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MO RONG CAU TRUC VA HAM LIAPUNOV
CHO MANG NO RON HOPFIELD

A

NGUYEN QUANG HOAN

Abstract. The existence of the Hopfield neural network and the Liapunov function guar-
antees the convergence to some local minimum of these network with linear inputs [1, 6].
But standard Hopfield architecture 3, 14] is limited in its capacity of linear classifiers.
In the present investigation we developed high-order-Hopfield network architectures with
their corresponding Liapunov functions V' (z) for more sophisticated classifiers with higher
performances. We also regarded some assumptions on these architectures and proved the
their stability.

1. GiOT THIEU MANG NO RON PHAN HOI

Mang no ron cé thé duwgc xem nhu 1a mang cda cc phin ti tinh (norocom-
puting) phéng theo no ron sinh hoc rat dwgc chi trong trong linh vuc tink cling
nhu trong diéu khién. Cé hai khuynh hwéng nghién ctru d8i véi mang no ron hién
nay. Thit nh&t, phat trién va hoan thién cic ciu tric cling nhr thuit hoc cho céc
mang no ron nhin tao. Thi hai, ng dung cdc két qud vao cic linh vuc khac nhau
véi cac dic tinh troi cda né. Nghién ctu ndy nhdm mé réng ciu tric Hopfield -
moét trong nhirng mang cda nhém phdn hdi va xay dyng cdc ham Liapunov tuong
tng cho linh virc thit nhdt. Mang phan hoi gdm n phin ti véi cdc dau ra y; dugc
ndi véi tat cd céc diu vio cda mang. D&i véi phin ti no ron ¢ ¢6 thé xem nhw
mdt hé thdng nhiéu diu vao vad mét diu ra [6].

Cohen va Grossberg [11] d3 néu mé hinh tdng quit vé mang phan hoi va
chitng minh 6n dinh cda mang véi dinh 1y sau:

- Dinh 1y 1 (Cohen va Grossberg vé hdi tu cda céc quy dao). Trong 1 hé bdt ky
n
zi = ai(z) [bi(zs) — Y eijdj(z;)] (1)
i=1

sa0 cho
swa) Ma trén ||cis|| 67 ziing v tdt e¢d ¢y 20, i =1, 2,..., n;
b) ham a;(€), b:(&) la lién tuc cho £ >0, 1=1,2,..,n;
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c) ham a;(€) > 0 cho € > 0; ham d;(§) >0 véitit ed &, 1 =1,2,..., n;
d) ham d;(&) khd vi va don diéu khéng gidm cho £ >0, 1 =1,2,...,n;

e) lim sup [b:(€) — ciidi(€)] <O chomot i =1, 2,..., n; (2)
§—

lim b; =00, t=1,2,...,n, 3

) Jim b(6) = oo, " ®)

hod i b, ; 4

ode lim bi(¢) < oo ()

vd{;—%%zoovd’is>0. (5)

T&t cd cidc quy dao chip nhan dat dén tip M bat bi€n lén nhit chira trong
tdp £ (chtng minh & phu luc A)

Blye R™: £V(y) =0,y >0} ©

Z/ E‘L dEt Z C,Jd :131 ) (7)

1,7=1

M:

a;(z;)d;(z,) (z,) - Z c,-jdj(:z:j)] ? (8)

1=1 7=1
Cohen va Grossberg chi ra ring khi bd dé 1 (phy luc A) ddm bdo thi V(z) 1a ham
Liapunov [11} tic V (z) x4c dinh dwong va V(z) <0.

Hopfield (1984) cling doc lap dua ra mé hinh mang va mb td bdng tap cic phwong
trinh vi phan (9) va ham ra (10)

oy -
Ciz; = _E + I; + ; T,-_,-yj (9)

A

yi = g5(z;) (10)

zi = g7 " (vi) (11)

Phuong trinh (9) 12 phwong trinh mé td ludt téc dong, trong dé6 C;, R; la céc

hdng s8, I; 1a ngudng, T;; 12 trong lién k&t phin t& no ron thi j téi no ron thi

i, z; la trang théi th¢ 7 cda mang, ¢;(-) 12 hdm sigmoid véi ham nguoc cda né
-1

zi=g; (-
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Hopfield cing dwa ra ham Liapunov cho mang:

n

V) = /R [ ol 6= Y T - 300 Towy (12

1=1 i=1j=1

Grossberg (1988) [11] cling chira ring mé hinh (9) c6 thé xem 13 mét truong hop
dic biét cia (1) v6i cdc gid thiét:

a;(z;) = = = const (13)
bile:) = ——z; + Iia 14
i\Li) = R; I; 1 ( )
Cij = —Tij» ds(z;) = g(=;) (15)

trong d6 g;(z;) 1a ham sigmoid, dvong, kha vi, don diéu ting, d6ng thoi ddm bdo
ham nguoc cda né z; = g7 '(-) = d'(z;) > 0 va ton tai ham Liapunov (12),

T nhitng co s& va gid thiét trén, ro rang cdc ham va hé s6 cda mé hinh
Hopfield hoan toan ddm bdo céc gid thiét cda Grossberg. Tir dé c6 thé phét bidu
dinh 1y sau cho mé hinh Hopfield khi 4p dung céc gid thi€t (12)-(15).

Dinh 1y 2. Trong 1 hé (Hopfield chud'n)

n
. T
Ciz; = —E‘; Ty S ; Tiig;(z;) (16)
y; = g;(z;) (17)
sao cho

a) ma trdn ||T;;|| @67 zitng vd tdt ed Ty; <0, 4,5 =1,2,...,n; (
b) ham g;(z) khd vi, dwong, don diéu khéng gidm, vt mot z; > 0 va la ham

sigmoid, va ham ngugc cia né X; = gj—l(yj) chomoii=1,2,..,n; (19)
¢) limsup|—z;/R; + I; + Tiyi(z:)] <0 cho moi i =1,2,...,n (20)
4) egfgio(-xi(g) IRi + L) = oo; (21)
hode fl_i_ngr("Xi(f)/Ri + 1i) < oo; (22)
vi [¥ Cidz = oo véi p > 0; (23)

thi ton tas
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Vi) =Y 5 [ @ - Y tw—g Y Ty, (24
1=1 ’

i=1 " 1,7=1

zdc dinh dvong va

V(z) = =) Cig; }(y:)(w})* <0 (25)
Ching minh. Véi gid thiét (19) bi€u thitc (24) cé thé viét

n gi n )
Ve =Y g | - 1)de-3 3 Touy (24
i=1 + 70 i,j=1 '

néu giad thi€t (18), (21) ddm bdo, T;; < 0 thi hé (16) 13 trwdng hop riéng cia
(1) va (24) 13 trudng hop riéng cda (7) nén hoin toan 4p dung dugc bs dé 1,
tirc 13 ddm bdo quy dao duong va (24) x4c dinh dwong. Bi€u thirc (25) da duoc
Hopfield chitng minh V(z) <0 3], do d6 V(z) 1a ham Liapunov [13].
Déi véi hé nay ton tai nhieu di€m cin bing tng véi mire ning lwong cuc ti€u (goi
13 d4y ning lwgng) trén mot siéu phdng ning lugng cda siéu dién n chidu. Gid sir
dwa vdo hé cdc mau vao (input paterns) tly ¥, hé sé dat dén di€m cian bing gin
nhit ¢ng véi diém 6n dinh [4].

C4u tric cia md hinh Hopfield 4n dinh quan hé giira phin ti 7 va 5 13 quan
hé tuyén tinh. S6 hang cudi cling ctda (9) cho thdy tong mot bic phdn hdi. Mang
nhu viy goi la mang bac 1. Néu ting s6 16p tong 1én hai v cic phin t& cda né
i3 bac hai thi quan hé giira cac phin tir quan hé bac 2 (second - order). Mang véi
céc phan t& ndy (khdéng chtra cic thanh phin bic nhit) goi theo tai liéu 1a mang
bac hai. Tuwong tw, c6 thé ton tai mang bac cao. Mang gém cd bic mét va hai
ching ta goi 14 mang tong quat bic hai. Tuy nhién, mang Hopfield tuyén tinh cé
mit han ché€ vé khd ning phan 16p cdc mau tin hiéu vio va han ché dé sé dwoc
lam sdng té nhw duéi day.

2. KHA NANG PHAN LOP

Kh3 ndng phan 16p cia mang Hopfield tuyén tinh ¥

St dung (9) véi 2 ddu vao phdn héi y;, yp 1a cdc tri nhi phin trong khéng
gian véc to miu vao va g(-) 14 ham signum (hinh 1a). C4c phin t& no ron clng
véi cac gia tri trong twong ¢ng chia khéng gian nay thanh 2 nhém gié tri, &m va
dwong. Dwong phan céch gifra ching dwoc xac dinh khi trang théi dat gia tri 6n
dinh (dz/dt = 0) theo diéu kién nguéng téi han:

CiXi=IL+TuY1+TisY2=0 (26)
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Y2 = “(Til/Ti2)yl - (Ii/TiZ) | (27)

Hinh 1b cho thdy rdng: bing ba trong: Ty, Tia, I; ta cé thé tao dwoc dudng
thing véi d6 déc —(Ty1/Ty2) va diém ciat —(I;/Tiz). Mit trén dudng thing ng
v&i téc do thay ddi trang thdi Am, mit dudi duwong. Néu s6 trong bing 4, s phan
céch sé tao dugc mét mit phing, va néu s6 trong lén hon 4, gi¢i han phan cich
la mét siéu dién phén céch. ((,) vi dy trén, d€ don gidn cho R; dd 16m), z;/R; ~ 0
khi dz;/dt =0 néh ¢ thé bd qua sé hang diu cla (247)).

Yz

Tiy I (-1,+1) / (+1,+1)
7 ax;14t X; i - ©

AT HEFR  vA ,

/

-1/Ql,

o("l"’) o(+11_’)

Hinh 1a Hinh 1)

Khid ndng phan Ié6p cia mang Hopfield phi tuyén
Trong nhiéu truwdng hop, ching ta khéng xdc dinh dugc dwdng phan cach
tuyén tinh bdng mot phan ti no ron, vi du ham Exclusive NOR vé&i hai diu vio

15l

Khi sé d3u vao cang lén, khd ning khéng nhin biét cang lén hon. DE khic phuc
diéu nay c6 hai gidi phap [5] hodc ting s8 phin ti no ron d€ c6 thém dudng phan
céch, tdch thém phén t& ma mét no ron khéng ddm duong duge. Gidi phdp khéc
1a xdy dung mét duong cong (mé td bing da thic) bao dwgc cidc miu theo mét
hdm yéu cau dit ra. Duwong cong bac hai & hinh 2b trong vi du mé td gidi phap
thir 2 thu dugc béng cich cho thém mat 16p lién két trong bac hai (hinh 2a) vao
phuong trinh (9). Clng ly ludn nhu trén ta cé:

CiXi=I; + TuYi + TiaYs + Tin1 Y + Tia2Yy + Tip2Y1Ye =0 (28)
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Néu chon céc gia tri trong thich hop cé thé tao dwge mét elip nhuw hinh 2b (dé
don gidn trong so 46 khéng vé tham s6 C;) ding cé thé bao dugc céc di€ém theo
yéu cau. Pay la 1&i gidi cho ham exclusive NOR.

Viéc 4p dung céc lién két phi tuyén nhw vdy di dwgc Spetcht [7] 4p dung
thanh céng cho bai todn phan tich va nhin miu ciing nhur di dugc Barron [8] va
Ivanknenko [9] ti€n hanh. Tir nhirng nhin thic trén cé thé phat bi€u rdng viéc
nghién cu nhirng mé hinh bic cao 1a diéu cé § nghia thiét thuc. No6i dung bai
nay nhim mé réng ciu tric Hopfield chuin cé thé suy réng ra mang bic cao va
mang tong quit bic cao hon, ddng thoi sé chirng minh ton tai cic ham Liapunov
cho chtng. D&i véi bai todn didu khién va nhin dang tham s8, viéc quan trong
13 ddm bdo mang 6n dinh. Do d6, viéc nghién ctru tinh on dinh cia mang nay 1a
mot khau cén thiét cho mét tng dung cu thé va cé dinh huéng.

AY2
(-1,+1) (+1,+1)

dXi/df' X; Y ' O

-1/Rj

O (-1,-1) O (+1,-1)

Hinh 2a ' Hinh 2b

3. MANG HOPFIELD TONG QUAT BAC CAO

T nhan dinh trén, chiing ta xiy dung mang bic cao dira trén mé hinh chuin
Hopfield. Thém cé4c thanh phin bic cao cho (9) ¢é thé nhin dugc mang Hopfield

tong quat bac cao -
'P

n n n
Zs
Ciz; = — R +Ii+j§_:1Tijyj +]Z_:1;Tijkyjyk +ee

n n
+ Z T ZTijk...zyj oYz, Y = gk(xk)a i kyewz=1,2,..,n
j:l z=1

Cé thé cho ham Liapunov déi véi (29)
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n

V(.’E) = Z(I/R,’)/O d§ — ZLyt - = ZZTszzyJ

i=1 i=1j7=1
__ZZZT”kytyjyk*"'*—ZZ ZTz] 2YiY5 Y=
i=1j=1k=1 i=1j=1 z=1 (30)

trong dé m la s6 bién tham gia trong téng cudi cda (30).
Gid st cc dieu kién ctia dinh ly 2 ddm bdo vi kém thém diéu kién bd sung
cho céc thanh phan béc cao, c6 thé ton tai Liapunov ddi véi (29).

Ménh dé 2. Néu dinh lyj 2 ddm bdo tic

a) ma trin ||Ti|, ..., || Tij...z|| 467 zing va tdt cd Ty, ..., Tij..» < 0; (31)
b) ham g;(§) sigmoid, khd vi, duong, don diéw khéong gidm véi moi £ > 0
vd ham nguge cda nd z; = g7 (w:); (32)
¢) limsup|—z;/R; + I; + Tiyi(zi) + Tisiys(zi)ys(2:) +---] <0
£—o0
cho moi1=1,2,...,n; (33)
d) lim (—Xi(f)/Ri + Ii) = 00, (34)
hoac éllm (—X:(¢)/R: + ;) < o© (35)
—0+
va fo Cidx = oo vdi > 0; (36)

thi ton tat V(z) cia (80) zdc dinh dwong.
C’htmg minh. Dleu kién (33) du'o‘c dung dé€ in dinh g10'1 han v1

"E+I + z]yj +ZZTt]knyk+ +Z ZTz] zY5-- Yz 2

_1—1 1=1k=1
[—zi/R; + I; + Tiiyi(z:) + Tisiyi(zi)yi(z:) + - + Ti...iyi(xi)---yi(fci)]
(33’)

Khi céc gid thiét (31)-(36) ddm bdo thi bs dé 1 (phu luc A) ddm bdo, ba sd
hang d3u cda (30) dwong. Cin x4c dinh d€ céc thanh phin bic cao cda (30) ciing
dwong. That vay, vi cac ma tran Ty,, ..., Tij.... < 0, cac y;, Yk, ..., Y= khong &,
do d6 céc s6 hang sau cda chudi (30) khéng 4m, nén (30) xac dinh duong.

Ménh dé 3. Néu ham

n

V(z) = Z(I/Ri) /Oyi g7 (¢)ds — ZIiyi - %EZTijyiyj

i=1 i=1 i=1j=1

——ZZZTUkylnyk_“'_—ZZ ZTU Yy Yz

1=1j53=1k=1 1=17=1 z=1 (30)
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zdc dinh duvong vdi (29) thi thda man %V(z(t)) <0 trén quy dao chdp nhan.
Chitng minh. Lay dao ham V theo t '

1
=7 Z [ Z TJtytyJ Tj + Z T1-7y.7 y,a:,) - R. g (yl)ylxt + Ityzxt
=1 j=1 ks

n n
+ g( Z Tijkyiyey; 5 + Z Tijky;Ye¥:iZi + Z TijkyiViUede) + - -

j)k‘:l ],k=1 j,k:]
1 n n
+ —( Z Tijk..2YilYk- Y2 Tj + -+ Z Tijk...zyiyj---yziz)]
m .
Tokye.yz=1 Irkyeeyz=1 (37)

Trong cdéng thtrc trén, ching ta ky hiéu cdc chi s6 duéi cla tong ing véi céc
téng cho ngdn gon. Do tinh ddi xéng cia cdc ma tran T, chiing ta hoin todn cé
thé d6i chd céc chi s3 1an nhau do d6 cdc s6 hang trong ddu ngodc don 13 bing
nhau. Tiur nhén xét trén, sau khi rit gon ta cé: S

—_— = —Zy,z,[ZT,]y] — g, (y,) +I; + Z T‘l.]ky]yk +-

7,k=1

n
+ Z Tijk...zyjyk---yz] (38)
1.k, 2=1

Thay ; = g7 ' (y:) vao (38)

= _Zy‘z'[ZTinJ +fz+ Z Tijkyjyet- -+ Z Tijk...zyjyk---yz]

- 7k=1 7k, z=1
; (39)
D€ ¥ ring v’ khong 4m do y dwong va don diéu khéng gidm, C; = const vi

bi€u thitc trong diu ngodc vudng chinh 1 ' (39) nén:

dv €
- == Y Cuizt <o (40)
i=1

ok

dé 1a didu cin thiét da dwgc chitng minh.
T dinh 1y 2 va ménh dé 2, 3 ¢6 thé phat bi€u dinh 1y sau:

Dinh 1y 3. Trong hé Hopfield md réng

n n
Cix +I -I~ZT,,yJ +ZZT,Jky,yk+ +Z"‘2Tij...zyj---yz
7=1 z=1

7=1k=1
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sao cho
a) ma tran | Ty, ..., ||T5j...2]| 467 zing va tdt ed Tik, ..., Tik..- <O
cho mor1=1,2,..., n;
b) ham g;(&) khd vi, don diéu khong gidm, vdi moi € > 0 va
ham nguge cda né X; = g7 '(y:) cho moii=1,2,..,n;
c) hznsup[ zz/R + I + Tiiyi(zi)] <0 cho mot i =1, 2,.
-— 00

d) llm (-X ( )/Ri+ ;) =
hoac gllm (-X:(&)/R: + I;) < o0,
—0+
va fo Cid¢ = 00 voi p > 0y
thi ton tai ham Liapunov

n

V(:II) = Z(l/Rz)/o d§ - ZIlyl T e ZZTszzyJ

1=1 1,—1]__1

__ZZZTukyzyjyk_”'__Ez ZTU 2YiYj ...

i=1j7=1k=1 1=1)7=1 z=1

zde dinh dvong va
dV (z)
B dt

n
=) Cugigl <0
1=1

- Viéc ching minh da tién hanh tir ménh dé 2 va 3.

53

Ya
(30)

(40)

Hoan toan cé thé suy ludn ring ton tai cdc cdu tric khic dua theo (29), trong
d6 c6 thé bd bgt mot hodc mét s6 thanh phin cia bac ndo dé va cling ton tai céc
ham Liapunov twong tng. Nhu vay, ching ta c¢é khéng chi mét ma 1a mét 1ép cac
c4u tric mang theo kiéu Hopfield cling nhu tén tai cic ham Liapunov twong @ng
ddm bio diéu kién cho mang &n dinh. D4y la co s& cho khd ndng 4p dung ching
réng hon vao cdc tng dung thuce té nhur céc bai todn diéu khién ching han.

4. KET LUAN VA CAC PINH HUONG NGHIEN CUU

o Y nghia va muc dich 16n nh4t cia bai nay 13 chitng minh 8n dinh cda mang
Hopfield lam co s& dé gidi quyét cac bai todn nhan dang va diéu khién trong

cdc hé tuyén tinh hodc phi tuyén hodc cdc bai todn khic [10].

o ‘M5 hinh Grossberg [11, 12| mang tinh t8ng quét véi 1 l6p mang rong hon,
nhung rit khé thyc hién trong thyc té. Trong khi 46 mang Hopfield don gién,
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c6 thé thuc hién bing mach dién [2] va da duoc ding d€ gidi nhidu bai toan
dieu khién va t8i wu nén viéc mé réong nay cé y nghia thiét thue.

Bai ndy cling gép phin I ludn trong viéc mé réng ciu tric mang Hopfield
& dang téng quat bic cao va chirng minh tinh 8n dinh cda né. Tuy nhirng
bai todn cu thé cé thé lra chon mic dé phirc tap khi bd bét cac hang cda
(29). Chiing t6i khéng xét 6n dinh tirng bac vi ching minh di mang tinh
tdng quat.

V@ khd ning phan 1ép t6t hon nhw di phan tich & muc 2.

Veé kha ning lvu miu: mang Hopfield bic hai cé khd ning lwu miu N? trong
khi mang Hopfield chudn chi dat 0,046 N2 [2]. V&i mang bac cao khd ning
nay chic sé con lén hon va ciing 13 vdn dé mé.

Tuy nhién, mang béc cao sé c6 dé phirc tap 1én hon, t6c d6 x& 1y ciing cé
thé chim hon. D&i véi bai todn nhian miu ciing nhr bai toan diéu khién viéc
ap dung mang Hopfield nhiéu 1ép chic sé t6t hon theo nghia nio d6. Nhung
nghién ctru dé 13 céc dinh huéng tiép theo. o

PHU LUC A

Dé chtrng minh V(x) 13 ham Liapunov, diu tién chirng minh quj dao (1)

duong bi chin véi dir kién ban dau dwong [11].

B8 dé 1 (Cohen, Grossberg vé tinh chin va xac dinh dwong).

Tinh chin: Véii=1,2,...,n, gid su:

L4

li?lsolip[bi () — cudi(€)] <0 (A1)

Xdc dinh cho quy dgo véi i =1, 2,..., n, gia s¥ hodc la
Jim bi(6) = oo (a2
hodc la 51_1’%1+ b (€) < oo | (A3)
v /0 © a:ié) — o0 v >0 (44)

Thi diéu kién ban ddu dwong tao thanh cdc quy dao dwong bi chdn got la quy dao
chdp nhén.
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Chitng minh. Tinh chin dugc ching minh, st dung diéu rkién (A1)

n

bi(zs) — Z cikdk(zi) < bi(z;) — ciidi(zy) (A5)

k=1

12 hoan toan ding vi moi c;x va di la khong 4m. Vi e,(z;) dwong khi z; 1én, tir
(A5) cho thdy rdng (d/dt)z; < 0 khi z; 16n. Qud viy, cho diéu kién dau duong,
ton tai mét L; < oo sao cho z;(t) < L; khit dd lén véii=1,2,...,n

Diéu kién (A2) duoc 4p dung cho x4c dinh duvong bé&i: mdi hang trong téng

F]

E ¢ikde(zk) bl chdn néu moi zx < Lg véi k = 1,2,...,n, do vay b;(z;) —

n

3" cikdi(zk) bl chdn néu moi zx < L, véi k - 1 2,...,n khi z; — 0t. Vi
k=1
a;(z;) > 0 khi z; > 0, (d/dt)z; > 0 truéec kh1 dz_xt dén 0, (d/dt)z; < O trong
khoang z € (0" — oo) do d6 z; khong khi nao dat 0. Khi (d/dt)z; d6i dau tir
am sang dvong khi z; thay ddi tir + 0o dén 01; trong khodng +oo dén 01 §t hin
phdi ¢6 mét di€m z; ndo d6 d€ (d/dt)z; = 0. Khi (d/dt)z; = 0 thi z; khéng con
chuyén déng dé dat vé O (gidi thich cia tic gid bai nay).

Diéu kién (A3) va (A4) néu dam bdo d€ x4c dinh quyj dao dwong thi khi &y

(gid st & thoi di€m ¢ = T ma z;(T) = 0 sé xdy ra mau thuin)

—00 = / - /[b z;(t thkdk (zx(t dt> —oo (A6)
i(¢)

Xi(o0)

-

sé mau thuan (tich phan trong ngodc vuéng 1a hiru han).

Nhu vay z;(T) luén ddm bédo duvong cho moi t > 0.

PHU LUC B (Cohen, Grossberg)

Ciing cin chtrng minh V (z) giéi han va lién tyc d€ ddm bdo cic nguyén tic
cho &n dinh V(z) [11] nhu sau:

Ménh dé 1 (Cohen, Grossberg). Néu gid thiét cia b6 dé 1 ddm bdo thi V(z)
dugc gids han va lién tuc trén cdc quy dao chdp nhin.

Chitng minh. N&u (A3) ddm bdo thi tich phin

/Om bi(&:)d;(€:)dé; (B1)
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1a chin bdi vi cdc quy dao chdp nhén ciing bi chin. Dong thoi céc s6 hang

n

Y cind;(z5)de(ze) (B2)

k=1

ciing bi chin bé&i ham d;(z;) 13 ham lién tuc cda céc bién bj chin. Néu (A2) dam
bdo, béi vi
Jim [5:(€)44(8) < oo (83)

thi Iy ludn trén 13 ding. Néu (A2) khéng ddm bdo thi tich phan foz‘ c6 thé duoc
thay thé bang tich phan ff‘, & d6 A; 12 1 hang s6 duwong duoc chon theo cach sé
trinh bay duéi diy. Viéc chon nhu viy rit cé thé xdy ra khi mét s8 twong tac két
hop véi nhau. Mdi mét dy 13 ham khéng 4m va don diéu khéng gidm cda bién
0<zyp <Lgvéitdilén, k=1,2, .., n Nhu viy, ton tai L hiru han duong sao

cho S
n ;

Z Cikdk(:llk) S L (B4)
k=1

trén cdc quy dao dwong chdp nhan véi thoi gian dd 1én.

Do (A2) ddm bdo, mét khodng [0, 2);] ndo d6 ton tai sao cho

n

b,’(.’lzi) — Z cikdk(zk) > L (B5)
k=1 '
nhur V@y T Z La,‘(ll,') (B6)

khi 0 < z; < 2); trén quy .d@o chdp nhéan tuy ¥ véi thoi gian dd 1én. Vi ham
a; duvong trong khodng [z;(T), 2A;], & d6 z,(T) > 0, do d6 a; ¢6 can duéi duwong
trong khodng nay. Tir (B6) rat ra T duogc chon du 16n dé ddm bdo (B4) d6i véi
t > T thi z,(t) tdng {t nhat véi t6c dd tuyén tinh cho dén khi z;(t) vugt qui A;
va van 16n hon A; sau. Vi diéu nay ddm bdo cho 1 quy dao chdp nhén tuy ¥, viéc
chon A; trong tich phéan f;‘ duogc coi 1a thda man.

-
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