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VE MOT THUAT TOAN MO PHONG
MO HINH TU HOI QUY ARr(p)

NGuYBEN TRUNG HOA

An algorithm of simulating the regular stationary gaussian autoregressive model is proposed. Numerical
examples have been issued in order to interpete the efficiency of the algorithm .

I. DAT VAN DE

M5 hinh tu hdi quy AR 13 mét trong nhitng mé hinh ¢é nhidu tng dung trong kinh
té k¥ thuit, d¥c biét la trong ly thuyét xid ly tin hiéu. Bai toan nhan dang mé hinh AR(p)
la bai todn uéc lugng bac hdi quy p va cdc hé s8 tu hdi quy ax, (k = 1,..,p) di duoc
nhiéu tdc gid quan tdm va da c¢é nhiéu thi tuc khdc nhau. Ching han cac thd tuc xac
dinh cdp p dugc dé cap trong [1], [2], 3[),... vA cac thd tuc tuc wéc lwgng ax c6 thé tim
thiy trong [2], [4], [5], [6],... Trén thuc t&, d& ki€m tra tinh wu viét cda mi thi tuc nhan
dang ngudi ta phai cho chay mé hinh d6 trén rt nhigu diy s8 liéu cu thé khac nhau. Tuy
nhién khéng d& gi d& c6 dwoc nhidu day s8 liéu nhu vay. Bai ndy d& nghi mét thi tuc dé
mé phdng cdc diy s6 lidu tuan theo mé hinh AR(p) véi p cho trudce va céc ax, k=1,..,p

cho truéec.

II. CO' SO’ THUAT TOAN

2.1. Ham ty tuong quan riéng cda mot qué trinh dirng, khong ky di

Trong muc nay, néu khong néi gi thém, ta luin gid thiét {z,| t € Z} 12 mdt qué trinh
ding cép hai, quy tdm, nghii I3 {z,] t € Z} 13 mot ho cac bién ngiu nhién thuc, roi rac,

x4c dinh trén mot khong gian x4c suat (2, 4, P) thda man
E(z:) =0, E(z?) = 0% < 00, E(2¢Z4)At~s, (1)

trong d6
- E(.) 12 mdt toan tir ky vong

-t€Z, se€Z, (Zlatip hop cic s nguyén).
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Gid st M 12 khong gian con cda L?(Q, 4, P) sinh bdi cidc z,. Khi d6 phan t& cda
M la t8 hop tuyén tinh cé dang Yz, (o 12 cdc s§ thuc). Tich vd huéng trong M
duoc cam sinh bdi tich v huéng trong L2(Q, 4, P) 14 todn t& hiép phuong sai, nghii 1a
(z¢,2,) = E(2¢,z,). Chudn trong M la phuong sai cda bién ngiu nhién, ||z¢||? = E(z?).

Khong gian M duoc goi 1a chinh quy néu s& chigu cda M la vé han. Khi d6 qua trinh
{z| t € Z} dwoc goi 1A qua trinh khéng ky di (non singulier) [7].

Gia st {z,] t € Z} 1a qua trinh khéng ky di, goi M(t,n), (n > 0) la khong gian con
sinh bdi tap {z¢,ze—1, ..» Tr-n+1}, M(t,0) = {0}. Vi khdng gian ndy cé s& chidu 1a n nén

hinh chiéu truc giao cda z, 1én M(t — 1,n) duwoc bidu dién duy nhit duéi dang: [7)

z(t,n) = — Z b{n, k)z¢_k (2)
k=1
bit
e(t,n) =z — z(t,n) = Zb(n,k)x,-k, (b(n,0) =1) (3)
k=0

va ta sé gol e(t,n) thda man (3) 1a thing du tién riéng cip n cda z,.

Hoan toan tuong tu, ta goi e*(t,n) 1a th&ng du lii riéng cip n cla z¢:
n
e*(t,n) =z¢ — z*(t,n) = Z b(n, k)zetk, (4)
k=0

vi gid thiét vé tinh dirng cda {z¢| t € Z} nén phuong sai cia (t,n) va phuong sai cia
¢*(t,n) bang nhau va dugc ky hiéu bdi

o?(n) = lle(t, n)||* = lle* (¢, n) > (5)

Dinh nghia 2.1.1. Ham twong quan riéng cia qué trinh {z,| t € Z}, ki hiéu B(.), 12 ham
xac dinh trén tip Z cic s6 nguyén, duwoc cho bdi bidu thirc

B(0) =1, (6.a)
B(n) = (e(t,n — 1),e*(t — n,n - 1))/o?*(n - 1), (n > 0) (6.b)
B(n) = B(-n), (n <), (©.9)

vi {z,| t € Z} dirng nén (6.c) 1a hop ly.

Véi k ¢S dinh thuée N*, B(k) duogc goi 1 tu tuong quan riéng cdp k gilta z, V& zy4p
trong tap {z¢,...; Tt4n}-

Véi gid thiét Gauss, ham tu tuong quan riéng sé duoc tinh qua phuong sai va cac

hiép phuong sai cda qua trinh theo hé thic truy hdi sau:
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Ménh @& 2.1.2 (Thujt todn Levison-Durbin) [7].

Gid st {z,] ¢t € Z} 13 qwu4 trinh Gauss, ding cdp hai, quy tdm, khong ky di ¢
E(z?) = 0% va E(z¢,z) = A—. Khi d6 cdc tu tuong quan riéng B(n) thda man hé thic

truy hdi sau

0%(0) = 0%, véimdi n>0: (7.a)
B(n) = 102(n — 1) [)\” + Z b(n — k, k:))\n_k] (7.6)

) k=1
o%(n) = [1 - ﬂz(n)] o*(n—1) (7.¢)
b(n,n) = —f(n) (7.d)
b(n, k) = b(n — 1,k) — B(n)b(n — 1,n — k), véi 1<k <n—1. (7.€)

D& xay dung mot chudi thoi gian ding {z,| t € Z} c6 hrh ty tuong quan riéng cho trude

ta st dung ménh d@é sau:
Ménh d€ 2.1.3. (Dégerine) (7]
Gid su {z;| t € Z} 1a mdt day truc giao cia L?(Q, 4, P) thda man
lvoll* = o*(0) = 0%, Jyw||* = 0*(n) = [1 = B*(n)]o?(n = 1), n€ N*, (8a)
trong d6

18(n)] < 1(38.0)
Néu |B(n)| = 1, thi B(n) = B(n + 1). (8.c)

Khi d6 chudi thoi gian {z,| t € Z}, sao cho

Ty = Yo (9.a)
z+n=2z(nn—-1)+p(n)e'(0,n—-1)+y,, ne N* (9.b)
la mot day dirng cé cac ham tu twong quan riéng la g(.).
2.2. M6 hinh tu hoi quy va cdc tu tirong quan riéng
Mbt qué trinh {z,| ¢ € Z} duogc goi 1a qud trinh tw hdi quy cip (p € N*), ki hiéu

zy ~ AR(p), néu z, thda man phuong trinh

v .
€ = Za;zt_,- (tez), (10.a)

1=
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trong d4: €, la on trdng, nghia 13

E(e) =0, E(e2) = 0% < 00; E(ee,) =0, véit #s (10.5)

ap =1, ap #0. (10.c)

Vé&i dinh nghid trén cé thé nhan thiy ring qua trinh tu hoi quy 1a mot qua trinh dung,
quy tAm cé phuong sai hitu han.

b3t *(2) = X8, a;2* thi ®* duoc goi 1a da thitc ty hdi quy twong Ung véi qué trinh
tu hdi quy {z| t € Z}. Néu qua trinh da cho 13 khéng k¥ di thi da thirc ty hdi quy tuong
tng cé tat cd cdc nghiém n&m ngoai dudng tron don vi U [2], va theo [7] néu mdt qua
trinh {z,| t € Z} ding, khong ki di thda man phuong tinh (10.a) sao cho * = Y a2t cd
t4t c4 c4c nghiém nim ngda dudng tron don vi U thi & 1a dn tring, nghii 1a {z,| t € Z}
134 mét qué trinh tu hoi quy cdp p, hon nira ¢; khdng tuong quan véi z,_y, 2o, ...

M3i qué trinh tu hdi quy duoc d4c trung bdi ham tu tuong quan riéng cia né. Diéu
d6 dugce khdng dinh bdi Dégerine [7):

Ménh d8 2.2.2.
Qua4 trinh ditng {z;| t € Z} 1A tu hdi quy cip p khi va chi khi cdc tu twong quan riéng cda

né théa man cdc diéu kién

0<|B(n)|<1vdi0<n<p (11.a)
B(n) =0véi n>p (11.3)
B(n) #0 (11.c)

DPinh ly sau day cho phép tinh cac ty twong quan riéng cda mot qua trinh khéng ky
di, tu hdi quy cap p khi biét cac hé sd tw hdi quy cda né.

Dinh 1y 2.2.3. Gid sit {z;| t € Z} Iz qu4 trinh khéng kli di tw hdi quy cdp p thda man (10.1),
(10.b), (10.c). khi d6 cdc ty tuong quan riéng tuong itng véi qud trinh dé dwoc tinh truy hdi

theo cong thic

Véik =0,1,...,p; b(p, k) = ax (12.0)
/Bb = —b(p,p) (12'b) |
Véin=rp,..2:
Véik=1,.,n~1: b{n~1,k) = [b(n, k) + Bnb(n,n — k)]/[1 — A%(n)) (12.¢)

B(n—1)=~b(n—-1,n-—1). (12.d)
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Chitng minh. Gid st f(n) 14 ty tuong quan riéng cip n va b(ﬁ, k) 1a céc hé s3 bi€u didn
hinh chiéu truc giao cia =, 1én M(t - 1,n). Tt dinh nghia 2.2.1 ta c6

P
Ty = - E AiZTi—5 + &
i=1 ‘

véi e, 2 Bn tréng, va vi qué trinh dwoc gid thiét 1a khong ky di nén
14 14
E(es(— Z aizi—4)) = E(~ Z a;Ty_ig) =0
i=1 i=1

suy ra = Y1_, a;z, ;) 13 hinh chiéu tryc giao cda z, 1én M(t - 1,p), do d6 b(p, k) = a; (véi
k= 0,1, ""p) va ﬁ(p) = -b(p,p)-
Theo ménh d8 2.1.2 thi f(n — 1) = —b(n — 1,n — 1) va
{ b(n, k) = b(n — 1,k) — B(n)b(n — 1,k — 1)
b{n,n—k) =b(n—1,n—k) — B(n)b{n - 1,k)

va tir hé trén dé dang c6 dwoc
b(n —1,k) = [b(n, k) + Bnb(n,n — k)]/[1 — B%(n)].

Dinh ly 2.2.4. Gid sit {&] (¢t =0,1,...)} 1A ddy cdc &n trdng va {B(k)| (n = 0,...)} 14 diy cdc 8
thuc thda mén: 0 < f(k) < 1 véik = 1,..,p; B(p) # 0; B(0) = 1; B(k) =0 véi k > p. Khi dé
chuGi thoi gian {z| t € Z} dwgc tao nén bdi hé thirc truy hdi sau Ia chudi tu hdi quy cip p c6 cdc
tw twong quan riéng la B(k) :

z(0) = &o
Véit=1,..,p

ze= = 3 blt Kz + /T, 1 - B2 ()
k=1

Véit=p+1,p+2,..
t

2=~ b(p, K)zems + [T, [1- B2(k)]€.

k=1

Chitng minh. D&t yo = & vay, = /T [1 — B2(k)]€ (véit = 1,2,..) nén |y ||% = o%; Juell* =
o%(t) =1t _,[1— 52(k)]o?. Vi Ble+1)=B(p+2)=..=0nén o?(p) =o*p+1) = ... = o2
khéng d8i, va y, 1a day truc giao do & 14 diy céc on tring.
Theo ménh dé 2.1.3, chudi thdi gian {z;| t € Z} thda mén
Zo = Yo

zy = x(t,t — 1) + A(t)e* (0,6 — 1) + y;
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13 chudi dirng cé céc tu tuong quan riéng cip k 1a (k) (k€ N*).
Thay z(t,t — 1) va *(0,t — 1) & ding thic trén bdi cdc hé thic (2), (4) ta cé

-~
I

1

t—1
Ty =_Zb(t"1;k)$t—k + B(t) b(t — 1, k)zk +
k=1

-~
[}
<

—_

t—1
zp= = b(t—1,k)zei + B(t) Y b(t—1,t = K)zei + B(t)z0 +
k=1

x>
I
—

t—1 .
ze=— > _[b(t = 1, K)ze— + B(L)b(t — 1,t — k)] ze— i — b(t, )70 + ;.
k=1

Theo ménh dé 2.1.2, tir ddng thic cudi cung ta dat dugc

t

Ty = — Z b(t, k)mt_k + Yt

k=1
Vi B(t) =0 véi t > p nén

p
zp=— ) b(t,k)zek +yp, VEit>p
k=1

va néu dit ax = b(p, k) vi & =y, thi

i
Ty = — § Ak Ze—k t+ En
k=1

trong d6 e, (v6i t > p) 14 céc on trdng cé phuong sai o = 1L, [1 - f%(k)]o?. Vi vay, theo
ménh dé 2.2.2 thi {z,| t € Z} 13 chudi tu hdi quy cdp p.

Nhu véy, theo dinh 1y 2.2.3, néu cho truéc p hé s8 tu hdi quy cia qua trinh khong
ky di ta sé tinh duoc cac tu tuong quan riéng, va theo dinh ly 2.2.4 ta sé xay dung duoc
chudi ty hdi quy cap p khi biét p tu twong quan riéng d4u tién cda chudi. D€ ddm bdo
rang chudi duoc tao nén 1a khéng ky di ta phdi chon cac hé s6 tu hdi quy sao cho da thic

hdi quy cé p nghiém phan biét nim ngoai dudng tron don vi U. Ta cé thuat todn sau.

III. THUAT TOAN VA KET QUA s0O
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L4

Hinh 1. Ty tuong quan miu cda chudi Narrow-band, Gauss AR(3)
Cho trudce p nghiém cda ®*(z) n8m ngoai dudng tron don vi U (cb thé c6 cac cip
nghiém phirc lién hop): 2y, 22,..., 2.
Khai trién chinh tic

<I>"(z) = (H’-’ 12;)—111:):1(2 - z,-)

1=

duéi dang '
o (2) = ’Z a;2*
=0

dé ¢ ap = 1.
Buéc 2

Tinh céc B(k), k=1,...,p va ma tran b(n, k) c&p p x p theo dinh 1y 2.2.3.
Budce 3.

Tao chudi tu hoi quy c¢6 phan phéi cho trude tir diy céc 6n tring cho trudc theo
dinh 1y 2.2.4.

Thuit toan da duoc thé hién trén ngdn ngit chuong trinh Pascal, véi céc bn tréng
tuan theo phan phdi chu&n N(0,1) do cdng thic & = \/=2logg, cos(2m¢, 41, [8] trong d6 ¢,
va ¢, 41 14 céc bién ngiu nhién lién tiép sin c6 cia Turbo Pascal.

Céc da thirc tu hdi quy dugc chon theo hai loai: Loai thir nhit, d¥c trung cho tin
hiéu narrow-band, c6 tat cd cic nghiém nim ngoai, sat dudng tron don vi. Loai thi hai,
d%c trung cho tin hiéu wide-band, c6 tdt cd cac nghiém nim ngoai, xa duong tron don
vi.

'I‘réng mdi trudng hop, cac tu tuong quan miu cida chudi tao nén d3 duoc tinh lai
theo [2] va duoc thé hién trén cc hinh 1,2. Qua cdc dB thi nhan duoc, ta nhan thiy
rang dang diéu cda cdc hadm tu tuong quan miu déu tuan theo quy luat sin/mi va tit
dan tai nhiing tré bac cao, theo [2] diéu dé ching td cac chudi mé phdng thuc sy 14 céc

chudi tu héi quy.
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Hinh 2. Ty tuong quan miu cda chudi Wide-band, Gauss AR(3)

Téac gia td 1ong biét on GS Nguyén H5 Quynh da tan tinh gidp d& dé c6 thé hoan
thanh duoc bai bdo nay. Dong thoi téc gid cling chidn thanh cdm on xemina Todn Gng-
dung thudc lién truong DHTH, DHBK,... va ciac dong nghiép da hd tro, ¢8 vii nhiéu khi
tac gid thuc hién bai bdo nay.
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