compact tuong d3i.

Tiép theo, ta ching minh ring
h(z) 20, Vz € R*, Vhe K.
That vay, 14y bdy ky, h € K. Ta c6 diy (k) € K sao cho
lhm = hllp(r~,rt) — 0, khim — co.

Suy ra
Thm(z) — h(z)| = 0, khim — oo.

Vi b (2)" = h(z) VA hyn(z) > 0, Vm € N, do d6 ta duoc

h(z) 2 0, Vz € R".

Cudi clng, ta xét phiém ham ¥: B(R",R') — R, duoc xac dinh bdi

v = [ [ Li(a),0%) for edldaly(ao?).

Liy bat ky h € B(R", R*) va cho day (h,,) din v& h theo nghia:

”hm - h“B(Rn'Rl) — 0, khl m — O0.

(4)

(5)
(6)
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Khi &y, ta thiy
|\I’(hm) - ‘I’(h)l < / : / L(h(I), 0'2) - L(h(x),0'2),fa, (z)y(dx)u(daz)
R+ JR»
< C/;z+ /};n ”hm - h"B(R",Rl)fa(z)ﬂ(dz)u(dg-z)

= "hm - h"B(R",Rl) — 0, khl m — CO

Nhé réng, f,3(z) = Qo2 (dz)/u(dz), trong d6 Q,» 1a phan phdi x4c sudt cé didu kién chinh
qui va la ham mat d5. Nén ¥ lién tuc trén B(R"™, R') va do d6 trén tap compact K. Suy

ra ton tai h € K sao cho
Y(h) =inf, .z ¥(h).

Vay h 1a wéc lwong Bayes phdi tim va dinh 1y chimg minh xong.

Dinh ly 2.2. Cho K 1a tip cic udc lugng cda thanh phg; phuong sai 02 € Rt C R!, thda cdc
diéu kién
(i) h(z) 2 O(mod u), Yh € K.
(ii) Ve > 0, 3 phan ho¥ch hitu han {E;}™, C R™ vi cdc diém z; € E;, i = 1,...,m sao cho
(2) 3C': |h{z;)| < C', Vi=1,...,m, VhE K.
(b) Vh € K, 3B € B,,, u(B) =0 sao cho

sup.eg\B |h(z) - h(z, |<e Vi=1,.
(iii) ton tai C > 0 sao cho
© |L(y,0®) = L(y',0®)| 2 Cly - ¢', ¥y,y' € R!, Vo € R*.

Khi &y, K 13 compact tuong déi trong L (u, R') va trong Iép u6c lugng K ton tai wéc lugng
Bayes

Chirng minh. Xét 4nh xa ®: L (u, R') - R™, dugc xac dinh bdi
®(h) = (h(z1), ..., h(zm)).
Béng 1ap luén nhu trong dinh ly 2.1, ta thdy
|h(z:) = hj(z:)| < 2¢, Vi=1,...,m. (M
Hon nita, vi h € K, nén theo diéu kién (b), ton tai tip B’ € B,, u(B') =0:

supzeg,\B|h(z) — hzi| <e, Vi=1,.,m. (8)
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Twong tu, vi h; € K, nén ta cé6 B" € 8,, u(B") =0 sao cho
supzeE'.\Bulh,-(x) - hJ'I,'I < g, Vi = 1,..,m. - (9)
bit B = B'U B" ta c6 u(B) = 0. Do d6, tir (7), (8), (9), ta duoc,

supzep\p|h(z) — hjz| < 4e, Vi=1,...,m.
/

Vi R* = U™ | E;, suy ra

supzern\glh(z) — hjz| < 4e.

Ditu ndy cé nghia 1a K hoan toan bi chin. Do d6 K 1a compact tuwong déi.

Tiép theo, ta ching minh réng
h(z) > O(modyu), YhK.
Bing 14p luin nhu trong dinh Iy 2.1, ta thiy c6 diy (k,, c K sao cho
|hm(z) — h(z)] — 0, khim — oo

va hpy,(z) > O(modu), Vm € N, Ta 33t
A={z€R": |hn(z)— h(z)| > 0, m — oo}
By ={z€ R": hny(z) >0}
B={z€R": h,(z) >0, Vme N}

= NmeN Bm.
Dé thiy,
AmBc {z€ R": h(z) >0}.
Do &4,
#({h(z) 2 0F°) = p(4°) + u(B°) = 0.
Vay,

h(z) > O(modu), Yh € K.

v Y
B

Cu8i ciing, xét phiém ham ¥ : L= (4, R') dugc xéc dinh béi
(k) = / / L(k(), 0%) f,1 (z)(do?).
R+ JRn

Dé thdy, ¥ lién tuc trén tdp compact K, do d6 trén K ton tai wéc luong Bayes va dinh

ly ching minh xong.
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II. VE MOT XAP XI UOC LUQNG BAYES
CUA THANH PHAN PHUONG SAI

Xét trudmg hop X 1a bién s8 ngiu nhién, téc 13 n = 1. Gid sir tép tri cda X 13 déng
va bi chin, ki hiéu I. nhu trong [6], ta ki hiéu B(I) 13 tip t4t c4 cic wéc lwong bi chin
cda tham s3 phuong sai o2 € [0, +00). Ki hiéu C(I) 13 ho t4t ca cic ham xéac dinh lién tuc
trén I. 13 rang, B(I), C(I) la cic khéng gian Banach va C(I) c B(I). Khi &y ta cé dinh

ly sau day vé x4p xi wéc lugng Bayes trong lép wéc lugng compact K ¢ B(I).

Dinh 1y 8.8. Goi K 1d mét 16p uéc lugng cda thanh phin phuong sai 02 € Rt  R' thda man
cdc diéu kién cdadinh Iy 2.1. Gid st hih mdt d§ f,2(z) bi chin déu. Khi dé xdy dung dugc mét

da thitc xap x{ wéc lugng Bayes thujc K. -

Chitng minh. Vi K thda mén c4c diéu kién cda dinh ly 2.1, nén trong K ton tai wéc luong

Bayes h € K. Ta sé tim cach x4p xi k bing mdt da thic. Trudc hét, tdn tai C' sao cho
|fo2 (z)| < C', Vz €I, .Vaz € [0, +o0).
Tiép theo, ldy bat ki h € K. Lic d6 tdn tai C” > 0 sao cho
h(z)| < C", Vs e 1.

Hon nira, Ve > 0 cho truéc, theo dinh ly Lusin (xem [4]), ton tai hmh lién tuc g € C(I) sao
cho .
[
wl{zel: hz) # 9(2)}) < ;5man
trong d6 u 1a d6 do Lebesgue, con C duwoc xdc dinh nhu trong dinh 1y 2.1. Ti€p theo, d&t
A={zel: h(z)+# g(z)}.
Lic d6 ta cé
W) - ¥l < [ [ 1L0k(e),0%) = Llale), o) fon ()ueolae?
= [ [ clhta) - stallgos @uteaiviae®) + [ [ Clhia) - o)l cdulezlulae?)
r+ Ja r+ JrR1\4

ce'e”
= _/}'2+ /A Clh(z) - g(z)|f,2 (z)p(dz)v(do?) < 2400—'(]: - _25_

M3t khac, v6i € > 0 nhu trén, theo dinh ly xdp xi Weierstrass, ton tai mét da thic

Po(e).a(z), béc n(e), hé s8 a = (ao,a1,...,a,) € R**!, thudc C(I) sao cho

g
- ”g— Pn(s),aHC(” < W
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Do &6,

€
19(0) = ¥(Patara < [ [ Clla= Pueallown for(hutdaviao®) < £.

Suy ra,
<
2
Theo xiy dung trén, ta cé da thic P,().. bic n(e), hé s8 a € RM*!, Ta s€ c§ dinh

= €.

€
|\I,(h) - W(Pn(t)va.)l < 5 +

n(e) = n. Do dinh nghid cia phiém ham ¥, ta thdy ¥(P,(,),) chi phu thudc vao hé sd
a € R**!. Tic la véi mdi a € R**? tdn tai duy nhit 1 con s8 ¥(Pu(),.). Diéu nay cé
nghii, ton tai 1 ham s6 nhiéu bién F: R"*' — R', duoc xéc dinh bdi F(a) = ¥(Pp(e),a)-
Chi y rdng véi mdi h € K va e > 0 cho truéc, ton tai ‘1 s n = n(h,e). Va do d6 ton tai
khéong gian R**!. Suy ra véi moi k' € K, h' # h, sé ton tai 1 khong gian R* *! khac. Céc
s6 n, n' déu la cac s6 hitu han thudc N. Tuy nhién ho t4t cd cic n nhu trén cé thé khéng
bi chin. Do @6 ham nhiéu bién F nhu trén cé thé tré thanh mét phiém ham xéic dinh
trén khong gian vé6 han chieu R*. Tuy nhién, d€ gidi bai todn xip xi, ta cé thé ldy mot
s8 n(e) dd 1én va coi F 1a ham nhigu bién x4c dinh trén cing mét khdng gian R™)+1"v3
thda man diéu kién F(a) = ¥(P,.q)-
Tiép theo, dit
Ao ={a€ R™1: [U(h) - F(a)] < e}
Ac = U, g Aan-
Gi4 st F thda min cac dieu kién dat cuc ti€u trén A,. Khi d6 ton tai a* € A, sao cho
F(a*)=1infsea, F(a).

Goi h 13 wéc lugng Bayes thudc K, tirc 13 ¥(h) = inf, .z ¥(h). V&i h nay sé ton tai da thic
P, ., hé s8 @€ R"*! sao cho

|F(a) - W(h)| < e. (10)

Do d6 ¢ € A,. Suy ra

F(a*) - F(a) < 0. (11)

v
»

Mit khéc, ta c6 dong thoi
F(a)-¥(h)<e

V(h*) - F(a*) < e.
Suy ra

F(a) — F(a*) > —3e. (12)
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Tir (11) va (12) ta cé
{|F(a) — F(a")| < 3e. (13)

Tur (10) va (13) ta duoc
|F(a*)¥(h)] < 4e.

Tir céc hé s8 a* € R**1, ta xay dung da thic Py, bic n, hé s3 a*. Véi da thic P, .-
nay, theo dinh nghii cia ham F, ta ¢c6 ¥(P, ) = F(a*). Diéu nay cé nghia, thiét lap duoc

mét da thic cuc tiéu P, , sao cho

Y(h) — U(Par)| < de.

Nhu vy, ta c6 thé 14y da thirc cyc ti€u P, .. d€ x4p xi uwéc lugng Bayes h € K va dinh

ly dwge chirng minh.

IV. UNG DUNG

Trong bai [6], ta da tim dwoc mdt x&p xI cho uéc lugng Bayes cda tham s§ dinh vi
8§ € © c R! trong mé hinh phi tuyén (1). trong muc III cia bai nay, ta da tim duoc mot
xz{p xi Bayes cia thanh phin phuong sai 2 € © cho mét trudng hop cu thé. Trude hét,
ta s gid ring phan phdi xac suat cé ditu kién chinh quy Qo 13 phan phdi déu véi ham
m‘{zt d6 c6 dang
fo(a:)=%1(0<a:<€), 0<z<1,0<0<1,
trong 46

1, néuze€ (0,6)

H0<z<b)= { 0, néuz ¢ (0,0)

Nhic lai réng, ta luin gid st, z € [0,1] va © = [0,1]. Hon nita, ta ciing gia st ring phan

phdi xdc sudt tién nghiém r cling 1a phin phdi déu va c6 ham mat 46 dang
t(6)=1,0<6<1.
Gid sir ham t3n thit c6 dang -

L(h(z),6) = (h(z) - 6)*.
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Khi &y him mao hiém cla da thic P,. véi phan phdi tién nghiém r c6 dang
¥(Po) = [ [ CLPu(a).0) 1 @uldn)r(@0)
_ /; 1 /0 ' L(Pr.a(2),0) fo(2)¢(0)dzdt
= /1 /I(Pn,a(::) - ﬂ)zfo(z)dzdg
/ / Za.z - 0)2 dzdf

1=0

/ /[(Za' ')2+92~202a. =]5 L dzds.

1=0
St dung d&ng thic

n n n .
(Z a;z*)? = Z Z a;a;z' s,

i=0 =0 53=0
Lic d6 ta cé . ' S e
1 g n n ' n 1
= gt ! 462 — )=
V(Pp.a) /(; /(: (ZZa,a,z z’ + 0 202(1,:5 )gdzdﬁ. _
1=07=0 i=0
Tich phan tirng tu ta duoc
0|+J+1)
/ ZZa,a,zz’dz—Zy aq ,
1=0 5=0 i=07=0 7'+J+ )

n_ glit1)

/292(1, ‘dz—2€z:a, (71

Do &4,

n

1
ntl)_ZZiJ +]+1)2 ‘—Zgaim-

1=0 5=0

Viy ham mao hi€m trd thanh ham sd nhiéu bién, phu thudc vao hé s6 a € R*+1 :

1
F(ao, ’an)_zz ‘J(+]+1)2 22 (z+1l(t+2)

1=057=0

D&i véi ham F nay ta c6 thé st dung cach tim cuc ti€u dia phuong cda him s§ nhidu
bién dé tim a* € R"**! sao cho tai diém 4y ham F dat cuc tidu.

Trong trudng hop F 1a ham s8 hai bién (tdc 1d 1 =0,1) ta cé

1, 1 1 1
—aj+ -apa; —ag— zay + ;.

F(ao,a1) = af + Gal + 3 3 3
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Bing tinh todn cu thé, ta thiy

7 by
;%F‘:’i—ﬂ’,’oalgg>0vaFf3=2>0

a ) . , . . ,
nén F(ao, a;) dat cuc ti€u tai af = 12, a* = 12, Do d6 da thirc cuc tidu cé dan
: ] Al a9 = 14y 7 ] ang

i

Da thdc nay chinh 13 mét x&4p xi wéc luong Bayes h € K cda tham s8 dinh vi 6 € © =
[0,1] ¢ R! trong mé hinh phi tuyén (1).
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