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THE INVERSE SOURCE PROBLEMS FOR
THE HELMHOLTZ OPERATORS ) ‘

LE TRONG LUC

Abstract. The paper is devoted to studying the inverse source problem for the Helmholtz
equations as investigating solution sets (or information content} because of its ill- posedness,
consisting of source distributions located on a closed domain considered, which create the
potentials known outside that closed domain and unknown on it.

I- INTRODUCTION AND NOTATIONS

In this paper we study the inverse source problems for the positive Helmholtz
operator

P=Pt:=A3+k k>0,

and the negative Helmholtz operator
Q=P =A;—-k* k>0,

in the sense of distributions, where Az is the Laplace Operator in the Euclidean
space R3. The inverse source problem consists in determining the distributions
creating the potentials which are known exterior to a given closed domain. This
problem has been studied in the sense of measures in [3], [9]. Here we generalize
it into the sense of distributions as in [5], [6], [7]. .

Let R™ be the n-dimensional* Euclidean space. Denote by Co(R™) the space
of all continuous functions with compact support, by C}(R"™),CI*(R™),CS°(R™)
the space of all functions of Co(R"™) with continuous derivativgs of order 1, m, and
derivatives of arbitrary order. Further let us denote by Cy(R"), C2' (R™),CJ" (R™),
C;”' (R™) the dual space of Co(R™),C3(R™),CT(R™),CS°(R™), respectively. As
usual, we say that the elements of C3™' (R™),CJ” (R™), CY' (R™), Cy(R™) are dis-
tributions, distributions of order < m, distributions of order < 1, distributions of
order zero or (Radon) measures, respectively, (see [4],Theorem 2.1.6 and [9]).

k(*) The work is supported by the National Basic Research Program for Natural Sciences
and by the Program “Applied Mathematics”, NCST of Vietnam.
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Let a = (a1, ..., ) be a multi-index, a; > 0. We denote by |a| = a; +...+a,
and by (Ka)|a|<m @ Vector of measures, where o € C{(R™). Then the distribution
T defined by

Tip— 3 [ Doele)dua(a), v € CP(RY (1)

la|<m
is a special distribution of CJ" (R™).

Let Cg"' (R™); stand for the set of all distributions of the special form (1) with
le| = 7,7 =0,1,2,...,mm. Then

¢ (RM) 2 | cor (B, -
j=0
For m = 1 we have
C(R™) € Co(R™) U Cy' (R™)1 C Cy' (R™).
A measure u is called positive if u(f) > 0 for every f > 0. Each measure y can

be represented as the difference of it<  sitive part u* and negative part u—, i.e.
p=pt —pu", where

u*(f) = sup{u(g) : g € Co(R"), »0 <g<f},
p~(f) = sup{—u(g) : g € Co(R™), 0< g < f}.

Further, we denote by C§(R"™)™ the set of all positive measures in R™ and by
Cy ' (R™, A), or D'(R™, A), for an arbitrary set A C R™, the set of all distributions
v with suppr C A. Analogously we denote by C’g‘ "(R™, A); the set of all elements
v of Cg"' (R™); with suppr C A.

Throughout this paper we consider a simply connected bounded domain G
containing the origin in R? with sufficiently smooth boundary 8G. Denote by G
the closure of G and by G; = R3 \5 the complement of G. We shall discuss
the inverse problems with respect to G and G; which we will call the inner and
outer inverse source problems. The coupling of the inner with the outer inverse
problems will be discussed in another occasion. The paper is divided into two
sections concerning the positive and negative Helmholtz operators.

II - THE INVERSE SOURCE PROBLEM FOR THE POSITIVE
HELMHOLTZ OPERATOR

It is well known that for the positive Helmholtz operator there are two following
fundamental solutions

—1ik|z|

E(z) = ———
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One says that a function u € C!(G,) satisfies the Sommerfeld emission condition
at the infinity S(co), or S(o0), if the following condition is fulfilled, respectively,

du(zx)
d|z]|

— iku(z) = 0(|=|?),

or

ou(z)
d|z|

+ tku(z) = 0(|z|™1), |z] = co.

For simplicity of representation we introduce the following séts

S(o0) = {u:u e CY(Gy), a;(“? — iku(z) = 0(|z| 1)},
S(o0) :={u:ue CYG)), a(;‘li”‘l) + iku(z) = 0(|z|™1)}.

It is easy to verify that E € S(oo) and E € S(o0).

1. The inner inverse source problems (inverse scattering problems)

Let us first recall the set of possible solutions B(x) introduced in [9] (p. 102):

B(u) == {n € M¥(Q) : 70 = mu},

where p is a positive given measure located on a bounded given domain 1 of
the Euclidean space R® (or.R"); and the Balayage-operator 7 : M(Q2) — M(80Q),
acting from the set M({2) of (Radon) measures on {1 into the set M(9) of measures
located on the boundary 911, means

Tp=1mn <= ¢u(z) = ¢n(z) Vz€CO (orVz¢ ),

with ¢ being the fundamental solution of the Laplace operator A. In [3] (p. 136) the
same set of such possible solutions has been defined (with some slight changement
of notations), namely

B(u) :={v >0: suppr C 0,Grv(z) = Gru(z),z ¢ 0},

where G, = ¢, which is equivalent to ([3] p. 144)

B(p):={v>0: suppuCﬁ,/fdu:/fdp.,
fec@®nc?),Af =0in 0}.
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Here we understand the same inverse source problem above in the converse way
as the following. We introduce the following set

H:=H:={u:ueD(G,), Pufz) =0 in G;}.

Definition. The inner inverse source problem relative to an element v € H and to
the fundamental solution E,or E, respectlvely, consists in studying the following
possible solutions set,

L(v) :={v:v e D'(R3QG), Exv(z)=v(z), z€ G},
> L(v) :={v:veD'(R%G), Exv(z)=v(z), € G1}.

The description of the distribution equation such as Ex f(z) =¢g(z), z€ G
is referred to [12], [13].

Theorem 1.

(i) For each v € H N D'(R3,G,) with the existence of the convolution E * v
there exists a solution v € L(v) N D'(R3,8G), which is represented by v = Pv.

(ii) For each ve HN 2’(R3,61) with the ezistence of the convolution E % v
there exists a solution v € L{v) N D'(R3,8G), which is also represented by Pv.

Proof. (i) Slnce v € H, that is Pv( ) =0,Vz € G, we have e suppPv C R3\ G, =
G. By assumption v € D’ (R3,G,) we obtain suppPv C G;. Consequently, we
get suppPv € GNG; = 3G or Pv € D'(R%,8G). It is known (cf.[12]) that
from the existence of the convolution f * g, f, g € D’ (R3) follows the existence of
the convolution D*f * g and f * DI Va = (ai, @2, 3) with integers a1, a3, as
satisfying D*(f x g) = D*f *x g = f * D*g. Moreover, our operator P is a linear
one with constant coefficients. Hence, from the existence of the convolution E % v
follows the existence of the convolutions E * Pv and (PE) * v which satisfy the
condition

P[E xv](z) = E « Pv(z) = PE *v(z) =
=6+v(z) =v(z), z € R3.

In particular, we obtain E* Pv(z) = v(z), £ € Gy,or v = Pv € L(v)ND'(R3,8G).
q.e.d.
(ii) The proof of this part is quite similar to that of (i).

By additional information on v € HNC(G;)NS(c0) and v € HNC'(G1)NS (o0)
one can get classi al solutions in form of double and simple layers in the classes
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'C;' (R3,8G); and C'(8G), respectively. This is also the same for the functions of
the classes H N C(G;) N S(c0), and H N C'(G1) N S(c0), respectively.

Let A be a closed set of R®, and € > 0 a positive number. Then there exists
a function 94 .(z) € C*°(R") with (cf.[8], p. 16)

nael(z) =1 Vz € A,
Nae(z) =0 Vz ¢ A,

where .
Ac={z+y:z€ A4, |y <e}.

Let f be an arbitrary distribution of D’(R3). We call a distribution g of D'(R?)
the restriction of f on the closed set A, if for each sequence {n4 .}, € > O the
following condition holds :

g= lin})fn,l,s in D'(k?),
or
(9,9) = lim (fna,e,9) in C* Vp € D(R?).
We denote by f| 4 the restriction of f on the closed set A .

For each continuous function f € C(R") and each closed set A there exists a
distribution R4 f € D/(R™) defined by

(Raf,p) = Af(a:)cp(z)dx p € D(R™).

Denoting by f|4 the usual restriction of f on A, and by f |a the corresponding
extension of f|4 by zero on the whole space R", i.e.

P

there exists a distribution T4 f of D'(R"™) carried by A: i
Tafiv) = [ Fla@e(e) = [ f@elads o€ D(R").
A A

By definition we have R4 = T4 in D'(R"™). So we can identify the usual restriction
fla as a distribution of D'{R"™) with R4f or T4 f; and we can write

(flasw) = (Taf,p) =(Raf,p) w€D(R")

for the convenience of presentation. In the following we shall use this notation for
continuous functions in the whole space R™.
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It is not hard to show that if the restriction f,4 exists, then it belongs to
D'(R™, A). The problem of posing conditions on the closed set A so that the
restriction fj4 exists for each distribution f € D’(R"™) is still open.

Theorem 2 (Sweeping-Out Principle). Let v be a distribution of D'(R™, G) so that
the convolution E x v exists. Suppose the ezistence of the restriction (E x v) & .
Moreover, assume the existence of the convolution Ex(Exv),z . Then there exists
a so-called swept-out distribution ' carried by 3G so that

Exv(z)=E«V'(z), € G,.

Proof. The Theorem follows from Theorem 1 since (E * 1/).2;—l € Hn D'(R3,G))
and the assumption that the convolution E * (E * v}z exists.

The Theorem can be formulated analogously for H,and for E.

2. Regarding to the outer inverse source problems we can deal with them in the
same manner as to the inner ones with the validity of the Theorems 1, 2.

III - THE INVERSE SOURCE PROBLEM FOR THE NEGATIVE
HELMHOLTZ OPERATOR

1. Fundamental solutions by negative Helmholtz operator

- Setting k = )\z in the fundamental solutions of the positive Helmholtz operator
we obtain the two following fundamental solutions for the negative Helmholtz
operator:

erMzl

T 4nlz]

E(z) = ———

Hereafter we only take the fundamental solution E(z) with the real distribu-
tions v of D'(R"), i.e. (v, p) being real for each real valued function ¢ € D(R"™),
into consideration. The another one is more difficult to study since it is a con-
tinuous function as a regular distribution tending to infinity as = does so. This
fundamental solution has the following property

0E(z)
dlz|

1 1
E(z) = O(El—z), and = O(I-"’lz) as |z| — oo.
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2. On classical boundary value problems

Lemma. The outer classical Dirichlet and Neumann problems for the homoge-
neous negative Helmholtz equation

Qu=(A—-X)u(z) =0, z€G,;

with real differentiable function u such that u(z) = O(EI—';) and ?ail(zill = O(Tzl?) as

|z| — oo are uniquely solvable in the class of real regular distributions.
Proof.

a. The Uniqueness. At first we show the uniqueness of the Dirichlet and
Neumann problems considered.

Take a sufficiently great number R such that the ball
K(0,R) :={z: |z| < R},

contains the closure G. Denote by S the boundary of G. Suppose there are two
solutions vy, vy of the Dirichlet or Neumann problem, we will show that v, = v,.
Indeed, setting w = v; — v, and applying Gauss-Ostrogradskij formula we get

dw / ow
w—dS = wAw + —)7ldz
/SUaK(o,R) on K(o,R)\E[ Z(axi) J

. =1

3
ow
— A2 2+ 2 d ,
/K(O,R)\E[ v Z(azi)] ’

-

where dS and dz is the surface element and the volume element, respectively. (The
similar uniqueness statement has been proved for the Laplace operator in [12]).
By the assumption that w = 0 or (dw/dn) = 0 on S with respect to the Dirichlet
or Neumann problem, we obtain

/ (AN2w? + i(a—w)z]dm = —/ Ow ;s
=1 axi 8

w
K(o,r) Onr
¢ 14 , 4Cm
R2 R23 3 R?

where C is some constant, and % is the outer normal derivative of w on the
sphere centered at the origin with some sufficiently great radius R. Let R — oo,
we have w = 0, which proves the uniqueness of the solution.

1d
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b. The solvability. The solvability of the outer classical Dirichlet and Neumann n
problems can be found in {8], [10], [11]. Furthermore, the solution u of the outer
Dirichlet problem is expressed in the form of potential of double layer

u(z) = B+ 56;;(/)65)(2:),

and the solution of the outer Neumann problem is given by the potential of simple
layer
u(z) = E % pbs(z).

where
(vis.0) = [ plae(@)dS(a) Vi € D(RY

with p € C(S) (cf.[12],[13]).

3. The inner inverse problem for the negative Helmholtz operator

We introduce the potential set H as follows
H:={u:u € D'(G1),Pu(z) =0 in G}

Definition. The inverse source problem relative to an element v of H consists in
studying the following solution set

L(v):={v:veD'(R%QG), Exv(z)=v(z) in G.}.

Theorem 3. For each distribution v of H with v € C'(G) satisfying condition
v(z) = 0(1/|z|?), (v(z)/d]z|) = 0(1/|z|?) as |z| — oo, and v(z) < O there ezists
a uniquely determined positive measure solution carried by 9G.

Proof. We construct a sequence of domains G!,G?,...,G7, ... with sufficiently
smooth boundaries S; := G’ and with the property: G1 D G*>--->G/-.- D
G, and lim G7 = G as j — oo. Since G is supposed to be sufficiently smooth,
such a sequence of domains G’ exists. Here we use the method of sweeping po-
tentials from the whole R%\ G on the boundary G (cf.[1][2]). Then there is for
any j a measure v; € C'(S;) with

v(z) = E *vj(z), Vz € GI := R*\ @ . (2)

We now show tha! v; > 0 and the set {v;} is weakly bounded.
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At first, let us consider the following sets

F(S;):={x:2€C'(Sj), Ex*XeC(R%},
D(S;):={g:9=E=*}s,, Ae€F(S;)},
where E+)|s; is the restriction of E+) on S;. Note that the set F(S;) is nonempty,

for instance, for any p € C(S;) the potential E * pés; belong to C(R?). We will
show that D(S;) is dense in C(S;).

Indeed, since S; is sufficiently smooth, the outer and inner classical Dirichlet
problems for the homogeneous Helmholtz equation

Qu(z) = (A — A?)u(z) =0, ' (3)

are uniquely determined for every boundary continuous function on S;. On the
other hand, the function

E 7 e—Alz_yl
(z-y) = m )

satisfies the negative Helmholtz equation (3), too, with respect to y for the follow-
ing separated cases :

QuE(z—y)=0 for yEG{, e G
QuE(z—y)=0 for ye G, zEG{,

where GJ = R3 \5] Note that for z € G’ we have E(z—y) € HN CI(E{). Thus
there is a (harmonic) measure v, € C'(S;) for any z € G’ with

E(z—y)=Exv.(y) VyeaG. | (4)
In the same way, there is a (harmonic) measure 8, € C'(S;) for any z € G’{ with
E(z—y)=ExB,(y) WeG. )

From this for each z ¢ S; there is a measure p, € C'(S;) satisfying condition
E(z—-y)=FExps(y) for yes; (z¢85;). (6)

Suppose now contrarily that D(S;) is not dense in C(S;). Then, by Hahn-
Banach theorem there is a measure p € C’(S;), p # 0, such that

u(f) =0 Vfe D(S;).
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Since E * u;|s; € D(S;) we have
W(E * pzls;) =0 Vz¢S;. (7)

Combining (6) with (7) we obtain

WE k) = [ Ble-vduls) =Brule)=0 Vogs. ()

S5

Since S; is sufficiently smooth and the function e~ 2! is continuous, (8) implies

Exu(z)=0 Vze R

Lo

From this it follows that
(E*p,Q*0) =0 Vp € CP(R?),

consequently,

(E*p,Q*0) =(QE *p,0) = ) =(1,0) =0 Vpe CP(R?),

where Q* is the adjoin operator of Q.

Since C$°(R?) is dense in Co(R?3), we obtain g = 0. This contradicts the assump-
tion that u # 0. Thus, D(S;) is dense in C(S;).

We can easily show, as by Laplace operator [5], that the set
D‘(Sj) = {F ¢ Alsj, A€ F(S;), A>0},

is dense in

C™(S;):={9:9€C(S;), ¢g<0}.

By virtue of (2), we obtain

E'xvi(z) = —v(z) >0 Vze G, (9)
where
E Blz) = o oo
(z) - (z) - 47r|z| >

Now we show that v; > 0. Integrating both sides of (9) with respect to the
measures A € F(S;), A > 0, we obtain

/E' % vd) = —/vdA >0 Vie Ft(s;),
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where F*(S;) denotes the set of all positive measures A of F(S;). Using Fubini’s
theorem we get

/E' * Adllj >0 Ve F+(Sj). (10)
Since D(S;) is dense in C(S;), then the set
D*(5;) = {B's Ns,, A€ F¥(S))),

is dense in
C*(8;):={g:9€C(S;), g0}
Taking (9), (10) into account we obtain
/gde >0 VgeCH(s;),
or v; > O.

Further, we will show that the set {v;}, j = 1,2,... is weakly compact. Let R
be a sufficiently great real number such that the open ball '

K(O,R):={z:z€ R®, |z|<R},

contains all domains G’. Integrating both sides of (9) with respect to the measure
~r defined by

1

. 7 3
(80 ) = g2 [ o TS S € Cal)

and applying Fubini’s theorem we arrive at

[ B andvy = [ —o(@drate) < Iollxom [ dre = 47B¥vlxom, (1)

where ||v||k (0,r) := maz{|v(z)| : z € IK(0, R)}.

Calculating the integral of the left-hand side of (11) we obtain the following
estimate

=Alz—y|
E' x~ du-=/ e———d'y z))dv;(y
o= [(f )

> hR( d’yR) / dl/j =hg, (12)
3K (0,R)
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where
. C‘A'z—yl
hgp:= _ min ——— = const > 0.
z€S,y€dK (0,R) 47r|$ - yl

[ av =1l

Since v; is positive, we have

From (11), (12) we obtain

lvillhr < 47 R?||vl|k (o,R) »
and

1
lvill < h_1;4"rR2””"K(0,R) = C = const.

>

Thus we have shown that the set {v;}, j =1, 2, 3,... is weakly compact. In
view of (2) there is a subsequence {v;;}, 5i = 1, 2,..., converging to a positive
measure vo € C'(8G) with '

v(z) = E*wo(z) VzeEQG;.
Hence, the existence of a solution of Theorem 3 is proved.
Now we prove the uniqueness. Suppose there are two positive measures

v,z € C'{8G)1 with

v(z) = Exv(z) = Exvy(z) VzeG,. (13)

We shall show that v; = vs.

Indeed, as we have shown above, there are two positive measures v} V% €
C '(S]')+ with

v(z) = E = u{(z) =FE % Vg(:z:) Ve G, j=1,2.. (14)

On the other hand, for each A € F+(S) there is A; € C'(S;)* with

E+)\j(z) VzeG). (15)
We. first show that
/E*,\du,-z_lim/E*Aduf, i=1,2. (16)
Jj—oo

Using Fubini’s the orem and taking (14) (15) into account we obtain
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I/E*AdU{—/E*AdU;?.l:l/E*AdVi_/E*A]'dVgI
=|/E*Adui—/E*VfdAj|
:]/E*Adu,-—/E*Vid)‘ﬂ
:|/E*Adu,-—/E*)\jdVi|
_<_//[E*A—E*)\j|du,-, 1=1,2.

Since E * A and E x A; are continuous, we obtain E*A; — E * X as § — co. Thus
(16) is proved. From (14) we have

/E*u{dkj :/E*ng)\j.
From (15) we obtain
/E*,\du{ :/E*,\dug VA € FH(S).
Taking (13), (14), and (16) into account we arrive at
/E*/\dul =/E*Adu2 VA € FH(S). (17)
As we have shown that D (S) is dense in C*(S) and D(S) is dense in C(S),

thus (17) implies v; = vz, which completes the proof of Theorem 3.

Corellary (sweeping-out principle). For each positive measure v carried by the

closure G there ezists a uniquely determined positive measure V' carried by 8G
such that

Exv(z)=E=«V'(z), z€G;. -

The proof of this corollary follows directly from the fact that the potentialr
(E * v)|g, satisfies the hypothese of Theorem 3.

4. The outer inverse source problem

We introduce the following potential set

H:={u:veD'(G), Pu(z) =0, z€G}.
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Definition. The inverse source problem relative to an element v € H consists in
studying the following solution set '

L(v):={v:veD'(R?G,), Exv(z) =v(z), Vre G}

Similarly to Theorem 1, and taking the classical results into account, we have
the following theorem with its corollary.

Theorem 4.

(i) For each v € HND'(R3,G) with the existence of the convolution E v there
ezists a solution v € L(v) N D'(R3,8G).

(ii) Vo € HN C(G), 3v € L(v) N Cy' (R3,8G)1,

(ii) Yo € H N CY(G), v € L(v) N C'(3G).

Corollary (Sweeping-out principle). For each p € D'(G,) with compact support
there are two distributions py € Cy' (R3,8G); and pq € C'(8G) with

Expu(z)=E % p1(z) = E * pa(z), Vz€G.
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