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Abstract. This paper presents a method of designing robust optimal controllers for
digital control systems with control delay. a predictor similar to the Smith one is used. The
robust optimal state feedback control law is obtained by dynamic programming method.
The uncertainty in system parameters is taken care of by an additional term in the Riccati
equation. The case of output feedback controller is also dicussed.

, "I. Ma DAU

Tr~ di'eu khi~n va bat dinh thong so la nhirng van de thirong xuyen g~p phai
trong thirc t~. Tr~ dieu khi~n r sinh ra chu y~u do tr~ v~n chuydn. Hien nay,
ngiroi ta thiet ke cac h~ thong eo tr~ dieu khign hau het dira theo hoac phat tri~n
y tlIbng be? dir bao Smith [1], [2], [3]... B~ng each l~p them mf hinh qua trlnh
trong vong dieu khi~n, ta tao ra dtroc vectrr trang thai ho~c dau ra gidng nhir
trong trirong hop h~ thong khong tr~. Do do eo th~ thiet ke be?dieu khi~n theo
cac phirong phap thong tlnrorig (cho r = 0). Phuong phap me re?ng trang thai
- dua vao d~t them cac bidn phu [goi la trang thai mb re?ng) b~ng gia tr] cila
dieu khign trong qua khir: xn+dk) = u(k + i - 2 - L), i = 1, 2, ... , L + 1 - chi
eo hieu qua neu r tirong doi nho, va chu yeu dung trong mo phong h~ thong [4].
Trirong hop phirc tap: khi tr~ dieu khi~n r khong chia het cho chu ky c~t m~u T,
da diroc nghien ciru trong [4], [5]... 0' day, do dong thoi xet anh hirong cua bat
dinh thong so, nen dg don gian ta gia thidt: r la be?inguyen L cua T. Dieu khidn
ben virng (Robust Control) xet trirong hop thong so cua h~ thong bien da'i trong
me?t khoang gioi han xung quanh gia tri danh dinh. Trong bai, luat dieu khien
toi iru ben virng vai phan hoi trang thai diroc dan ra nhc phiro'ng phap qui. hoach
de?ngcila Bellman R. Be?dir bao trang thai diroc xay dung tit mo hlnh qua trlnh
vci cac thong so danh dinh eo tr~ M; va khong tr~ M2 - nhir truyen thong, va
them phan ba' sung. Tnrong hop lu~t dieu khign toi iru ben virng vo'i phan hoi
dau ra cling diroc xet den.

lCong trlnh nay da: dtroc SI! h~ trer cua De Hii cap nha mro c KH-04-09/05 thu<}c Chtro ng
trlnh TI! d<}nghoa
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Il. THANH L~P BAI TO.AN

Xet h~ thong dieu khi~n so tuydn tlnh m<?t dau vao m<?t dau ra c6 tr~ dieu
khign.

x(k + 1) = A(q) x(k) + bu(k - L), u(-L) = u(l- L) = ... = u(-l) = 0,
(1)

y(k) = eT x(k) , (2)

trong d6: x(k) E R" la vectrr trang thai, (u(k) la dieu khign (u(k - L) goi la di'eu
khien tr~), y(k) la dau ra. Vec to' thong so bat dinh q E RP bien d5i trong mien
khep kin b] gi&i han 0, tac d<?ng tuyen tfnh vao ma tr~n d<?ng hrc:

o := {q E RP : ai ~ qi ~ bi, ai ~ 0, bi 2: 0, i = 1, 2, ... , p}, (3)

P

A(q) = A + ~A = A +L qi Ai. (4)
i=l

Ta can tlm dieu khi~n toi tru uO(k) d~ dira h~ thong tit d<?l~ch ban dau x(O) trO-
ve vi trf d.n b~ng x( 00) = 0, sao cho circ tigu h6a ham muc tieu

00

J := sup { 2: xT(k) Q x(k) + uT(k) R u(k) } ,
qEO k=O

(5)

trong d6 ma tr~n trong Q = QT 2: 0, R > o.
, ,

Ill. PHUUNG PHAP GIAI

Tit phirong trih trang thai (1) ta thay: dieu khi~n tr~ u(k - L) tuy da diroc
sinh ra tit chu ky ci(t m~u thir k - L, nhirng chl thirc Slf tac d<?ngvao doi tirong
.1. h k' >$t ?C th' k d 't A , th-: . , l' h' "" b·" '" k(J C U Y ea mau It - ang xe . nen, eo e COl no a am so cua ien so ,
va ki hi~u

v(k) = u(k - L) .

Phirong trlnh (1) duoc chuydn ve dang thong thirong (cho h~ khong tr~):

(6)

x(k + 1) = A(q) x(k) + bv(k), v(O) = v(l) = ... = v(L - 1) = o. (7)

Trong L chu ly c~t mau dau tien dieu khign u(k) chira tac di?ng t&i doi tirong
dieu khien (dieu khi~ntr~ v(k) = 0, k = 1,2, ... , L -1), nen trang thai x(k) bien
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d5i t'! do theo qua tfnh tu gia tr] x{O) den x{LT). Theo (6), ta c6 th~ viet ham
muc tieu (5) nhir sau:

(8)

trong d6:
£-1

J1 = sup {L xT{k) Qx{k)},
qEO k=O

(9)

00

J2 = sup { L xT(k) Q x{k) + vT(k) R v(k)} .
qEO k=£

(10)

Do d6 d~n den gicii bai toan tirng dtrong: tlm dfeu khi~n tr~ toi \TU vO(k) d~ dira
h~ thong, (7) tu d<}chenh l~ch x{LT) tro- lai vi trf can b~ng x{ 00) = 0, sao cho
C,!Cti~u h6a ham J2. Thtrc vay, neu vO{k) C,!Cti~u h6a J2 th] cling C,!C ti~u h6a
J vi J1 khong phii thuoc v{k).

1. H~ thong vo-i phdn hoi trang thai

Ta c6 th~ gi~i bai toan toi \TU (7), (10) b~ng cac phirong phap thong thirong,
vi du phirrrng phap qui hoach d<}ng cua Bellman R. - r<lt thich hop cho cac h~
thong roi rac, Gia sUo0- chu ky cg,t m~u thir k + 1 ta c6 gia tr] toi iru cua J2 la

J~{k + 1) = xT (k + 1) P(k + 1) x(k + 1) , (11)

trong d6 P{k + 1) la ma tr~n doi xirng xac dinh dirong, Di'eu khien tr~ toi tru
vO(k) 0- chu ky cg,t m§:u thir k diro'c tinh tu phirorig trinh hoi qui toi \TU Bellman

J~(k) = min sup {xT(k) Qx(k) + vT(k) Rv(k) + J~(k + I)}. (12)
tJ(k) qEO

Thay (7), (11) vao (12) ta c6:

J~(k) = min sup{ xT(k) (Q + AT{q) P{k + 1) A(q)) x{k)
tJ(k) qEO

+ x T (k) AT (q) P (k + 1) bv (k )
+ vT{k) bTP{k + 1) A(q) x(k)
+ vT (k)(R + bTP(k + l)b) v(k)} . (13)

Tu di'eu kien dJg (k) / dv (k) = 0 ta nhan diroc

vO(k) = -(R + bTP(k + l)b)-1 bTP(k + 1) A(q'") x(k) , (14)
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trong d6 s" la vecta thong so b~t dinh lam cho J~(k) dat gia tr] lan nhflt. Thay
(14) vao (13) ta tfnh J~(k), va viet ket qua dtroi dang tirong tlf (11):

J~(k) = xT(k) P(k) x(k). (15)

Ta tlm dircc cong thirc cho P(k)

xT (k) P(k) x(k) = sup{ xT (k) [Q + AT (q*) P(k + 1) A(q*) - AT (q*) P(k + 1) b
qEO

(R + bTP(k + l)b)-l bTP(k + 1) A(q*)] x(k)} (16)

Hoac:

P(k) = AT P(k + I)A - AT P(k + l)b(R + bTP(k + l)b)-l bTP{k + I)A
+ Q + U{P{k + 1), q*), (17)

trong d6:

U{P{k + 1), q*) = sup{ ~AT(q*) S{k + I)A + AT S{k + 1)~A(q*)
qEO

+ ~AT(q*) S(k + 1)~A(q*)} (18)

S(k + 1) = P(k + 1) - P(k + 1) b(R + bTP(k + l)b)-l bTP(k + 1) . (19)

Gia tr] 1611nhat U(P(k + 1), q*) diroc hi~u theo nghia:

xT{k){ ~AT (q*) S{k + I)A + AT S{k + l)~A{q*) + ~AT (q*)S{k + 1)~A{q*)}x{k)

::; xT(k) U{P(k + 1), q*) x(k), v« EO, Yx(k). (20)

C6 th~ tfnh U{P{k + 1), q*) theo phirong phap trong [6]. Ta thay (17) chinh la
phirong trlnh Riccati rai rac, b] bien dang do c6 them so hang U(P{k + 1), q*) -
phan anh anh hirong ctla bat dinh thong so. Cho gia tri b~t dau P(k + 1) chon
tuy y, nghiem cila phtrcng trlnh (17) se h9i tu tai ma tr~n P au m9t so biroc tfnh.
Ta nhan dtroc dieu khi~n tr~ toi iru ma tr~n khuyech dai h~ng so (14)

vO{k) = -K x(k) , (21)

trong d6:

K = -(R + bTPb)-lbT PA~q*).

Dieu khien toi iru U °(k) phai tlm se la

(22)

uO(k) = vO(k + L) = -K x(k + L). (23)
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,
Vi~c con lai la xac dinh vecto' trang thai x(k = L) cua h% thong. a day

ta khong tht1 tfnh x(k + L) tit x(k) do diroc va cac so li~u hru trjr trong bi? nh&
u(k-1), u(k - 2), ... , u(k - L) theo phirong trlnh (1) nhir trong h~ thong voi thong
so biet chinh xac [5], VI A(q) la ma tr~n khoang. B~ng phirong phap l~p mo hlnh
ta c6 th~ tao ra vec to' x(k + L) nhir trang thai cua h~ thong dang xet nhirng
khong c6 tr~ r = 0). Bi? dir bao gom c6 md hlnh ctla qua trinh vai cac thong so
danh dinh, c6 tr~ Ml va khong tr~ M2•

M1: xl(k+1)=Axl(k)+bu(k-L),

M2 : x2(k + 1) = AX2(k) + bu(k).

Vectrr xp(k) diroc tao ra la

Xp(k) = xt{k) - x2(k) - x(k) - A[xt{k - 1) - x2(k - 1)]. (26)

(24)

(25)

Tit (1), (24), (25),926) ta c6

xp(k + 1) = -[A(q) x(k) + b u(k)]. (27)

Day chfnh la vecto trang thai cua h~ thong khong tr~ (y tho'i di~m c~t mau thir
k +'1 voi dau ngiro'c lai. Suy ra: xp(k) = -x(k + L). Ta c6 tht1 chon gia tr]
b~t dau cho cac phirong trlnh (24), (25), (26) nhtr sau: xl(-l) = x2(-1) = 0,
Xl(O) = X2(0). Ndu tr~ di"eukhi~n r tirong doi Ion so vai chu ky c~t mau T, nen
thirc hien cac mo hlnh Ml' M2 b~ng phan cirng.

2. H~ thong vo-i phan hoi dau ra

Bai toan di'eu khi~n toi iru (7), (10) theo phan hoi dau ra dtroc giai trong [6].
Ta c6

uO(k) = vO(k + L) ~ -K y(k + L) ,

trong d6 khuech dai K diroc tfnh tit h~ phirong trlnh:

P = (A + bKeTf P (A + bKeT) + Q + eKT RKeT + U(P, K), (29)
L = (A + bKeT) L (A + bKeT)T + x(LT) xT(LT) + V(L, K), (30)
K = (R + bTPb)-l [bTPALe + W(P, L)] (eT Le)-l , (31)

(28)

v&i
U(P, K) = sup {2(A + bKeTf P ~A + ~AT P ~A}, (32)

qEO

V(L, K) = sup {2(A + bKeT) L ~AT + ~AL ~AT}, (33)
qEO

W(P, L) = sup {bT P ~ALe}. (34)
qEO
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Gia tr] dau ra y(k + L) eo th~ tfnh nho h9 dir bao:

Yp(k) = YI(k) - Y2(k) - y(k) - CA[Xdk - 1) - x2(k - 1)], (35)

trong do:
Ydk) = eT Xl (k), Y2(k) = eT x2(k) , (36)

x~(k - 1), xI(k) va x2(k -1), x2(k) la cac trang thai cua mo hlnh Ml va M2 d
tren.

TU- (35) ta thay: so v61 h9 dl! bao dau ra truyen thong, a day eo them so
hang CA[xt{k - 1) - x2(k - 1)]. '

'" A
IV. KET LU~N

Ta thay: ngoai cac mo hlnh MI' M2 nhir truyen thong, h9 dir bao trang thai
con co, them h9 nhan d~ tfnh A[XI (k - 1) - x2(k - 1)]. O' h9 dl! bao dau ra ciing
eo nhfrrlg stta d5i ttrng t\{. Anh htrong cila hat dinh thong so diroc phan anh
h~ng so hang U(P(k + 1), q*) trong phirong trlnh Riccati hien dang (17), ho~c
U(P, K), V(L, K) trong cac plnrong trlnh Liapunov hien dang (29), (30). So v&i
plnrong phap ma f9ng trang thai, iru di~m a day la: cac plnrong trlnh ma tr~n
(17), (29), (30) chi co so chieu nhir trirong hop h~ thong khong tr~. Phuong phap
tren day co th~ ap dung cho cac trirong hop: tr~ eo dang t5ng quat r = LT + 8,
Os 8 S T, ho~c hat dinh xuat hien trong ea vecto dau bao b.

'A ,
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