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CAC KY THUAT TRGQ GIUP CHUNG MINH
BAI TOAN HINH HOC: CACH TIEP CAN
TRI TUE NHAN TAO

NGUYEN THANH THUY

Abstract. This paper investigates some fundamental techniques of Artificial Intelligence
for supporting geometry problem solving: Backward Inference and Forward inference over
knowledge base, gathered from figures, theorems and AND/OR Graph representing rules.
The proof process can be carried out either in “parkage mode” or in “stepwise mode”. A
forward and backward inference algorithm for predicate logics will be presented. Some
feature of an experimental system Géoprover are considered. This system is implemented
in C++, ver. 3.1. '

1. MO PAU ' -

Qua trinh gidi bai todn chitng minh hinh hoc cé su tro gitp cia méy tinh bao
gdém céac giai doan chinh sau:
Budc 1: Dung hinh. Hoc sinh vé hinh, nhé st dung céc céng cu do hoa, tuwong
ung véi cic phép dung hinh dya trén thuéc va compa. Mot rang budc quan trong
12 hinh vé phdi ddp dng diy di céc rang budc dit ra trong diu bai.

Buédc 2: Thao téc trén hinh vé. O giai doan nay hoc sinh c6 thé tic déng truc
tiép 1én cdc ddi twong hinh hoc, di chuyén ching bing cach st dung chudt, d&
khdm phd ra cdc dic trungco-ban trong hinh. Khi tac déng lén déi twong hinh,
céc rang budc logic gitra ching van dwoc bdo todn, d6 13 co s& dé hoc sinh c¢6 thé
phét hién ra cdc bdt bi€n quan hé logic gitra cdc d3i twgng hay quy tich cda mot
di€m ndo dé, khi di€m khéc chuyén dong.

Buéc 3: Tién hanh thit chitng minh bai toan. Theo mét trong hai cich sau:

A. Tron géi: Hé théng xiy dung toan bd d6 thi 1i gidi hay vét suy dién cda
bai todn. Trong trudng hop nay, qué trinh chémg minh cdahé tré thanh khéng
tudng minh déi véi hoc sinh, do viy hiéu qud su pham cda phwong phdp nay
khong cao, thudng chi phi hop véi hoc sinh & trinh d6 khd tréd 1én. Ngoai ra, khi
cin thiét, hoc sinh ¢é th€ yéu ciu hé gidi d4p nhirng thic mic cda minh vé két
qua suy dién do hé thdng dua ra.

Hé thdng trd 1&i theo hai phong céch:

- Ho3c “nhéat girng” theo nghia hé din dan gidi thich cidu hdi cda hoc sinh nh
mtc mot.
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- Hodc “mot leo”
sinh.
Tt géc d6 su pham, cdch gidi thich “nhét girng” khé phl hop véi céc d8i tuong
ngudi st dung cé trinh d6 trung binh, con cich gidi thich “mét léo” thudng phu
hgp véi cac hoc sinh kha.

theo nghia hé gidi thich dén tin géc cda moi thic¢ mdc hoc

B. Ting bude: Hé théng tuong tic véi ngudi hoc d€ xay dung din din do
thi 1o gidi, vét suy dién cda bai todn. Tai mdi bwéc, hé sé sinh ra mét tap céc
phwong 4n gidi quyé&t chidp nhin dwoc d€ ngudi hoc tuw chon céch 1am cda minh
v x4y dung ra do thi 1o gidi, vét suy dién c6 sy tro gitp cla mdy. Mot vin dé
dit ra 13 & mét budc nao dé, quyét dinh lra chon cia hoc sinh khéng ding, do
dé can phai quay lui trong qud trinh chtng minh. Nhung quay lui tai di€m nao
va dén khi nao thi thoiat? Day 1a mét han ché quan trong cda céch ti€p can nay.
Théng thuong, d€ xi 1y khé khin nay, ngudi ta st dung mét ngén xép (STACK)
d¢ lru gir “lich st” qud trinh suy dién. ‘

Ba ngudn thong tin dwgc dung d€ tro gitp chirng minh bai toan 1a:

i) C4c théng tin trich ra tir hinh vé F hodc mé t3 gid thi€t GT cua bai toin.
Trong truwdng hop nay ta néi la qué trinh chtrng minh ¢é dinh huéng téi cic yéu
t6 ddc thu cda bai todn. Do ta gid thi€t hinh vé da duwgc xay dung ding din
(xem buéc 1), nén c6 thé xem cic thong tin md td 18y tir hinh vé va cdc mé ta
trong GT trung v&i nhau [8].

ii) Céc thong tin trich ra tir co s& tri thirc. Trong trudng hop nay ta néi la
qué trinh chirng minh vét can. O méi buéc, hé duyét toan bd céc ludt (cac tién
dé dinh 1y) d€ chon ra mét dinh Iy phi hop nhét c6 thé 4p dung, hay néi cich
khéc, chon ra mdt luat suy dién

P1AApn =g (%)
ma khéng cin quan tim téi tong thé quéa trinh chimng minh.
iii) D8 thi dién bién khéng gian bai todn. Trong
treong hop nay tat cd “bé cung” nhu trong hinh vé ing
v6i cac luat dwoc gdn lai véi nhau tao nén mot do thi, - -7 P, P,

bi€u thi toan b khong gian bai toan, cé dinh dau la GT
va cac tap dich 1a KL.

Hai huéng suy dién co ban:
a) Suy dién tién: Qua trinh ching minh xudt phit tir
céc md td cé trong GT, sau d6 dan dan thém vao nhirng
st kién méi ¢ nho 4p dung dinh 1y, tién dé dang (x) (véi
gid thiét rdng p;, p, da ding), cho dén khi toan bd KL i
duwoc khing dinh.
b) Suy dién lii: Qud trinh suy dién xudt phdt tir cdc diéu phdi ching minh
trong KL. Véi mbi su kién ¢ can phai chitng minh, hé sé tim cach thay ching |
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minh né bang viéc chirng minh céc gid thiét py,..., p, nho 4p dung ludt (x). Qua
trinh ti€p tuc cho dén khi moi diéu can phdi ching minh déu thudc tip GT.

2. TRO GIUP CHUNG MINHDUA THEO PINH LY

2.1. D3t bai todn. Céc md td cdc ddi twong hinh hoc va céc rang budc logic
giira chiing dugc cho bdi céc vi tir [7). Mbi dinh ly, tién dé va tinh ch&t hinh hoc
duwgc biu dién dwéi dang:

p1(z,...) Apa(y, ... ) A App(z,..) = qlu,...) (%),
& day céc vi tir p;, g thda man diéu kién:

e p;, q chi chira cdc bién gin véi luong tir véi moi va khéng chira ky hiéu
ham.

e p;, ¢ déu & dang khéng dinh.

e Néu gip NOT p(...) thi thay bang non —p(...).

Xu&t phét tir diu bai todn, c6 thé xac dinh dwoc:

e Tép céc giad thiét da cho GT.

e Tép céc diéu can phai chitng minh KL.

Gid st co s& tri thitc duge cho bdi tip ludt R = {ry,..., rn}, mbi ludt r; cé
dang (%) (muc 1). Bai todn d4t ra 13 xdc dinh xem GT = * KL hay khong va néu
c6 thi chi ra tdp Vet = {r;1,..., 7k} céc dinh ly da dwoc dp dung.

2.2. Tro gilip chitng minh tron géi
2.2.1. Suy dién tién

Goi TGian = {p(ty,...,1,)|p(t1, ..., tn) dd dugc ching minh 13 ddng} cho dén
thoi dieém hién tai. Ban diu TGian = GT. Tiép theo, & mdi buéc khi st dung
moét dinh ly » € R phu hop, r : left — ¢, v&i phép gén tri tvong &ng 0 sao cho
leftd € TGian, ta c6 TGian = TGian U {¢6}.

Vi du 1. Xét bai todn: “Chotirgidc ABCD; I, J, K, L A
twong ng la di€m giira cia AB, BC, CD, DA. Chimng oI L
minh r3ng tir gidc IJKL 1a hinh binh hanh”. B’

Khi x& Iy bai todn, ban dau
GT = {Trd(I, AB), Trd(J, BC); Trd(K, CD), Trd) K, DA)},
va KL = {hbh(I, J, K, L)}, mdt phan cdc dinh ly sé duoc
dung la:
r1 : Dinh Iy duong trung binh
Trd(U, XY) A Trd(V, X Z) = ssong(UV,Y Z)
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ro : Dudng song song

ssong(UV, XY) A ssong(ST, XY) = ssong(UV, ST)
r3 : Hinh binh hanh

ssong(XY,VU) Assong(VX,UY) = hbh(X,Y,U,V)
r4 : Di€m giﬁ:a |

Trd(X,Y Z) = Trd(X, ZY)
rs : Giao hodn

ssong(XY,UV) = ssong(UV, XY)
re : Giao hodn bd phin

ssong(XY,UV) = ssong(XY,VU)

Viéc ap dung dinh ly duwong trung binh vao tam gidc ABD twong &ng véi
phép géan tri

¢ = {A/X, B/Y,D/Z, 1/U, L/V}, va két qud 1a chimg minh dugc su kién
ssong(UV,Y Z)8 = ssong(IL, BD).

THUAT TOAN SUY DIEN TIEN BOI VOT LOGIC VI TU
{1 TGian = GT, vet = 0; sat = Loc(R,TGian) ;
while sat # 0 and KL ¢ TGian do {5
(r, 0) «— get (sat) ; /* gid st r : left — ¢ */
TGian = TGian U{q, 8 } ;
vet = vet U{(r, 9) };
sat = loc (r,TGian) }2
if KL C TGian then exit (vet) else exit (“khéng thanh cong”) },
& day, sat = {(r,0)/r laludt r : left — ¢ ; 0 1a phép géan tri thda man left § C TGian}

Vi du 2. Véi bai todn trong vi du 1, vét suy dién nhan dwoc la:
vet = {rq, 01), (r1, 02), (r4, 03), (r2, 05), (r4, 06), (r1, 07),
(?'4a 0s), (r1, 09), (r2, 010), (rs, 011)}
0, ={L/X, D/]Y, A/Z} @€ suy ra q; = Trd(L,AD),
6, ={A/X, B/Y,D/Z,I/U, L/V} & suy ra gz =ssong (IL, BD),
93 = {J/X, B]Y, C/Z} &€ suy ra g3 = Trd(J,CB),
04={C/X,B/Y,D/Z,J]/U, K/V} dé suy ra q4 = ssong (JK, BD),
0s = {I/U, L/V,B/X, D/Y, J/S, K/T} d& suy ra g5 = ssong(IL,JK),

61, ={I/X, 1Y, K/U, L/V} & suy ra q;; = hbh (I,J, K, L)
MOT SO VAN DE CAN GIAI QUYET

¢ Tuy vio co ché cho vio va ldy ra tir tip Sat, ma vét suy dién cé thé khéc
' nhau. Théng thuong ngudi ta t6 chirc Sat nhw mét STACK, QUEUE hodc 1
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danh sich, trong d6 cac phin ti r, @ dwoc gin véi médt heuristic ndo dé [7].
e Tip Vet dugc xiy dung trong thuit todn cé thé du thira, theo nghia ton tai
(r, 8) € Vet sao cho dung Vet \{(r, 6)} vin c6 thé suy ra KL, xudt phdt tir
GT.
e Viéc xédc dinh Sat = {(r, 8)/r : left — g; leftd§ C TGian} din téi hai bai toan
con sau:
Bai todn 1. Gid st TGian 13 tap su kién dng cho dén thoi diém dang xét, p
la mot vi tir nao dé.
Xac dinh phép gén tri 6 sao cho pf € TGian.
Bai todn 2. Quay lui trong qua trinh gén tri.
e Co ché xir Iy canh tranh khi # Sat > 2.

2.2.2. Suy dién Iui: Trong qué trinh xi 1j, ta lwu tdp cic su kién cin phdi
chirng minh trong mét Stack tén la goal. O mbi bude ti€p theo, khi xét mdt
s kién f € goal nao dé, thudt toan sé tim cach st dung mét dinh Iy r ndo dé
r:piA---Ap, — ¢, cung véi phép gan tri sao cho f0 = ¢6.

Nhu vay, thay vi chtng minh f0 = g6, ta quy vé ching minh p,0, ..., p,0.
Nhirng p;0 € GT dugc coi nhu da dugce ching minh. Nguogc lai cho vao tap goal,

nghia la goal = (goal \{f}) U {p16 ., Pn8}. Quad trinh ti€p tuc cho den khi goal
= 0, ho¥c quay lui cho t&i khi gdp mdt su kién fo € KL.

NHOUNG VAN DE CAN GIAI QUYET

e Dé dom gidn, ta gid thiét ring cic luit khic nhau chita cic bién s8 cé tén
khac nhau. Tuy nhién han ché nay c6 thé khic phuc dwoc nho st dung k¥
thuat ddnh dau.

e Viéc tim phép gén tri §sao cho f0 = ¢f dwgc quy vé bai toén 1 trong 2.2.1.

¢ Qua trinh suy dién lui thye chét 13 qué trinh tim ciy 1&i gidn trong do thi Va
/Ho#c bigu dién tip luit [7]. Trong trudmg hop cu thé, ta dung phép duyét
theo chiéu siu, do vay tap goal dwoc t8 chirc nhr mot Stack.

e DéE quay lui trong qué trinh suy dién, ta st dung mét stack khéc cé tén Vet

dé lwu vét suy dién hién thoi, tic 12 tip céc sdn xuit du'O’c st dung cho dén
thoi di€m hién tai.

Thudt todn suy dién lus 867 véi logic vi tir
{1 if KL C GT then exit (“thanh cong”)
else {2 goal = KL\ GT; Vet = 0; back = false;
f — get (goal);
repeat {3 if (fa € GT a) then goal = goal o else {4
tim ludt (f,7, R, 0). /* Tim ludt r; va phép gan tri g
sao cho ff la vé phai cda ludt r; 8 */
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if < m then {5 Vet = Vet U {(f,J, 8)}; goal = goal U left; 8\ GT }5
else {¢ /* quay lui */ back = true;
while f ¢ KL and back do {7 repeat {(g,k, ) — get (Vet); goal = goal \ left, 6 }
until f € lefty 6;
Tim ludt (g,!, R, k) /* tim ludt r; va phép gén tri v
sao cho g7y 12 v€ phadi cla rj v */
if { <m then {s goal = goalUleft; v\ GT;
Vet = Vet U{(g,!,7)};
back = false }g
else f=g}r}e}s
if goal = @ then BREAK else f — get (goal) }3
until f € KL;
if f € KL and back then exit (“khéng thanh cang”)
. else exit (Vet) }; }4
Pé don gidn cho trinh bay vé sau, ta dung ky phép
POS = tim ludt (f,7,R, k) = {(f,7,0)/r; : left = q; f0 = ¢0}

Nhin zét: Tap ludt R = {ry,..., r} duoc xét trong thuit todn khéng duoc chira
dung su dé qui (vé gén tri). Trong mét s6 truong hop, ¢é thé khir dé qui nhd mot
vai thao téc dic biét. Vi du, c6 thé dong nhat mdi doan thing di qua hai diém A va
B véi tap hop {A, B} do d6 khéng cin duva vao ludt Trd(C, AB) = Trd(C, BA).

2.3. Tro gitip chirng minh tirmg budéc

O mbi buérc trong qué trinh hoc sinh cuing hé théng tim kiém l&i gidi, hé hién
thi cd 3 tap:

‘ TGian = {f| f da dwgc chirng minh }

Goal = {q|q cin phdi ching minh}
va Vet = {(r,0)|r la dinh Iy da dvoc dung, 0 1a phép gén tri}
Ban dau, TGian = GT; Goal = KL; Vet = §.
Nhu da néi & trén, hé xdc dinh dugc tdp CO THE = Sat U Pos.
Hai phwong 4n xi ly:

o Hodc hoc sinh tu x4c dinh (Gid-thiét, Dinh-ly, Két-ludn). Khi d6
Néu Gid-thiét C TGian thi Tgian = Tgian U {Ké&t-luin} (suy dién tién)
Néu Gid-thi€t ¢ TGian and Két-luin € Goal thi Goal = Goal U Gid-thiét C

TGian (suy dién lui).

e Ho3c hé goi § cho hoc sinh bing céch liét ké cac dinh 1y cé thé dung dwoc
r € COTHE. Hoc sinh tu chon mét dinh Ij r ndo dé, rdi xac dinh cdc Gid-thiét
va Két-ludn phi hop.

Vi du 3: Véi bai toan trong vi du 1, ltc bdt diu chirng minh hé cé thé goi

¥ dinh 1y dwong trung binh r; 4p dung cho 4 tam gidc khdc nhau (suy dién tién)
hofc dinh 1y r3 nhin biét hinh binh hanh (suy dién lui).
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3. TRO' GIUP CHUNG MINH DU'A THEO HINH VE

Khi trg gitp ching minh dya theo hinh vé, hé théng coi hinh vé nhu giao
dién twong téc giira hoc sinh va may tinh. Mgt yéu ciu dit ra 1a hinh vé phdi
hoin toin twong Gng véi cic gid thiét cé trong dau bai [1,4]. D& dung hinh vé F
trg gitp ching minh, ngudi ta thuc hién cac thao tac sau:

e Dién dat céc thao tic dung hinh déi véi F bdng cidc md td S? trong ngén
ngir FCL.

e Chuyén d8i/dich cic mé td S, sang cic mb td S? trong ngén ngir SCL.

o Chuyén ddi/dich cic mé td S? sang cidc mé td S2 trong ngén ngir LDL.

o Hé duwa vao S3 d€ tro gitp gidi bai toan chérng minh. Khi d6 S® déng vai tro
nhu tdp GT trong suy dién tién lui.

Qud trinh trog gitp & day cling gidng nhu trg gidp ching minh dya theo dinh

ly, chi khac 13 thay vi hi€n thi dang text cda dinh 1j r cting véi phép gén tri chap
nhan duvogc 0, hé sé hi€n thi ra hinh vé con twong dng.

Vi du 4: Xuédt phat tir gid thiét cda bai todn hé cé thé duva ra 4 hinh vé con
dé€ hra chon: -

Nhan zét: Trong nhi‘éu.tru'img hop, dung hinh vé d¢ tro gitp suy dién lui gip
rdt nhiéu khé khin.

Vidu 5: Xét bai todn trong vi du 2. Gid s cin ching minh, song song
(IL, JK).

Mot dinh 1y 1a: Néu IL va JK cung song song véi du'b'ng thing d thi IL
song song voi JK. ¥

Hé khong thé cu thé héa d trong tredng hop bai todn nay chinh la (BD)!
4. TRQ GIUP CHUNG MINH DUA THEO PO THI BIEU DIEN
KHONG GIAN BAI TOAN (TAP LUAT)
4.1. DO thi suy dién tip luit

Twong tng véi mdi sy kién ¢ € KL (tap két ludn trong suy dién), ta xay
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dung d6 thi Gq nhu sau:
¢ ¢l dinh cda Gq.
e Né&u c¢6 mét dinh Iy r sao chor: p; A+ A p, — ¢ va phép gan tri 8 sao cho
g6 = f thi tao ra moét bé cdc cung va (*) nhu trong muc 1.
Qu4 trinh ct tiép tuc nhuw viy d8i véi p;8, ¢ = 1,n dén khi moi dinh 13 cida
Gq déu xdc dinh dproc 1 thudc vao GT.
D6 thi bi€u dién khéng gian bai todn dwoc cho bdi G.

Ve thyc chdt qud trinh suy ludt tir GT dan téi KL twong &ng véi viée xéc
dinh do thi con 1&i gidi trong d6 thi G [7]. :

4.2. Xay dung d6 thi con 1&i gidi dua theo suy dién tién

Viéc xay dung dd thi con 1&i gidi dua theo suy dién tién gdn véi qua trinh
lan truyén “tinh chirng minh dugc” trén 46 thi G. Buwéc dau cac dinh thuée GT
c6 tinh chdt d6. Néu gdp mdt bé cung (*) ma p,4, ..., p,0 da chirng minh, thi ¢
ciing ch@tng minh dwoc. Khic hin véi qud trinh suy dién trong muc 2.2.1, & mdi
budc hoc sinh chi bi€t mot dinh 1y r € Sat va sau d6 quén mit nhirng dinh ly da
4p dung, nguoc lai dd thi suy dién cho hoc sinh hinh dung mét cich twdng minh
toan bo céc lién két gitra cdc gid thiét va két ludn cda bai toan.

4.3. Xay dyng dd thi con 1oi gidi dya theo suy dién lui

.. Viéc xiy dung dd thi con 1&i gidi dua theo suy dién lui twong ng véi qué
trinh duyét d6 thi VA/HOAC bi€u dién tip luat [7]. Trén thuc té thuong 4p
dung co ché duyét theo thtr tu sdu. Tai mdi thdi diém, hoc sinh thir xay dung
mot d5 thi 1oi gidi bé phan va kiém ching xem né ¢é phdi 13 dd thi 1o gidi thue
st khong.

Di€m khéac nhau gitra hai cach ti€p can xay dung dd thi con loi giai:

o Dua theo suy dién tién: tir duwéi 1én.

o Dura theo suy dién lui: tir trén xudng.

5. THU NGHIEM CAI DAT

Céc phan mém day hoc tr¢ gitip gidi bai todn hinh hoc c¢é trén thi truomg tap
trung theo cdc ky thudt sau:

¢ Tro gitp chimg minh theo dinh 1y tirng buéc: Hé Mentoniezh, cai dit bing
ngdn nglr PROLOG, khéng cé giao dién d6 hoa vé hinh [5].

o Tro giip chirng minh dua theo hinh vé: Hé DEFI, cai d4t bang ngén ngir
PASCAL trén mdy MACINTOSH [6].

o Tro gitip chitrng minh st dung d6 thi khong gian bai toin dua theo suy dién
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tién: Hé CHYPRE, cai dit bdng PASCAL trong Windows, c6 giao dién dé

hoa dé vé hinh [3].

Trong khudn khé dé tai nghién ctu vé “phin meén day hoc”, da tién hanh thir
nghiém hé For Prover, Back Prover, tro gidp ching minh tron géi dva theo dinh
1y, cai dit bang ngdn ngir C++, version 3.1, khong cé giao dién do hoa vé hinh.

Hién da xay dung hé tich hop céc k¥ thuit db hoa va suy dién Geoprover cho
phép hoc sinh:

- V& hinh, ki€m tra tinh ding din cda hinh va mé td bing ngén ngir LDL 4&
tro gidp ching minh dua theo hinh ve.

— Hién thi cic dinh Iy ¢ thé 4p dung d€ hoc sinh lra chon, déng thei cé su
twong hd cda cic phin trong hinh vé.

— Xay dung do thi con 1o gidi, vét suy dién.

— Soan thdo 1&i ching minh.

Hé dugc thir nghiém cai d4t bang ngdn ngir C++.
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