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TINH BEN VNG CUA CAC HE PIEU KHIEN
NHIEU DAU VAO NHIEU DAU RA

VU NGoc PHAN

The time domain description of a multi-input multi-output plant to be controlled has the
form

Ez(t) = Fz(t) + Gu(t), z}i=o = 2o, (1)
y(t) = Hz(t), ' (2)

where £ € R™ is state vector, u € R! is the input vector, y € R™ is the output vector, and
E € Ran,

F e R*Xn G ¢ R*X!, H € R™*™ denote the system matrices. A control law
u(t) = K1y(t) + Kau(t) + r(t) (3)

will be chosen to stabilize the plant (1) and (2), where K; i =1,2 are constant matrices and r(¢) is a external
input (reference input). If E = I, there is no great difference between the single-input single-uotput system
and the multi-input multi-output one in the state space description. That will be the reason why we restrict
our attention to the system model of the form (1) and (2). Furthermore, we will study the cases where the
plant models contain some uncertainties. An interesting approach dealing with model uncertainties is the
robust control concept. It is well known that there are several algorithms of robust control to be found at
international publications. The main diffrence of them is how to characterize the uncertainties being taken
into consideration. In this paper it may be seen that the uncertainties only appear in the matrix E. If E
is nonsingular, the uncertainties in £ imply the uncertainties in F and G. The singularity of E carries the
uncertainties of E to the transfer function matrix of the plant. Since the continuous variation of E cause a
continuous variation of closed-loop system parameters, we can utilize all the well known mathematical results
on the topology for studying the robustness of control systems.

I. MOT VAI KET QUA VE HE NHIEU DAU VAO
NHIEU DAU RA

O day chi nhic lai mét vai két qud vé cic hé thdng MIMO lién quan dén nhitng
phin sau. Déc gid chua lam quen nhigu véi cdc hé MIMO cé thé xem thém [1], [2]. Gid
thiét ring d&i tuong ditu khién didn td béi céc phwong trinh (1) va (2) cé bac bing k,
nghia la

deg det{sE - F} = k. (4)

Khi d6 luan luén tim duoc hai ma trdn M va N suy bién sao cho
[ o
MEN = [o E,} (5)

_[F, O
MEN _[0 1,._k] (6)
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trong d6 E; 14 ma trdn khong lily thira. Ngoai ra

HN = [H,Hj| (7)
vo=[G) X

Hé théng (1) va (2) goi la ditu khién dugc chim (slow controlable) néu
rank (A\AE—F—-G}=n 9)
va goi 14 @iéu khién dugc nhanh (fast controlable) néu
rank {AEG} = n. (10)

Mot hé thdng goi la dieu khi€n dwoc néu né ddng thoi diéu khién dwoc chim va didu
khién nhanh. Néu dit

| N7lz = (z,,zs)7 (11)

thi phuong trinh (1) tr& thanh
z, = Foz, + Gyu (12)
Efi,=x,+G,u (13),

Trén thuc t& M va N da tach hé thng thanh hai phin twong ¢ng véi tinh déng luc thip
va cao. Phuong trinh (12) c6 1o gidi

z,(t) = exp {F,(t — to)z,s(t) + exp {Fi(t — 1)} *x Gyu(r) (14)

trong d6 d&u + ki hidu tich phan chap. D& tim 11 gidi cda phuong trinh (13) ta gid st E,
14 ma trin khonh lity thira bac ¢, nghia 1a E% = 0. Khi d6 cé tim duoc ma tran T khong
suy bién sao cho

T-1E,T = [E1 0 ]

o0 E (15)
trong d6 E; 1a ma tran khéng suy bién va E; 1a ma tran khéng liy thira bic ¢. Su bién
dong dang xung cua hé thdng ting theo 6 16n cia g. Véi phép bién ddi (15) tir phuong
trinh (13) ta c6 1&i gidi

exp{E;(t) * ET* G u(t)

_ [ exp{E](t — to)} o -1
o ELLE Y SRR RRES v AT B
G -
[G;] =T7'qy, (17)

trong d6 ki hiéu (i) chi dao ham bac i theo tinh thin cda Iy thuy&t him mé réng [3).
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Nhu ta da thdy, cdc phép bién ddi (5), (6), (7) va (8) déng vai trd tach hé théng
thanh hai phan tuwong ng véi tinh dong luc cham va nhanh. M#t khéic chiing mé td cic
hé théng cé tinh tuong dwong theo dinh nghia cda Rosenbrock [2]. Trong [2] cling nhin
manh ridng, twvong duong theo Rosenbrock ham nghia tuong dwong trong quan hé gira
dau vao va diu ra do d6 cac hé théng tuong duong cé thé cé cdu tric bén trong khac '
nhau. Véi cac hé thdng téng quat miéu td bdi phuong trinh (1), bén trong hé théng cé
thé c6 nhirng bién déng dang xung khéng phén 4nh diu ra. Diéu nay lam ndy sinh van
d@ khi mé hinh d&i tuong chira nhitng bit dinh. Ly thuy&t v8 cic hé thdng véi cac thing
gidng ky di (singularly disturbed systems) chi dé& cdp dén nhiing bién d6i nhd 1am suy
bién ma tran E trong (1). Didu khién bén viing khdo sit nhirng dang bat dinh phirc tap
hon. Néi chinh x4c hon, diu khi€n bén viing quan tdm dén mét ho céc hé théng chir

khong chi quan tdm dén tirng c4 thé riéng biét.

II. VAN bE ON DINH BEN VUNG

On dinh hé théng dwéi didu kién md hinh chira bat dinh da thu hit su chi ¥ cia
nhiéu téc gia trong thoi gian gan day [6]-[12]. Nhu trén kia d3 néi, dieu khién bén virng
quan tim dén mét ho cac hé thdng chir khong chi quan tAm dén tirng ca thé riéng biét.
Mbt ho cac hé théng thudong dwoc dic tinh bdi sy phu thudc cda cac ma tran hé thong
vao véc to tham s nhan gid tri trong mdt tip cho trudc hoic roi mé hinh danh nghia
kém theo viéc mo t4 phian bat dinh (uncertainty description). Cobb nghién ctru van dé 6n
ding b3ng céng cu clda ly thuyét tip hop trén mét ho cac ddi twong miéu td bdi phuong
trinh vi phan dang t8ng quét (7). Conte va Perdon ciing st dung cong cu cia 1y thuyét
tap hop d€ gidi quyét van dé loai trir nhidu nhung trén cling mét ho ddi tugng miéu td
bdi phuong trinh vi phan théng thudng {13]. Bai niy quan tdm dén tip d6i tuong dién
t4 bdi c4c phuong trinh (1) va (2) trong d6 cic ma tran hé thdng c6 dang

I, 0 0 F, 0 O G,
E = 0 El 0 3 F = 0 Il 0 y G=E= Gl (18)

0 0 E, 0 0 I G2
H=|[H, H,, H)| (19)

& day I,, F, € R™**", I,,E, € R***"! va khong suy bién, I, E, € R"?*"2 |3 ma trin
khéng liy thira bac ¢, G,, G1, G2, H, € R***™, H,, Hy € R"**" ns+nl+n2=n,n2 > q.
Tap hop cac déi tuong thda man nhitng didu kién vira néu trén duoc ki hidu bdi §.

Phuong trinh vi phéan (1) chi ¢ 161 gidi khi (sE — F) 13 mét chiim khéng suy bién. Vi vay
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ta chi quan tdm dé&n tap cdc md hinh xac dinh bdi
P:={P: Pe§, det{sE - F} #0}}. (20)

Gid st M € R**" v N € R**" 14 hai ma tran khong suy bién. Ngodira T € R™*" 14 mdt
ma trdn khong suy bién cé dang

T = [Io go ] (21)
trong d6 T, € R(n1+n21x(nl+n2)  T3ap hop tat cd bd ba (M, N,T) thda man ddi hédi trén
day dwoc ki hidu bdi 0. V&i mdi (M,N,T) € Q ta lap My = MT™ vi N, = TN a8 4p
dung vao phép bién ddi hé théng tuong duong theo tinh thin cia Rosenbrock [2]. Lép
cic hé thdng tuong duong ving véi mdi P € P duge ky hidu bdi PZ. Tap tit cd cic 16p
hé théng twong duwong PE ky hiéu bdi {PE}. C6 thé d& dang thiy rdng P € {PE}. Dudi

day 1a mét s6 tap hop hé thong c6 nhidu y nghia thyc té

Po.:={P€P: rank (AE - FG) =n, VA e C} (22)

Pre:={P € P: rank (AEG) =n, } (23)

Po:={P€P: rank (AE - FG)THT)T =n, VA € C} (24)

Pro:={P € P: rank AETHT)T =n} (25)

Pe = PN Pre (26)

Py = PoN Pfo (27)

Poc =P, NP, (28)

Ky hiéu R la t4p tat cd cdc ma tran

K = {Ki, K2} (29)

theo luat dieu khién phdn hdi dau ra (4) véi gid thiét dao ham cda cic véc to dau ra cé
thé xac dinh duwgc. Ta ciling gid thiét r&ng r(t) lién tuc tirng doan va bi chin. Gii thiét
r(t) bi chin khdng co bdn vi khai niém &n dinh luin luin dwoc hi€u 13 8n dinh BIBO
(Bounded Input Bounded Output) va &n dinh ngoai dién [2]. C6 thé d& dang thiy réng
R # @ va R khong phéi la tap cd don (tdp chi gom mot phan t&). Véi mdi P € P, va
K € R phuong trinh trang thai cda hé théng vong kin cé dang tdng quat

(E - GKj)i(t) = (F + GK H)z(t) + Gr(t). (30)

Trong thuc t& ta chi mudn cic hé vong kin khéng cé bién d8i dang xung & dbu ra, ttc 1a
céc hé thda man diéu kién deg(det{s(E —~ GK:H) —~ F — GK,H}) =rank (E). T4p con cda
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R thda man ditu kién deg(det{s(E — GK.H) — F — GK,H}) =rank (E) dwoc ki hiéu bdi
K. Néi cach khic , ta quan tdm dén cdc hé vong kin 1 phin tik cda tap $(K) := P.. x K.
Hai cau hdi c6 thé dugc dit ra: thd nhit, c6 tdn tai mét tip con K° ¢ K sao cho moi
K € K° déu 8n dinh mét ddi tugng P € $(K). Thi hai, cé tdn tai mét K € K &n dinh
moi d8i tugng nim trong $(K). Tép céc hé théng vong kin &n dinh duoc ky hiéu bdi
S°(K) c S(K). Nhu vay ta cé thé thiy rdng, vin d&é &n dinh bén viing (goi t4t 13 vin d8

RS1) d5ng nhét véi viée chi ra mét tap
$T(K):={P: Pe S(K),K € K,K fixed} C $°(K). (31)

Vin d& ditu khién bén viing ciing c6 thé trinh bay céch khac trong d6 ta gid thiét ring
cic ma tran hé théng cé thé tham s& hod, nghia 13 mdi phin t& P € P,. déu dwoc xic
dinh théng qua anh xa
$: Do P (32)
O day
D:={d: de R”, ve N} (33)
12 khéng gian c4c véc to tham s8. Da s8 cac trudng hop thuc t& v < n (38 chidu cda véc
to trang thai). Tuong dng véi Po.(d) ta cé céc tdp hé vong kin. D& tién loi ta dung ki
hidu %(d) d& chi cic phin ti cda S(K,d). Téap tit cid cic 4nh xa ¥ duoc ki hidu bdi V.
Khi &6 vdn d& &n dinh bén virng (goi tit 1a van dé RS2) dbng nhit véi viée chi ra mot

tap con D’ C D sao cho
S (K,d):={P: P=4(dd), de D", y € ¥, K € K, K fixed} c §°(K). (34)

Trong nhiing phin sau ta dic biét quan tdm dén mét tdp con SE(K) c S(K) trong dé
cac phan tir cda né chi khac nhau ma trdn E va tdp con SZ(K,d) c §(K,d) trong d6 cac

phin t cda né chi chita ma tran E phu thudc véc to tham sé.

III. NHUNG KET QUA CHINH

Ki hidu {S°(X)} 13 tap cla tit ci cac 16p hé théng tuong duwong n¥m trong {S(K)}
va {$°(K,d)} 1a tap cda tat cd cic 16p hé thdng twong duwong &n dinh n&m trong {$(K, d)}.
Viéc nghién cttu tinh chdt cda {Sb(K)} va {$°(K,d)} c6 y nghia dic biét trong didu khién
bén virng. Khi ¥ € ¥ 13 4nh xa tuyén tinh va D 13 khéng gian 151, nhitng két qua da céng
b8 dwoc tém tdt trong [9]. Tuy nhién nhitu hé thdng trén thuc té ddc biét 1a cic qud
trinh céng nghé khéng cho phép tham s6 hod cic ma tran hé théng mét cach tién loi nhu
vay. Trong (7] 43 dua ra nhimg k€t qud theo phuong dién t6-p6 khi cdc ma tran hé théng

vong kin bidn déng nhd.
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Ta cé thé dé dang chi ra ring {S°(K)} va {S°(K,d)} 12 cac filter va dinh ly sau day

14 mot két qué hién nhién.
Dinh 1y 3.1. Ki hiéu L(S°(K) c S(K) 14 mét luéi sinh ra S°(K). Moi phin ti cda ST(K) déu
chita trong L(S°(K).

M4 réng két qud cda dinh 1y 3.1 cho trudng hop cédc ma trdn hé théng phu thudc

tham s8 ta c6 dinh ly sau.

Dinh 1y 3.2. Vin dé RS2 c6 Ioi gidi khi va chi khi ton tai ¢ € ¥ 4nh xa 4 C D vao mét luéi
sinh cda {$°(K, d)}.

Nhur trén kia d3 néi, ta chi quan tim téi cc hé thdng vong kin khéng chia bién
déng dang xung & d3u ra vi chi nhitng hé nhu thé méi ¢é y nghia thuc t8. D6 chinh la

cac hé ta dua vao van dé RSI.
Dinh 1y 3.3. Ki hiéu

n = max (deg(det{sI, — F,}),deg(det{sEy — I,}).deg(det{sEs — I»}). (35)
Gid st E; Ia ma trin khéng ldy thira bic q. Cdc phin t& P € S(K) véi

n>1(g—1) (36)

khéng ndm trong S™(K).

Viéc ching minh dinh 1y 3.1 c6 thé hoan thién dua vao dinh 1y 10 trong [2].

Dinh 1y 3.4. Goi SE1(K) Ia tip tit cd cic ddi twgng P € SP(K) thda min céc didu kién sau
diy
(1) Ma tran truyén
T.(s) = H,[sI, - F,]"'G,
Ti(s) = Hi[sE: — I|™'Gy
Ty(s) = Hyls Bz — L]~ 'Cs
¢é ciing cdu triic cuc & nita mit phing phdi nhung khéng nhat thiét cing vi tri.
(2) E; 1a ma trin khéng ldy thira cing bic.
(3) E=E+ AE va |(E - s)"'F)AE| < 1.
Khi d6 néu K € K &n dinh P(E) € $T1(K) thi K &n dinh moi P € $E(K).
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Dé ching minh dinh ly 3.4 cin st dung dinh 1y ki€m tra tinh viing bén cda hé
MIMO dién t4 trong mién th&i gian da néu trong [2]. Digu kién (2) cda dinh Iy 3.4 nhdm
loai trir bit dinh v& bic cda hé thdng vong kin. Nhu di biét, néu khéng cé bat dinh
thi digu khién (4) ¢6 thé dugc thiét k& gdm hai thanh phin, méot thanh phin didm bio
phuong trinh trang thai hé vong kin c6 dang chufn va mdt thanh phin déng vai trd thidt

lap su 6n dinh.

IV. KET LUAN

Trong bai bio nay ta da de cip dén &n dinh bén vitng, tic 1a vin dé 8n dinh d3i
véi mot ho cdc ddi tuong bing mdt digu khién khéng thay d6i. D¥c biét dinh ly 3.4
xét tinh &n dinh bén viing cho tip céc ddi tuwong trong dé chi ma tridn hé thdng E khac
nhau. Hién nhién dinh 1y nay cé thé dé dang m& rong cho truong hop cd bén ma tran
(E, F,G, H) cung thay d4i.
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