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GIAI BAI TOAN k-MEDIAN NHO QUI HOACH LOM!

NGUYEN TRONG TOAN, NGUYEN BUC NGHIiA

Abstract. The k-median problem sonsits of llocating k facilities on a network of n
nodes, so that sum of shortest distances from each of the nodes of the network to ist
nearest facilities is minimized. Based on the reasonable evaluation of bounds, a branch-
and-bound algorithm for the problem is proposed. Its computational experience is also
presented in order to compare it with other methods.

1. MO PAU
Mo6t bai toan chon dia di€m cé nhidu tng dung trong kinh t& va ki thuit la
bai toan k-median (bai toan k-trung vi) cé thé phédt bi€u nhu sau: Cin phai xay
dung k trung tim dich vu (median) tai k nit cda mot mang n nit, sao cho tong
d6 dai duong di tir moéi nit dén mot trung tdm dich vu gan né nhit 1a nhé nh4t.
M5 hinh todn hoc cia bai todn k-median cé dang:

fH{z) = Z di; z;; — min, (1)

1,7JEN

v&i cac rang budc:

inj:1,2'EN, (2)

JEN
Z zj; =k, (3)
jEN
0< zi < 255, (4)
r;;j =0hodc1, 1,5 EN. (5)

trong d6: N = {1, 2,...,n}; d;; > 0,4, 7 € N la khodng cich gitra 2 nit ¢ va j
(dis = 0); n va k 13 hai s6 tuw nhién 1 < k < n.
Gid st X = (zi;)nxn 12 161 gidi cda bai todn (1)-(5). Khi d6, néu z;; =1 thi

1Céng trinh duwgc hoan thanh véi sy tai trg cda Chuong trinh nghién ctu co bin trong
linh vuc khoa hoc tu nhién.
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nit j dwoc chon lam mét median. Néu z;; = 1 (¢ # j) thi nit ¢ lwa chon median
gan dé nhat tai nit 7.

Bai todn k-median 1 mét trong s6 nhirng bai todn tim dwoc nhirng ¥ng dung
rong rai trong nhiéu linh vuc khdc nhau va da thu hdt dwgc sy quan tam nghién
cru cda nhiéu tac gid (xem [1-8]). Hién nay da c6 mét s§ thudt todn da duwoc dé
nghi d€ gidi bai todn nay nhu: phwong phip liét ké st dung lwrgc d6 nhinh cin
[4], phwong phép gidi gan ding [3], thudt todn nhanh cin véi can duéi duoc tinh
nh¢ viée gidi bai todn d6i ngdu néi 1dng [5,7]... Tuy nhién cdc thudt todn da cong
b8 chi dwgc thir nghiém cho céc bai todn cé kich thuéc khéng lén 1dm (n < 30).
Li do chinh la khi tdng n va k, thoi gian tinh todn cda cdc thuit todn cling ting
rat nhanh.

Bai todn k-median 13 mot bai todn qui hoach tuyén tinh bién Boole cé kich
thwéce rat 16n. Ngay cd khi n chwra phai 13 1én, bai toan da 13 khé gidi trén MTDT
bidng cic k¥ thuit toidn bién Boole. Do dé, cin phdi nghién ctu truéc tinh chit
ctia da dién rang budc cia bai todn. Pay 1a moét da dién thodi héa ning va riéng
s6 dinh nguyén cda né da 13 CF.k"~k. Vi thé viéc st dung phwong phép don hinh
dé gidi bai todn néi 1dng (1)- (4) doi hdi mot khdi lugng tinh todn qud 16m. Vi
vay, can phdi khai thic ciu tric t0 hop cia bai toadn dé c6 thé dwa ra mét thudt
todn hiru hiéu hon. Trén co s& dua bai todn k-median vé qui hoach 16m véi rang
budc tuyén tinh, ching téi di xdy dung mot thuit toan dang nhanh can dé gidi
bai todn ddt ra. C4c thuc nghiém tinh todn theo thuit todn dé nghi duwoc so sanh
v&i cac thuit todn cing dang da biét cho thay hiéu quéd cda thuit todn dé nghi
déi véi cac bai todn kich thuéc trung binh.

2. DUA BAI TOAN k-MEDIAN VE QUI HOACH LOM
Gid st M la mét da dién, ki hiéu M; = {z € M : z nguyén}.

Dinh nghia. Da dién M duoc goi 1a nguyén néu tat cd cic dinh cda né déu ¢
toa d6 nguyén; tva nguyén néu moi dinh cda convM; déu 1a dinh cda M va moi
canh cla convM; déu la canh cda M; lién thong nguyén néu moi dinh cia convM;
déu 1 dinh cia M va d5 thi con cda do thi khung cia da dién M sinh ra béi tap
cic dinh nguyén cda né lién théng.

Néu da dién rang budc cia mot bai toan qui hoach tuyén tinh nguyén la mot
da dién nguyén, thi c6 thé gidi bai toan béng phuong phip don hinh bd qua diéu
kién nguyén. C6 thé 14y bai todn van tdi lam thi du, do cé da dién rang budc la
mot da dién nguyén, nén da xay dung duwgc cic thuit toan da thirc gidi né. Con
d8i v&i cdc bai todn c6 da dién rang budc 1 twa nguyén, cé thé st dung thuit
todn don hinh nguyén cda Trubin [11].

Dé tién cho viée trinh bay, ta ki hidu:
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N = {1, 2,.., 8} :

M(n, k) - da dién x4c dinh bdi hé rang budc (2)-(4) va goi né 1a da dién
k-median;

we={jEN:z;; =1}, z € M(n, k).

Dinh 1y 1 (xem [6,8]), Da dién M(n, k) ld:
t) nguyén vé61 k=1, n—1, n;
i) tva nguyén nhung khong nguyén véi k = 2,3, n— 2, (n > 5);
111) lién thong nguyén nhung khéong tva nguyén véi 4 < k<n-3, (n > 7).

Viéc gidi bai todn k-median truc ti€p véi hé rang budc (2) - (5) radt phic tap,
do M(n, k) c6 s8 dinh rdt l6n va trong hdu hét cic trudmng hop la khéng tua
nguyén. Véi céc ki hiéu nhw trén, dé dang kiém tra ring:

i) Néu z € M;(n, k) thi |w;| = k.

ii) Néu z* 13 101 gidi t8i wu cda bai toan (1)-(5) thi:

¥ = min d;; 6
f(z*) . E jCwy (6)
1EN\w,»

Biéu thtrc (6) cho ta cich tinh f(z*) khi da tim dwgc w* = w,-, hon nira cé
thé tim duoc z* qua w* nhw sau:

j; =1, jeEw"; z;;=0,j7€EN\w";
zi; =1, j = argmin{d;; : j € w*}, 1€ N\ w*; (7)
z]; = 0 trong t&t cd cic truong hgp con lai.

D€ tim w* ta xét bai todn sau:
g(z) = Z min(d;; + Q(1 — 2;)] — min (8)
~< JEN
1EN
v&i cac rang budc:
D s=k ()
JEN
0< g <3 &N, (10)

trong dé: hing s6 Q > max d;.
1,JEN
Goi G 13 da dién x4c dinh bédi hé rang budc (9)-(10). Gid st z 1a mét dinh
nguyén cia G. D€ nghién ctru cic tinh chdt cda da dién G, ta dva vao ki hiéu:

w,={jEN:2, =1} (11)
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Bé dé 1.

t) G la da dién nguyén.

i1) Hai dinh 2! va 22 cda G ké nhau khi va chi khi |lw,y Nwy2| =k — 1.
Chitng minh:

i) Ma trdn A cdp (n + 1) X n x4c dinh da dién G cé dang

111 --- 11
1 0 0 0 0
0 1 0 0 O
A=10 0 1 0 0
0: 0 0y 51 20
0o o0 .-+ 01

R6 rang 13 cdc hang cia ma trdn A thda man dinh ly Heller-Tompkins [9] v&i
Ry, ={1} va R, = {2, 3,..., n+ 1}, do d6 né 13 hoan toan don modul. Theo dinh
li Hoffman-Kruskal [10], G 14 da dién nguyén.

ii) Gid st 2! va 2% 14 hai dinh cla G. Néu [wlnw?| = k-1va z =
az! + (1—a)z? véia € (0,1), thi z; =0véij € N\ (wlUw?), z; =1 véi
JeEwinw? z;, =avaz, =1-avéij € wl\w?vaj, ew?\wl Dozthda
man (9), lwlnw?|=k—-1va|N\ (wlNnw?)| =n—k—1,nén z thda man chit
(n — 1) rang budc déc 14p tuyén tinh clda hé (9)-(10), vay [z!, 2?] 14 canh cda G
hay z! va 2% ké nhau trén G.

Nguoc lai, néu |wl Nnw?| < k — 2 ta ¢é thé tim dwoc cic chi s8 51, 72,73, 4
€ N sao cho: z}l = z}z = 1, z}s =2z =0, z;‘-’1 = z;‘.; =1}, zfs =z} =1. Xay dung
hai dinh 23 v3 2* nhu sau

3 _ .1 4 _ .2 s » . . s - 3.

z; = zj, z; =z; v6ij€ N\ {1, jo, Ja, Ja};

s:_ .38 3 _ .3 _n 4 _ 4 _ 4 _ 4 _
zjl—zja—l, zjz—~zj4—0, zjl—zjs—O, zjz—zj“—l.

Khi dé (1/2)(2! + 2%) = (1/2)(2® + 2%), suy ra 2! va 2% khéng ké nhau. B8 d&é 1
dwgce chirng minh.

B3 dé sau diy cho ta méi lién hé gifra bai todn (8) - (10) va bai todn k-median:
Bg deé 2.

t) g(2) la mét ham lom.

11) Néu z* va z* la cde loi gidi t61 vu twong ng cia bai todn (1)-(5) va
(8)-(10) thi:

f(z*) = g(2") (12)

Chitng minh: ,
i) Tir (8) d& thdy véi mbi ¢ € N, ham p;(z) = min(d;; + Q(1 — )] 1a mt
J
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ham 16m. Do d6 ¢g(2) = I.Iéig}[dij + Q(1 — 2z;)] cling la ham 16m. Nhu viy, bai
1EN .
todn (8) - (10) 13 bai todn qui hoach 16m rang buéc tuyén tinh.
ii) Gid st z 13 mét dinh cda G. Theo bs dé 1 thi z; € {0,1}, 7 € N. Do
@ > max d;; nén:

ijEN '
2] = ;r€1ind,'j, 1€ N\ wy;
‘ JEwW,
p,-(z) =da'=0, 1 Ew;.

9(2) = Zp,-(z) = Z min d;; (13)

Do dé

Gid str 2* 1a 101 gidi t8i wu va g* = g(2*) la gié tri t8i wu cda bai todn (8) - (10);
z* 1a 1o gidi t61 wu va f* = f(z*) la gid tri t8i wu cda bai todn (1) - (5). Do bai
toan (8)-(10) la bai toan qui hoach 16m, nén cé thé gid thiét 2* 1a dinh cda G.

Tir (13) suy ra:
g{z*) = Z pi(z*) = Z min d;; (14)

. Ew,-
iEN L e

So sénh (6) va (14) suy ra ring: c6 thé w,+ # w,-, nhung r6 rang déu 1a 1oi

gidi t61 wu cida bai toén:

min { Z ﬁiﬂdﬁ :wC N, |w| =k} (15)
1EN\w .

Do dé ta thu dugc ¢g* = g(2z*) = f(z*) = f*. Bd dé 2 hoan toan dugc chirng
minh.

B3 dé 2 cho thdy viéc gidi bai toan k-median (1) - (5) c6 n? bién c6 thé qui vé
gidi bai todn qui hoach 16m (8)-(10) chi con n bién va s rang budc gidm di rit
nhidu. Chd y rdng trong [12,13] di dva ra mdt phuong phdp qui moi bai toan
qui hoach tuyén tinh bién Boole v& bai todn qui hoach 16m. Tuy nhién, 4p dung
cdc phuong phdp dé ddi véi bai todn k-median chiing ta sé thu dwoc bai toan qui
hoach 16m véi n? bién. Bai toan qui hoach 16m 1a 1ép bai todn co badn trong tdi
ru héa toan cuc. Hién nay cé rat nhiéu thuit todn dwoc dé nghi dé gidi 1ép bai
todn ndy (xem [14] va cdc tai liéu dan trong d6). Viéc tim méot 1o gidi dang cho
bai todn qui hoach 16m doi hdi mét khdi lwong tinh todn rdt l6n. Vi vay, viéc
gidm kich thuéc bai toan c6 ¥ nghia quan trong. Trong phan ti€p theo ching t&i
sé x3y dung thuit todn nhanh cin d€ gidi bii todn k-median théng qua viéc gidi
qui hoach 16m (8) - (10).
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3. THUAT TOAN NHANH CAN GIAI BAI TOAN k-MEDIAN

Tir cac nhin xét trén ching ta sé xdy dung thuit todn k-median bang cach 4p
dung phuong phdp nhanh cin, trong dé viéc phan nhidnh dwoc tién hanh théng
qua cdu tric t6 hop cia bai toadn dong thoi két hop st dung thi tuc tim 1o gidi
dia phuong cia bai todn qui hoach (8)-(10) trén cic nhdnh d€ cdi ti€n cén trén.
Bi€u thirc (11) cho thidy mdi twong Gng 1-1 giira 1&i gidi chdp nhan dwoc z va tap
w,. Vi vdy, ta cling goi w, la 1&i gidi cda bai todn (8)-(10).

Thi tuc ¥: Tim l&i gidi t8i vu dia phwong (dinh cia G) W cia bai toén (8) - (10)

tir 1o gidi chdp nhan duoc ban diu w° nao dé:
Khéi tao
bit W = w° Tinhg= > mind;;.
ieN\W IEW
Budct =1, 2... '

Tinh Wy, =W U{v}\{r} vig,y,= Y  min dijj,veE N\W,reW.
iEN\W,, JEW,,
Chon (p, s) € argmin{g,, :vE N\ W, re W}.
Néu gps < g thi d8t g = gps, W = W, va chuyén sang buéc t + 1. Ngwoc lai,
thd tuc két thic va ta dugc 1o gidi t8i wu dia phwong W va gid tri twong @ng
cia ham muc tiéu § = g.

Thi tuc trén 13 hiru han bédi vi s6 dinh G 13 hitu han va mdi buéc xét mdt
dinh khdc nhau. Hon nira, dinh dwoc xét & buéc sau cho gia tri ham muc tiéu (8)
nhé hon hdn so véi dinh dugce xét & buwée trwée. Thi tuc sé dirng néu nhu dinh
dang xét khéng c6 dinh ké ndo cho gia tri cda ham muc tiéu t8t hon. Vi viy né
la mét 1o gidi t61 wu dia phuong cda bai todn qui hoach 16m (8) - (10).

Gid st tap tat ca cdc dinh cda da dién G cda bai todn (8)-(10) 1a F. Ta goi
nhdnh cda F 1a mot tap hop con B cia né, dwgc xac dinh bdi mot cgp 2 tap chi
s6 S°, S Cc N, 8°n S! = ¢ nhu sau:

B:{zEF:z]-zo,jeSO;z,-=1,j€Sl} (16)
Dbiéu d6 ciing c6 nghia [a F 1a gbc véi SO = St = 0.
Kf hiéu: P,= min _d;j,i€e N\S'
FEN\(5°U{i})
bit 'y:min{ Z Pi:zEB} (17)
1EN\w,

B6 dé 3. Gid tri vy duoc zdc dinh bdi (17) la cdn dudi cda ham muc tiéu trén
nhdnh B va dvac tinh bdi biéu thite:

'7:ZP¢+ZP,', (18)

1€80 1€S5?
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trong d6, S? la tép chi s6 cia (n — k — |S°|) gid tri nhd nhdt cda day {P;},
t€ N\ (StuS?). .

Chitng minh: G& st 2z 1 dinh cda G thuéc nhanh B. Vi z 14 (0, 1) - vecto, gidng
nhu chirng minh bd dé 2 ta cé:

Tir (16) suy ra N \ S° D w,. Vi vay két hop véi (17) ta cé:

9(z)> Y min diy= Y Pi>q.
ienw, TEN\(SPUED) -

Diéu d6 chirng té ~y 13 can duéi duéi cda hdm muc tiéu trén nhanh B.

P4t S =N\ (w,US°). Do |w,|] =k viw, D S'nén |S|=n—k—|S° va
N\ (S'usS% > S. Viviy ta cé:

~ = min { Z P;:zEB}=ZPz‘+min{ Z P; x 26 B}

1EN\w, 1es° . 1EN\(w.US?)
hay
y=)> P+min{) Pi:SCN\(S'US5°,|S|=n—k—|S°|}
1€S0 1ES
- Y A+ Ry
1€SO 1€S52

trong d6, S? 1a tap chi s6 cda (n — k — |S°|) gid tri nhd nhadt cda diy {P;},
i€ N\ (S'U S°). Dieu d6 3 chimg minh b8 dé 3.

Tir b6 dé trén ta thiy néu |S°| =n — k thi S = N\ w, va S? = 0, do d¢
v = g(2). Trong d6 qué trinh tinh todn, théng tin cda mdi nhanh 1a S°, S! va 4.
Thuit todn dwoc mo td nhu sau:

THUAT TOAN
Khéi tao

Ding thi tuc ¥ véi w® = {1, 2,..., k}, thu dugc mot cén trén ban dau 8° =
va 1&1 gidi t8i wu dia phuong ban dau W.

D3t ¢ = 1. X4c dinh B; nhu sau: dit S = S} = 0, tinh v, bang cach gidi
bai todn (17) nhw mé td trong bo de (3).



88 NGUYEN TRONG TOAN, NGUYEN PU'C NGHIA

Buéct=1,2,3...

Néu ¢ = 0 thi thuat todn dirng va W 13 1oi gidi t6i wu va g 1a gid tri t8i vu
tuwong rng.

Néu 74 > B thi dit ¢ = ¢ — 1 va chuyén sang buéc ¢t + 1.

Nguoc lai, c6 nghia la v, < # va ¢ > 0, ¢6 2 trwong hop xdy ra:

a. Néu |Sg| =n—k,ditw=N)\ Sg. Thuyc hién thd tuc ¥ véi w d€ tinh W
va B méi. Pit ¢ = ¢ — 1 va chuyén sang buwéc t + 1.

b. Néu |S?| < n — k, chon

= : i di; :1e€N\(Stus?
T argmln{jeN\r(nSl?U{i}) i t1EN\(S;US))}

va thuc hién phin nhinh B, thanh hai nhdnh con B° va B! nhu sau:

- Véi B®: dit S° = SJ U {r}, ' = S} v tinh cin duéi 1° cia B° theo (18).

- Véi B': d3t S' = §; U {r}. Néu |S}| = k thi dit S° = N\ §' ngugc lai
dgt S° = S?. Tinh cin duéi 4! cia B! theo (18).

Néu 4! < 4° thi d4t B, = B® va B,y; = B!, tréi lai thi dit B, = B! va
By = BC.

D4t ¢ = ¢+ 1 va chuyén sang buéc t + 1.

Tir mé t4 thudt todn d& ding chiémg minh:

Dinh If 2. Thudt todn trén két thic sau mét sé hitu han buédc vd cho ta loi gide
to1 vu cda bai todn k-median vd tar méi buéde ldp s6 nhdnh phdi luu tré khéng
vuot qud n.

4. KET QUA TINH TOAN TU NGHIEM

Thudt todn trén va cung dang cia P. Jarvinen va cic dong tac gid cia [4] cung
duoc 13p trinh va thit nghiém trén MTDT loai 486 DX 100 MHz cho mét s8 bai
toan va&i kich thudc khic nhau. Hiéu qud cda thuit todn phu thudc tirng mang
cu thé. Vé&i mbi cdp n va k dugc chon trwéc, ma tran khodng cach D = (dij)nxn
dugc tao theo quy tic duogc dé nghi trong [7]. Dau tién toa dd trong hé toa do
D&-cic trong mit phing cda cdc ntt N;(i € N) cda mang dugc chon ngiu nhién
trén doan [0,100]. N&i cdc nit mdt cich ngiu nhién cho dén khi tao dugc mot
d6 thi lién théng c6 dang cay. Sau dé, cic cdp ntt khic nhau dugc ndi mot cach
ngau nhién véi xéc xudt 0,1. Cudi cling, d;; 1a d6 dai dudng di ngdn nhdt tir ndi
Js 1, J € N. K&t qud thir nghiém dwoc thdng ké trong bang:
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Bdng théng ké két qud thir nghiém

Kich thuéc S6
bai todn lain Nodes T T; Te
thir (gidy) | (gidy) | (giay)
n k
15 14 10 102 0.15 0.88 0.90
15 8 10 43 0.09 1.48 1.12
20 5 10 1195 1.68 18.28 4.54
20 7 10 288 0.42 26.10 3.39
20 8 10 431 0.51 44.59 3.80
20 10 10 124 . '0.23 27.77 -
20 12 10 79 0.20 14.72 -
25 3 10 802 1.89 9.79 4.02
25 3 10 802 1.89 9.79 4.02
25 5 10 5677 10.84 100.86 8.16
15 9 30 2012 2.14 - 37.76
25 12 30 632 0.95 - 24.68
25 15 30 230 0.46 - -
30 4 20 7214 17.26 - 12.91
30 6 20 32056 70.53 - 40.12
30 8 20 34822 54.19 - 63.79
30 10 20 16037 16.78 .- 82.87
30 15 20 2097 2.80 - -
30 18 20 599 1.06 - -
40 15 10 124557 162.96 - -
40 20 10 10984 17.84 - -
40 22 10 7350 11.88 - -
50 20 10 132412 250.78 - -
50 25 10 56568 124.52 - B
50 30 10 20041 38.09 - -

Trong d6:
- Nodes: trung binh s8 di€m phéan nhanh theo thuit toin trén,
- T : trung binh thoi gian tinh todn cda thuit toan trén, khong ké thoi gian
vao ra,
- T; : trung binh th&i gian tinh todn theo phwong phédp trinh bay trong [4],
- T : thoi gian tinh todn trén CDC 7600 theo thong ké cia Galvao [7].

Cht ¥ rdng cich tinh cin trong [4] ciing giéng nhu c4ch tinh cén cda thuit
todn trén trong khi S! = 0. Hon nira, do cich phin nhanh cida né, thuit toan
trong [4] doi héi bé nhé 16n hon nhiéu. Tir cdc két qud thdng ké trén cé thé rit
ra nhin xét: véi mdi n ¢6 dinh, thoi gian tinh todn T cia thuit todn duoc dé
nghi gidm nhanh khi tdng k. Pidc biét khi £ > n/2, thoi gian T khd nhd. Diéu
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nay hoan toan khic so véi phwong phdp cia Galvao 1a khi k tdng thi T cling
tdng. Trong [4] chi ti€n hanh thyc nghiém véi n < 20, con trong [7]: n < 30.
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