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PIEU KHIEN BEN VUNG TOI UU BINH
PHUONG VOI PHAN HOI DAU RA

CHU VAN HY

Vién cong nghé thong tin

Summary. This paper presents the quadratic control ot output feedback systems with uncertain parameters
by using a parameter optimization technique. An algorithm for the numerical solutions is available. The
case where we know only the statistical properties of initial states is also considered.

1. MO DAU .

Di¢u khién bén viing (Robust Control) dang la vin d& dugc tip trung nghién ctu.
Trong d6 didu khién phadn hdi d3u ra duoc 4p dung rong rai trong thuc té. Béi vi :ii‘éu
khién t8i uu theo cic phuong phip théng thudng nhu nguyén ly cuc dai, quy hoz_mh dong
doi hdi phdn hdi cda tat cd cac bién trang thdi. Nhung trong thuc té, nhit 1a & cac hé
théng bac cao, rat nhiéu trang thai khong do dwgc do ching khdng phdi 14 cic dai lvong
vat 1y:, hodc thi€éu phuong phép do cé hiéu qud (vé mit kinh té cling nhu ky thuit).
Ap dung céc phuong phap uéc luong trang théai, nhue bd quan sdt Luenberger, bd loc
Kalmann - cho hé théng véi théng s8 bt dinh hién con thu duoc it két qud (1], [2]. Nén
mot sG tac gid chd y dén hu’ong gidi quyét khic: st dung digu khi€n phdn hdi d3u ra [3],
[4], [5], vi hBu hét cic du ra 1 do duoc. Théng thudng sé du ra la it hon s8 trang thai,
do d6 sé c¢6 mot sb trang thai khéng duoc phdn hoi lai 36 diéu khién hé thdng., va ta
khéng thé 4p dung céc phuong phap cia L.S. Pontriagin va R. Bellman (Z.V. Rekasius
1967, T. Yahagi 1973). Mot s8 k¥ thuat t3i wu hoa théng s8 méi duge phat trién.

Trong bai ndy, ching tdi mé réng phuong phap cda T. Yahagi trong [6] d€ 4p dung
cho hé thng véi théng s bat dinh. Ta thiy: 4nh hudng cda bat dinh théng s5 dén ma
tran khuyéch dai K duogc phdn anh bdng cic s8 hang P(S, L), U(S, K), V(L, K) trong 151
gidi t8i uu (19), (26), (30). Bdi vi ma tran K phu thudc vdo trang thai ban diu z(0)
(Rekasius 1967, Levive, Athans, Man, Dabke 1970, Loh 1989), nén ta xét hai trudmg hop:
£(0) duoc biét chinh xac, hoc chi biét dic trung théng ké cda né. Mbt s& trudng hop

mé rong khéc cling duoc dé cap.
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II. PHUONG PHAP GIAI

Xét hé thdng tuyén tinh véi bit dinh théng s3 trong ma tran ddng luc va ma tran

d3iu vao

z(t) = A(q)=z(t) + Bu(t), ' (1)
y(t) = Cx(t), (2)
b
trong 46 =z(t) € R™ 13 véc to trang thai; u(t) € R" 13 véc to didu khién; y(t) € R™ 14 véc
to ddu ra mé réng: gébm cic dau ra vd mdt sS trang thai - 14 nhitng dai luong do duoc,

ding lam phdn hdi. A(q), B(q), C 1A cic ma tran cé kich thuéc tuong dng

Alg) = 4o+ D _aidi, (3)
B(q) = Bo + Z%’E- (4)

Véc to théng s§ bat dinh ¢ bién d8i trong mién khép kin giéi han Q c R?
a1 < ¢ <b, a; <0, b;,20,:=1,2,..,p- (5)
Ta cin tim didu khién

u(t) = Ky(t) (6)

dé dwa hé thdng tir trang thai z(0) tr& vé trang thdi z(co) = 0, sao cho cyc ti€u hoa ham

(e

gia
J = Supgeq /0 (1) Qa(r) + a(r) Ru(r)]dr, (7)

~ trong &6 céc ma trin trong cin chon: Q = Q' >0, R=R' > 0.
Twong tu nhu cac trudng hop cac hé théng t3i wu binh phuong véi phdn hdi trang

thai, ta c6 thé xét ham gid tong quan hon
J = Supseq / [2'(7)Qz(7) + u(r)Ru(r)]dr. (8)
t
Theo (6) va (2) ta cé

J = Supgeq /Ooo[:c'(‘r)(Q + C'K'KC)z(r)]dr. (9)
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Gia thiét c6 thé bi€u dién ham gi4 nhur sau

J = Sup,eq z'(t)Sz(t), (10)
trong 36 S =S5'>01la ma tréﬁ hing cin tim. D& thanh l3p quan hé gitta cic ma trdn S

véi céc thong s8 cda hé thdng, ta 1dy dao ham theo thdi gian hai vé cda (10) va thé (1),

(2), (6) ta dugc
dJ/dt Supgealz' (t)Sz(t) + 2'(t)S=z(t)]

Supqeni(i)[A(q) + B(q)KC)'S + S(A(q) + B(g) K Claz(t).

M3t khéc, tir (9) cé thé nhin thiy
dJ/dt = Supseal—2(t)(Q + C'K' RK C)x(t)].
Do @6 suy ra diéu kién
Supgenz'(t)[(A(g) + B(g)KC)'S + S(A(q) + B(9)KC) + Q + C'K'RKCz(t) = 0 (11)

b&i vi (11) c@n thod man cho trang thai ban d3u z(t) bat ky, nén ta c6 phuong trinh rang

budc ma tran
F = Supgeq [(Alg) + B(q)KC)'S + S(A(q) + B(¢)KC) + Q + C'K'RKC] =0  (12)

& day ta ki hiéu F 13 gi4 tri 16n nhit cia [(A(q) + B(9)KC)'S + S(A(q) + B(9)KC) + Q +
C'K'RKC] cho g €  theo nghia

2()[(A(a) + B KCY'S + 5(4(g) + B KC) + Q + C'K'RKCla(t) < 2/(1) Fx(0);
Vz(t), Vg€ Q. (13)

A e 3 R - . ~ A N 7 A 3 A .
Vay bai todn diéu khién t8i uu trén day 13 twong duong véi viéc tim ma tran K cuc tiéu

hoé ham gid

J = Supseaz'(0)Sz(0) (14)

~——

¥

véi rang budc ding thic (12). Béng cdch dwa vao ma trin cic nhan t& Lagrange ddi

xtng L (do F d8i xtimg), ta chuyén vé gidi bai toén cuc ti€u hod ham H khéng rang budc ¢

H = Supeeas'(0)S2(0) + ) Y Li;Fij = Supeeatr|z’(0)Sz(0) + D Y " Ly F;

i=1j5=1 i=1j5=1

= tr[Supeenz'(0)Sz(0)] + tr[LF] = tr[Supeeqz'(0)Sz(0) + [LF). (15)
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Loi gidi t8i wu c6 thé nhan duoc tir didu kién céc dao ham riéng cda H theo K, L, S

béng 0:

K = Supsea{—-R™'B'(q)SLC'(CLC") ™"} (16)
Supeea{(A(q) + B(q)KC)'S + S(A(q) + B(g)KC) + Q + C'K'RKC} = 0 (17)
Supeen{(A(9) + B(g) KC)L + L(A(q) + B(g) KC)'=(0)'(0) = 0. (18)

Chd y réng: céc gid' tri 16n nhat (Supremum) trong (16), (17), (18) dwoc hi€u twong tu
nhu F trong (12) theo nghid & (13).

Ta xét trudng hop thuong gip: s6 dieu khién r bdng s d3u ra m, K 1a ma trin
vudng. Thay B(q) theo (4) vao (16) ta duoc

K = —R™'B\SLC'(CLC')™! - P(S, L), (19)
trong d6
P
P(S,L) =) infeca{s, pi} (20)
i=1
pi = RTBISLC'(CLC')™Y; i =1,...,p. (21)

Cé thé tinh gid tri nhd nhit (infimum) cda ¢;,p; cho a; < ¢; < b; nhu sau. Ta thanh l4p

ma trin d&i xing P’ sao cho cé dang binh phuong khéng thay ddi
o' (t) P z(t) = o'(t) Pia(t); Va(t)
b&ng cach 1dy céc phan tir
(P)es = (B)ks = [(R)kj + (P)k]/2; kyj = 1,01 (22)
Goi N,; 1a ma trin tryc giao 3¢ dudng chéo hod ma trin P?

N! PIN,, = Ay,

(23)

Trong 86 Ap_; 1d ma trian dudng chéo chira céc gid tri riéng Ay, )k, k=1,...,r cda P*. Sau
d6 ta duoc
infqéﬂ {‘Iipi} = qlél(f] {‘Iipi*} = Np.-Ep;N;)i

va

Pit pit

P(S,L) = Zp: N, .E,N, (24)
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Trong d6
{(Op )k, Déu (A, ) >0
( o = { a( P-)k i ( pl)k (25)
bi(Ap. )k, méu (Ap, )k <O
(Ep.-)kj =0, Ve #7; kg =1,2,..,1.
Thay (3), (4) vao (17) ta dwoc phuong trinh Liapunov bién dang
(Ao + BoKC)'S + S(Ao+ BoKC)+ U(S,K)+Q+ C'K'RKC =0. (26)
Trong 46
14
U(S,K) =Y _supg[(A:i + B;KC)'S + S(A; + B;KC)). (27)
i=1 9€0
Ta c6 thé tinh U (S, K) tuong tu nhu trén
p
U(S) K) = Z NuiEm'N:“' .(28)
=1

trong d6: N,; 13 ma tran truc giao € dudng chéo hoa ma tran déi ximg (A; + B;KC)'S +
S(A: + B:KC)
E, = { a;(Au,-)k, néu (Aui)k >0

29
bi(Aui)k, Iléu (Aui)k <0 ( )
(Eui)k; =0, Ve # 35 k7 =1,2,..,n.

(Mui)k 18 chc gid tri riéng cda (4; + BiKC)'S + S(A; + B;KC).
Twong tu, thé (3),; (4) vao (18) ta cé phuong trinh Liapunov bién dang

L(Ao + BoKC)_+ (Ao + BoKC)L + V (L, K) + z(0)z'(0) = 0. (30)
Trong 36
» P
V(LK) = supg[L(A:i + B;KC)' + (Ai + BLKC)L] = Y _ Ny E,i N, (31)
i=1 9€0 i=1

N,; 1a ma trén truc giao, dudng chéo hoa ma trin d8 ximg L(A; + B;KC)' + (A; + B;KC)L

véi cac gia tri riéng (lambday;)

(Eos)ox = { a;(Mvi)k, Déu (i) >0 2
v bi(Mui)k, DéU (Mi)x <O
(Evi)ik =0, VE# 75 k,7 = 1,2,...,n.

Ta c6 thuét toén d€ gidi phuong trinh (19), (26), (30) nhu sau:
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Buéc 1: Chon Sp = Lo = I, 1a ma trdn don vi. Chon ma tran khuyéch dai K, sao cho
[Ao + BoKoC] 1a ma tran H}lrwitz. Dit j=o0.

Buéc 2: Tinh ma tran AAS= Ai + BiK;C, i =1,...,p. Pudng chéo hod ma trin AA;S; +
S;0A; - -

AA,‘SJ' + SJ'AA.' = Nu,'A,“'N:‘i.
Tinh

[P

us)

14
U(S;, K;) = Z NuiEyi N,
: i=1

trong d6 E,; dwoc tinh nhu céng thic (29).
Buéc 3: Duong chéo hod ma tran AA;L; + L;AA; =

AA:Lj + L;AA; = NyAyiNY,.
Tinh

uf)

P
V(L;,K;) =Y NuEuN,
i=1

trong d6 E,; dwoc tinh nhu céng thic (32).
Buéc 4: Gidi cic phuong trinh Liapunov tim Si+1, Liy1
(AO + BOK3'C)'Sj+1 + Sj+1(A(;+ B()KJC) + U(Sj, KJ) + QC’K;RKJC =0
- Lj+1(Ao + BonC)' + (Ao + BonC)Lj+1 + V(LJ', KJ‘) + I(O)I’(O) =0

Buéc 5: Tinh cic ma trdn P; = R™'B!S;+1L;j+1C'(CL;1+1C")" Y i =0,1,...,p.

Thanh 14p ma tran d6i xing P?, i =1,2,...,p theo (22).

1

Duong chéo hod ma tran P;:

P = Np.’AP-‘NxI)i’ t=1.5p

? .~
Tinh sai so:

P
AK;=(-Po— ENP.-EP.-N;,:.-) - K;

i=1
trong d6 E,, dugc tinh nhw (25).
Buéc 6: Kiém tra ndu |AK;| = [tr(AK,AK;))Y/? < B - 15 mét s3 nhd phu thude d5 chinh
x3c yéu cau, ta cé két qud K = K,. Nguoc lai, thuc hién ti€p buéc 7.
Buéc 7: Liy K;4+1 = K; + aAKj, trong d6 a € (0,1] dugc chon trong tirng 1an 13p sao cho
him gid: Jy41 = tr[S;41(2(0)2'(0))] < J; = tr[S;(2(0)2' (0))].

D3t 7 = 7 + 1 quay vé buédc 2.
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1. MOT s6 VAN bE MO RONG

Ta xét trudng hop trang thai ban d3u 1a ngiu nhién va chi biét cic d4c trung thdng
ké

E{z(0)} = z0; E{z(0)z(0)'} = Xo, (33)
trong d6 E{.} ki hiéu gi4 tri ki vong. Trong trudng hop nay ta cin xét ham gid
J = Supsea E{€ [z'(r)Qz(r) + u(r)Ru(r)]dr}. (34)

Theo phuong phap twong tu nhw trén, ta bi€u dién ham gid dwéi dang

J = Sup,ea E{z'(t)Sz(t)}. ' (35)
Bai todn cuc ti€u hod ham gid
J = Supyen E(=(0)52(0)) (56)
véi rang bude (12) dugc dua vé cuc tiu ham H khéng ranh bude -
H = Sup,cq E{z'(0)Sz(0)} + tr{LF] = tr|(Sup,ea SXo) + LF). (37)

Ta nhan duoc 16 gidi tdiwu (16), (17), (18)
Supsen{(A(q) + B(g)KC)L + L(A(q) + B(q)KC)' + X, = 0. (38)

trong trudng hop dc biét: khi tat cd cdc bién trang thai dugc phan hdi, C tré thanh ma
tran don vi I,. Tir (16), (17); (18) ta thiy: ma tran khuyéch dai t8i uu khéng con phu

thudc vao trang thai ban dau - nhu da biét
K = Supgen|-R™'B'(q0S], (39)

trong d6 S 12 nghiém cia phwong trinh

%

Supgen [(Alg) + B(g)K)'S + S(A(q) + B(9)K) + Q + K;RK] =0. (40)

Cho hé thdng véi théng s8 danh dinh: ¢ =0, A(g) = Ao, B(q) = By, tir cac phuong trinh
(39), (40) ta nhan dwoc 141 gidi quen biét

K =-R"'B}S. (41)
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trong d6 S 13 nghiém cda phuong trinh Ricatti
AoS +SAo— SB+o R—IB(')S-FQ:O. (42)

Nhu d3 thiy & (27) (bojc (31)), mot vin dé d¥c trung cda bai todn didu khién t8i wu
binh phuong céc hé thdng lién tuc véi thong s6 bt dinh la: xé4c dinh gid tri 16n nhit
U(S,K) (hodc V(L, K))

< P
YU(S,K) =) supg¢[(A: + B;KC)'S + S(A: + B;KC)] (43)
€

i=19

theo nghia:

P
z'(t){z sup ¢;[(A: + B:KC)'S + S(Ai + B:KC)|}z(t) < z'()U(S, K)z(t), Vz(t), Vg € Q(44)
i=17 a
Trong bai nay ta st dung bién d4i dudng chéo hod ma trén (A4;+ B; KC)'S + S(A; + B; KC).
Ta cb (28), (29) (hodc (31), (32)) 14 cdc cong thirc chinh x4c. Nhung do U(S, K) (hodc
V(L, K)) 1a ham phi tuyén phirc tap, nén rit khé chirng minh tinh héi tu cda thuit todn.
Dé ting t6c d6 hdi tu, ta cé thé tinh U(S, K) gin ding theo ham tuyén tinh [7]

v .
U(S,K) =68[y"" ) _(Ai+ B.KC)'S + S(A; + B;KC) + pS) (45)
i=1
trong d6
- 14
5= p¥ pi =max (la;l,|b:l), i=1,...,p (46)
t=1

p
v=) |4+ B:KC|| 20

i=1

[I-l ki hiéu chu&n ocolit.

IV. KET LUAN

Phuong phép trén day 4p dit truéc ciu tric (6) cho ditu khién phai tim, va gid
thiét c6 thé bidu dién ham gia (10) - 14 nhiing quan hé d3 dugc chimg minh cho cic hé
thdng tuyén tinh v&i phdn hoi trang thai. L gidi (16), (17), (18) suy ra tir cic diéu kién
cic dao ham riéng bac 1 cia ham H bing khéng. D& c¢é didu kién cin va dd cho ham H
dat cuc ti€u, can xét tiép cac dao ham bac 2. Két qud nhan dugc phu hop véi [4], [5].
O 4y ta a3 xét truong hop tdng quat hon: cac thong s3 bt dinh tac déng cd trong ma

tran dong luc (3) va ma trdn dau vao (4).
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