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VE MOT BAI TOAN TIET KIEM VA TIEU DUNG
vOI THOT GIAN ROT RAC

LE VAN CUONG, TRAN THANH TRAL NGUYEN KIM KHOI

Abstract. In this paper, we use the method of the dynamic programming-to prove
the following economic action: No matter how about property, if the salary is constant,

people can’t save their earn anymore by certain time and use up their property, if not,
their property will be positive.

Mot s6 cong cu chinh:

Xét bai toan voi

X CR”

B €]0, 1]

I': X — X anh xa da tri

graphT = {(z,y) € X x X, y € I'(z)}

V: graphl' — [—o0, +00{

Wg(z0) = sup Y. BtV (x4, T¢41): ham gia
1=0

Tt € F(.’Et), Vt

Lo cho trude.

Ménh dé 1. Gid thiét:
H1l: Vze X :T(z) #90,
T
H2: Vzq € X, VZ € II(zo), Tlim 3 BV (x4, i41) ton tai vé1 T(zo) =
0 =0
{Z = (0, 1, T2y .oy Tny1) € [(zy), Vn} la mién chd’p nhin duac,
H3: Vzo € X, V(zo, 1) = —00 = Wg(z1) < +oo, 71 € I'(20),
thi W thda phwong trinh Bellman

(B)  Wg(zo) = sup {V(zo,y)+BWp(y)}.
yEr(zo)

Cha thich: Day la truong hgp mé réng cia dinh 1y Blackwell véi V' lién tuc va
khéng bi chin. ' '
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Ménh dé 2 (Pinh ly Benveniste- Scheinkman). Néu: V lom, V(z,.) l6m ngdt,
graphT /67 va int (graphT) # 0, V (., y) khd vi va (z, pg(z)) € int (graphT) thi:
e Wg khd vi,
e Wh(z) = 8 (s, pp(a))

O (z, pp(z)) + B 5% (pplpp(z)) =0

vd1 pga(z) & argmaXyer(z) (V(z, y) + BWgs(y)).

)

Trong bai nay c6 hai ap dung. Ap dung 1 da bédo cdo tai Hoi nghi toan qudc.
vé T8i wu va Diéu khién tai Qui Nhon thing 5/1996, chiing t6i vin néu diy dd
cac két qud. Ap dung 2 13 két qud méi trong bai nay.

Ap dung 1:

.

-
Goi z; 13 cda cdi cda mét hd tai thoi di€m t; S 14 lwong hing dugc chia ra
S =ctt e

C; 1a tiéu dung, e; 1a tiét kiém.
z¢ thda man hé dong
Ti1 = R.(z¢ + €4)

vGiiR=1+4r, r>0.
Bai todn xét cuwc dai ham loi ich cda tiéu dung nhu sau:
[o.e]
sup Y. fBu(cey)
1=0

g cho trudc
z; >0 Vit
véi R < 1 va u € C}(R,) 16m ngdt, t&ng ngdt sao cho u(0) = 0, u'(co0) = 0.
Muc dich cta 4p dung nay chi ra ring

e v&i moi roban dau ton tai duy nhat day téi wu
" = {zo, z:", z2%,...) Vi
e tdn tai ¢(zo) sao cho
Vn > t(zo), z.*=0.

Néi céch khac néu lwong S 13 hing thi dén thoi di€m ndo dé nguoi ta khong
con tiét kiém dwgc nira tiéu dung hét cd lvong cia minh.



20 LE VAN CUONG, TRAN THANH TRAI, NGUYEN KIM KHOI

Bai toan tuwong dwong:

up Bt u(5 + 20 - T21)
t=0

véi: o > 0 cho truéde, 0 < 4, < R(S + z4).
DPé chitrng minh cic khing dinh trén cda 4p dung 1, ta diing cic bd d@ sau:

B4 daé 1. <
Voo >0, 0< f(—gi < V(z0) < +00.
Chitng minh. VIO < 8 < 1, u(0) = 0 va u ting ngdt nén 0 < %(_%2
Chirng minh %K_Eﬁl < V{(zo)

Lay day II(zo) = (2o, 0, 0,...) v&i zo bat k¥, ta cé R

V(zo) = sup Zﬂtu(S + ¢ — z¢41/R)
i=0

> Zﬁtu(s + 2 — z¢41/R)
i=0

= u(S + zo) + Bu(S) + f*u(S) +---

> u(S) +Bu(S) + B2 u(S) + -

_ u(S)

=1-3
Chirng minh V (z0) < oo
Vio<ziy <R(S+2zi) nén 0 < 144y < R¥(zo + W) vé6i W = RS/(R — 1)

Zﬂt u(S + z; — 441/R) < Zﬂt u(S + z:)
1=0 1=0

[e o]

Btu(S + Ri(zo + W)) = iﬂt u(R*(S/R! + zo + W)}

1=0 1=0
<Y B'R'u(S/R' +z0+W) <) (RA) u(S+zo+W)<+ooViRA<I.
1=0 =0 .

Goi m; > 0 di€m thda man

u'(S +my) = RBu'(S). (1)
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Vi v’ lién tuc gidm v’ > 0, u'(00) =0 va RB < 1 nén m; > O ton tai théa (1).
Bo dé 2.
i) V lom, tdng ngdt.
ii) Néu zg € [0, my]| thi
u(S)

A V(zo) = u(S + zo) + ﬁ—l_———ﬁ . (2)

iii) V lién tuc trén [0, oo| va thda mdn phwong trinh Bellman.

Chitng minh.
i) V 16m va ting ngdt do tinh toan.

ii) Do A =u(S+z+0)+ 3 Bu(S)— 3 B'u(S +z; — z441/R) > 0 nén
i=1 i=0

Vzo € [0, my] = z:* = 0 13 1o gidi t8i wu va

V(o) = u(S +20) + ) B u(S) = u(S + z0) + B B u(S)
1=1 1=0
:uw+wd+ﬂ%gl.
Vay hé thic (2) théa.
That vay

A=u(zo+8) —ul(S+zo—z1/R) + > _ B (u(S) —u(S + 2, — z41/R))

=1

> u/(S + zo)(z1/R) + ) _ B (u'(S) (zes1/R — z4)

=u/(S + zo)z1/R + ,Bu'_(S)(:Eg/R — 1) + 8% (8)(z3/R — z2) + - - -
= [u'(S + z0) — RAY/(S)|z1/R + B[v/(S) — RB'(S)]z2/R + - - -
= [u'(S + z0) — v/(S + my)]z1/R + B[u'(S) — RBY/(S)]z2/R+ -+

Vi zg < my nén u'(S + z0) > u’'(S +my) va Rf < 1 nén u'(S) — RAu'(S) > 0 va
twong tu tacdé A > 0.

iii) V 16m nén lién tuc trén |0, oo, nhung do (2) nén V lién tuc trén [0, oo|.
Do ménh d& 1 nén V thda man phuong trinh Bellman véi sup va V lién tuc nén

V(z) = OsyénRa()gH){u(S +z—y/R) +BV(y)}
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Goi anh xa ¢

g(z) = argmaxye[o,g(s+z)}{u(5 +z— %) +ﬁV(y)}

12 1o gidi cia bai todn, nghia 1a khi & nghiém thi

y=g(z) va V(z) = u(A+ - alg)) + BV (g(z)) -

Bé dé 3.
i) g lién tuc tdng.
ii) z € [0, my] = g(z) = 0.
iii) £ > my = 0 < g(z) < R(S + ).
iv) V khd vi va V’(x):u'(S+x—~g—(§l),Vm>m1. T
v)y=g(z) <

u,(S+a-5) = RBV'(v). (3)

Chitng minh.
i) g lién tuc do dinh Iy maximum cda Claude Berge.
N)

ii) Do hé thirc (2) V() =u(S+z)+ ﬂfL)ﬁ véi z € [0, my] nén V khd vi
va g(z) = 0 trén doan [0, m4].

Sau day ta chirng minh g 1a ham tang.

Phan ching, gid st ¢ gidm, 1ay z/ > z = ¢(z') < ¢(z) = RBV'(g(z'))
RBV'(g(z)) = /(S +z' —g(z)/R) > u'(S +z+ g(z)/R) = S +z' —g(z') /R
S+z—g(z)/R=>0<z' —z<(g9(z') —g(z))/R = g(z') > g(z). Vo 1y, viy g(z)
la ham tdng theo z.

2
<

iii) Chiérng minh 0 < g(z) véi z > my. Phdn ching, gia s g(z) = 0. Cho
0 <y <my,

A(Y) = u(S + 2~ y/B) + AV () - u(S + ) - BV(0),

ta c6 V(y) =u(S +y)+ ﬁ:&s)ﬂ va V'(y) =4/ (S +y).

Do tinh 16m cda u ta cé

A(y) > v/(S+z—y/R)(~y/R)+Bu'(S+v)y = (y/R)[RBv'(S+y)—u'(S+z—y/R)].
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Biéu thirc trong ngodc vudng tié€n vé RBu'(S)—v'(S+z) khiy — 0, ma S+z > S+
my = u'(S+z) < u/(S+my) = RAV(S)—u/(S+z) > RBu'(S)—u'(S+m,) =0.
Vay A(y) > 0 véi y > 0 khd nhd. Nghia 13 g(z) khong phdi 1a argmax. V6 ly.
Chirng minh ¢(z) < R(S + z) v6i z > m;.
Phdn ching, ¢(z) = R(S + z),

Ay) =4(S +z—y/R) + BV (y) — u(0) — BV(R(S + z))
>u(S+z—-y/R)(S+z—-y/R)+V*H(y)(y - R(S+1z))
= (S +z—y/R)[W(S+z—-y/R)— RV (y)].

Bi€u thirc trong ngodc vudng tién vé u/(0)—RAV+(R(S+z)) khiy — R(S+z). Vi
V 16m nén VY (R(S+z)) < V'(0) = v/(S) < v'(0) = v'(0)—RBV*(R(S+1z)) > 0.
Vay A(y) > 0 khiy gin R(S + z). V& 1j.

iv) Do iil) v& ménh dé 2 nén V khd vi khi £ > m;. Vay V khd vi V(z) =
maxo<ySR(S+z){u(S +z—y/R)+0V(y)} © y=g(z) & g(z) 1a argmax.

v) Do V khd vi theo y nén —1/Ru/(S + z —y/R) + BV'(y) = 0 < (3) thda .

_ Xét day {m,} véi

mg =0,
w'(S + ml) = Rﬂu’(S)
Mn ] Mp—1
B deé 4.

i) Vn mp_1 = g(m,).
i) Vz € [my,, mpi1] = g(z) € [Mp_1, my].
ili) Day {m,} tdng ngdt va m, — oo.

Chitng minh.

i) Do mg = 0 va theo (3) u/(S + m;) = RBV'(0) = RBu'(S) nén g(m,;) =
mo = 0

V(mi1) = u(S + m1) + const nén V'(m;) = u'(S + m,). _

M3t khéc w/(S +my —m;/R) = RBW' (S + my — mo/R) = RBu/(S + m;) nén
my = g(my).

Gid st my,—; = g(m,), ta ching minh m, = g(mp41)

u'(S+mpy1 —mp/R) = R (S+mp—mp_1/R) vaV'(m,) = u (S+mn
my—_1/R), nén /(S + z — g(z)/R) = RBV'(¢(z)).

ii) Vi g tdng vd m, = g(mup41), Mp—1 = g(my) nén Vz € [my,, muy4q] =
g9(z) € [mn—l’ mn].
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L ]

- iii) Ta ¢c6 RB < 1va do (4) u'(S + mpy1 —my,/R) <v/(S+m, —m,_1/R). ).

Vi u' gidm nén (my4q, — my)/R > (mp, — mp_1)/R.

Ti€p tuc ta c6 mpy1 —mp > (Mp —Mp_1)/R > (Mp_1 —mp_2)/R* > - >
(m1 —mo)/R"2 =m;/R™" 2% > 0. Do d6 {m,} 1a day t&ng ngit.

DPé chirng té m,, — oo khi n — oo ta phdn chitng m,, —» M. Do (4) v/(S +
M — M/R) = RB/(S + M — M/R). V5 If. Viy m,, — oo. -

Goi {z+*} la day 1&1 gidi bai todn. .
Ménh dé 3. o
Vzo > 0, 3t(zo) € N, z:* =0 Vt > t(z0)

Viay véi bay ki zo ban diu ndo cling c6 n € N dé To[mz, Mp41] va dén mot
lac ndo d6 z; gidm vé khodng [0, m,] va 241" = 0.

Ap dung 2.
Tuwong tu nhu bai todn trén, néu thay S = S(z;) véi S thda
S 16m, S(0) =0, S € C'(R,), S'(0) = +oo -

thi

Cho zg > 0, ton tai day t6i vu ¢;* > 0, z3* >0, ...

Nghia 14 néu thu nhép c6 thé ting (dau tw sdn xuit hay 13i xuit ngin hang cao...)
thi ngudi ta ¢é du cda cdi dwoc.

Bai toan

supZﬁtu(zt + S(z¢) — ztgl)
» -1=0

0<z;41 < R(S(z4) + 74)
zo > 0 cho truée.

Ménh dé 4. Dit F(z) = z + S(z), ta ¢6

u(F?(z0))
1-RB

ii) V(0) =0, V lom, lién tuc trén [0, +oo|.

iii) V thda man phwong trinh Bellman.

iv) 2o >0=z1* >0, z2* >0, z3* >0,....

i) Vo >0 0= < V(zo) <

Ching minh.

i) V(zo) = sub Z:Oﬂtu(F(zt) — 241} v6i 0 < 2441 < RF(z4).
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Lay z € II(zo), Z = (20,0, 0,...) ta cé

= t Tt > t u(O)
V(zo) > ,:Zoﬁ U(F(:Et) — ;2- ) > ;ﬂ u(0) = T4
Chirng minh! V(zq) < u(Fj(;;))
Ta cé .
Zﬂt u(F(z:) - -’Ct+1) < Zﬂt w(F(zs)) < Zﬂt“(F(fﬂt))

S Btu(Flz) - 22 <37 ptu(F(z) < Y B u(F(R( F(zo)))
< 3 R F(F (o) = Yo(RA) wlF(e)) = M),
i) V(0) =0.

- That viy, n€u zo =0 va Z € II(zo) thiz; =0Vt >0vi0 < 244 < R F(z,)
va F(0) = S(0) + 0 =0 nén V(0) = 0.
V 16m do tinh toan, va V lién tuc trén |0, +oo[, vi V(0) = 0 va u(F*(z)) - 0 -#0
khi z —)" nén giéi han phdi cda V(07) ton tai va bdng V(0) nén V lién tuc trén
RT.
iii) Do ménh dé 1 ham V théa min phuwong trinh Bellman.

iv) Ching minh néu zo > 0 thi z;* > 0 véi moi ¢t > 0. Phén chitng, néu
To > 0 ma z;* = 0, khi d6 z* = 0, r3* = o,... vi 0 < i1 < RF(.’Bt) va
F(0) =0.

Nhu vdy (zo, 0, 0,...) khong phdi la nghiém. Liy z; < R F(zo), z; = 0Vt > 2

*

A=) Bu(F(z) - L) 208t u(F(ze) — —2)
1==0

R R
= u(F(zo) — %) + Bu(F(zy)) + 0 - u(F(z0)) — Bu(0)
= u(F(z0) — =) — u(F(z0)) + B(u(F(z1)) ~ u(0))

- %) + B (F(z1)) F(z1).
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Vi F 16m, F(0) =0 = F(z,) = F(z,) — F(0) >F'(:1: ) 1, nén

A 2 u'(F( )(——)+ﬂu( (21)) F'(21) 21
2[—u’(F(xo)—%)+Rﬁu( (1)) F'(z1)] 2.

Khi z; — 0 thi bi€u thirc trong ngodic vudng ti€n vé —u’(F(zo))+ R u'(0) F'(0) —
+00, khd 16n, nghia l1a A > 0. Diéu nay ching té néu zo > 0 thi z; >* > 0.
Twong tw néu o > 0, ,* > 0 ma z2* =0 thi cling vo Iy .
Chirng minh tuwong tu ta ¢6 z;* > 0 véi moi ¢t > 0.
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