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DIEU KHIEN DUaC TRONG CAC HE THONG LoN. .

x V A

NGUYEN VAN CHAU

Abstract. In this paper an approach is provided for presenting models of general systems
in the sence of the theory of general systems and postulates. Basing on this' model
descripion some theorems on the controllability of general systems will be proved. The
theorems may allow us creating fast algorithms for checking the controllability of large
scale and complicated systems.

v " '"1. D"",-TVAN DE

Truce khi tien hanh nghien ciru va xac dinh dfeu khi~n u(t) doi v&i m<}t h~
thong di'eu khign, di'eu quan trong la can tin chdc r~ng h~ eo tinh chat ilieu khitn
ilu o c, Doi v&i cac h~ ma voi no eo th~ l~p diroc mo hlnh b~r..g phiro'ng phap ham
truyen ho~c cac h~ co b~c thap, don gian va co th~ khong g~p phai sai tarn khi
gia thiet r~ng h~ la dieu khi~n diroc thl van de ki~m tra tinh dieu khien diroc
khong can thiet d~t ra. Trong thirc te nghien ciru di'eu khien cac h~ phi tuyen
noi chung, thtnrng van d'e d~t ra la chap nhan gia thiet h~ dieu khidn dtroc. B60i
khi tfnh chat dieu khi~n diro'c cila h~ da duce "tlJ ki~m tra" chinh trong cac gidi
phap di tlm dieu khien. Doi voi cac h~ thong Ion va eo d<}phirc t<;1Pcao thl van
de do. la khong th~ khong diro'c xem xet a mire tang quat. Thirc ra, khai niem h~
thong Ion & day ciing chl co tinh chat iroc l~ khi n6i den cac h~ eo thir nguyen va
d<}phirc tap Ion. Chira eo va ciing kho eo th~ co nhirng chl tieu xac dinh van d'e
do. Nhimg van de h~ thong lon va di'eu khi~n diroc doi voi cac h~ nhir the rat
phirc t<;1P,th~m chf la khong khd thi. Trong pham vi bai nay, tac gia dira ra m<}t
kha nang di~n dat h~ thong tang quat va rut ra cac dinh ly danh gia tinh dieu
khi~n diroc. Vi~c danh gia tfnh dieu khi~n dmrc cua cac h~ con (subsystems) eo
b~c va d<}phirc tap er mire thap can thiet, Vi~c xem xet tfnh dieu khi~n dtroc va
tfnh chat eo lien quan doi voi cac h~ con a day hoan toan eo th~ thirc hien dira
tren cac ket qua va phirong phap cua CCl sa ly thuyet di'eu khi~n kinh di~n.

A' ,... ,., ,,' ",
2. MO HINH H~ THONG TONG QUAT VA TINH"",., 'A

DIEU KHIEN DUqC CUA H~

H~ thong tang quat diro'c bi~u di~n trong khong gian trang thai:
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x(t) = G (xo(t), u(t), to, t, C)
y(t) = C (x(t), u(t), C)

Cl day: x(t) - vecto trang thai, y(t) - vecto quan sat, u(t) - vecto Meu khien,
(to, t) E T, to ::; t u EVe U, v - t~p cac di'eu khign chap nhan diroc, x E X,
Y E Y; G, C - cac anh xa:

(la)

G:XxUxTxT---+X

C:XxUxT---+Y
(lb)

x - ky hieu tfch Descartes, Ci E C - t~p cac dao di?ng rieng d~c trirng cho ni?i dung
, hA.cua e.

Ky hieu 8xX la h~ thdng, (y day x la trang thai d~c trirng. 8xx c6 thg la tuyen
tfnh ho~c phi tuydn. Noi chung trong thu c te thttang g(f,p cdc aoi tu o nq nghiin
CtlUla phi tuyen. Tuy nhien trong bttlYC nghien CtlU aau tien, h~ thong iluo c mo
td xap xl tuyen tinh la can thiet va co thi tic ao xay dtfng ea set nghien cuu cac
h~ mot cach trlng quat beti vi ao' co ea set 111thuyet tuyen tinh. mqt each. kha hoasi
hdo va thuf},n ti~n cho vi~c nghiin CtlU va tinh totin,

T5ng quat, c6 th~ xem h~ nhir t~p hop cdc quan h~ iu aru; tdc dttlYi cdc dq,ng
hop, giao, hi~u va tich. Descartes. Nhirng n6i chung c6 thg qui ve hai dang quan
h~ ea ban: hop va giao:

Quan h~ hop:

8xx = A u B = {x : (x E A) v (x E Bn (2a)

Quan h~ giao:

8xx = An B = {x: (x EA) /\ (x E Bn (2b)

Vi dv. 1. C6 quan h~ hieu: A-C.
D~t A = E u F, ta diroc: A - C = (E u F) - C = (E - C) U (F - C).
Bay gio- d~t A = En F.
Ta diroc: A - C = (En F) - C = (E - C) n (F - C).

Vi d~ 2. C6 quan h~ tich: A x B.
D~t B = E u F, ta diroc: A x B = A x (E U F) == (A x E) U (B x F).
Bay gia d~t B = En F.
Ta diroc: A x B = A x (E n F) = (A x E) n (B x F).
Khi d6, mf hlnh h~ thong t5ng quat c6 thg di~n dat duoi dang:

( k) (i) k i8xx = n x U U x ,x C x, x ,x C X
kEK iEI

(3)
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n Xk, U Xi - cac giao va hop suy rong. Bci vi K, I c N (N - khong gian cac
kEK iEI ..
so nguyen dirong]. f)~ cho gc;m, sau day ta se ky hieu tirorig irng nxk, Uxi. xk,
xi - trang thai d~c trtrng cho cac h~ con.

Vi~c dinh dang h~ (3) diroc thirc hien tren eo s& l~p cac mien xac dinh cac
trang thai d~c trtrng cua cac h~ con va theo cac dinh nghia (2a, b).

Bay gio- hay xet h~ dieu khien tuyen tinh dirng co dang chua:n:

dx
dt = Ax(t) + Bu(t)

y(t) = Cx(t)
(4a)

A, B - ma tr~n eo cap (nx n) va (n X m).
Hoac & dang ro-i r~c:

x(k + 1) = Ax(k) + Bu(k)
y(k) = Cx(k)

(4b)

Xet h~ (4b). Khi do xac dinh trang thai h~ nhtr sau:

Sxo(u(O)) = x(1) = Axo + Bu(k)

Szo (u(O), u(1)) = x(2) = Ax(t) + Bu(1) = A2xo + ABu(O) + Bu(1)

Sxo(u(O), (u(1), u(2)) = x(3) = Ax(2)+Bu(2) = A3xo+A2 Bu(0)+ABu(1)+Bu(2)

T5ng quat:
k-l

Sxo(u(O), u(1), ... , u(k - 1)) = Akxo +L Ak-j-l Bu(j)
j=o

'f" ,

Khi Vu (j) = 0, Sxo (.) = A k Xo - h~ co chuy€ n ilqng ttf do (Free motion). 0' trang
thai t'! do h~ khong phu thuoc dieu khien ban dau. Ra rang la viec xet tinh chat
dieu khi~n diroc cua h~ khong phu thuoc trang thai t'! do cua no.

f)~c tfnh v~t iy quan trong cua h~ d<}nghQC la giao dong rieng cua h~. Tac
d<}ng dieu khi~n u(t) (tac d<}ngngoai] eo th~ gay nen chuyen d<}ngcua h~ theo 1
quy dao nao do chi khi cac dao d<}ng rieng cua h~ diroc kfch d<}ng do khai niem
dieu khi~n diroc hoan toan cua h~ khong th~ khong gc1n voi khai niem dao dong

.,.,. , ,
rieng cua no.

V{ du 3. Xet h~ (4a) khi B eo dang ma tr~n c<}td<}cl~p tuydn tinh:

dx
dt = Ax(t) + bu(t) (4c)
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Cho .AI, .A2,... , .An, - gia tri rieng cua ma tr~n A. Khi do cho ma tr~n 8 sac
cho: 8-1 khong suy bidn va 8-1 A8 = diag(.A1' .A2,... , .An) va chuyen h~ toa d<}
~= 8-1 x. Bi~u tlnrc 1 cua h~ (la) khi do eo dang:

D~t b = 8-1b va di~n dat lai ma tr~ (6) dirrri dang t5 hop n phirorig trlnh
vi phan tuyen tfnh:

(7)

Nghiem cila phtrong trlnh (7) eo dang:

~k(t) = fat e>.k(t-T)"jjku(r)dr

~k(t) = 0 khi bk = 0
(8)

D~ thay r~ng (8) la dao d<}ngrieng cua h~ va khong phu thuoc dieu kien ban
dliu.

GC?iXo - Trang thai ban dliu, xk - trang thai d~ trtrng cua h~ cong (sub-
sustems). Cac dinh nghia sau day ap dung cho cac h~ thong t5ng quat:

Djnh ngh'ia 1. H~ goi la aq,t Mi ilu oc hoan. toan (completely reachable) tit Xo
neu moi trang thai Vxk E X deu dat t&i diroc:

[:3x~ E X, Vxk E X, Vto E T] -
[:3l : l(x~, u(t), to) = xk(t); t ::::to; to, t E T; lEG] (9)

Dinh nghia 2. H~ la hoan toan aie.u khiin ilu oc (completely controlable) t&i xk
tit moi trang thai ban dliu Vx~ khi moi dao d<}ngrieng cua h~ diroc kich d<}ngva
dat t&i diroc xk. .

O' day, moi ham vao deu kich d<}ngmoi dao d<}ngrieng cua h~ va m6i ham ra
chi phan anh m<}t trong cac dao d<}ngva chi eo m<}tho~c vai dao d{)ng do la khong
tach diroc tren dliu ra ctla h~ [1]. oa« khiin duo e hoan ioan, do aD la Unh chat
monh. No dam bao kha nang cua h~ dat duce trang thai xk E X tit bat ky trang
thai ban dliu (Vxo E X, to ET).
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Vi du 4. Xet h~ ro-i rac (4b). Viet lai (5) ve dang ma tr~n va cho Xo = 0 (khong
tfnh den trang thai tl{ do cua h~).

k-l
x(k) = Akxo + L Ak-i-l Bu(k) = (Ak-l B, ... , AB, B)

i=O

u(O)
u(l)

u(k - 1)

D~t: Q = (Ak-l B, ... , AB, B). Tit (10) thay r~ng h~ la hoan toan dat t{Yi
dtroc v{YiVx E X tit trang thai ban dau Xo sau nhieu nhat n burrc neu ma tr~n Q
la anh xa tran anh (surjective mapping):

Q : Rnk ~ Rn :::::}rankQ = n (11)

Cac khai niem trang thai xk dot tc1i iluoc d day khi chira quan tarn den cac
dao dqng rieng ciia h~ c6 thg xem nhtr dong nghia v{Yikhai niem ilieu khiin du o e
t&i xk. Vi~c tach rieng hai khai niem nay c6 y nghia nhat dinh doi voi khai niem
hoan toan dieu khign duoc d day va cac dinh ly c6 lien quan.

Vi dlf 5. O' h~ (4c), tit (6) d~t A = S-1 AS va tit h~ phtrong trlnh (7) xet ma
tr~n:

[
- - 1-1bl Albl . . . A~- bl

o, = [b, Ab, ... , An
-
lbj = .:2.~~~2::: A~~~~2

bn Anbn ... A~-lbn

Ma tr~n Qc se khong suy bidn (det(Qc) f:: 0) neu bk f:: 0; k = 1,2, ... , n
[moi dao dqng rieng deu diroc kich dqng. Bdi VI A = S-1 AS va b = S-lb
nen: . Qc = S-IQc nhirng S-1 khong suy bien nen Qc cling khong euy bien, .
(det(Qc) =1= 0). a day Qc = [b, Ab, ... , An-lbj. Nghia la, theo dinh nghia 2 va h~
thirc (12), h~ la hoan toan dieu khieri duce khi:

rank(Qc) = n va det(Qc) f:: 0

Bd' de 1. H4 Sxkxk : xk E X Id holm toan ilieu khiin ilu o:c t6i xk thi cung ilq,t
tc1i ilu o c t6i xk. Nhung nqu o c lq,i,m~nh ile "h~ ilq,t tc1i ilu o c xk thi holm toiui
ilieu khitn iluq'c" la khong ilung.

Chung minh. Menh de thir nhdt hign nhien dii dmrc chirn gminh va la h~ qua
tit cac dinh nghia 1 va 2. 0- day, & menh de thtr hai can chimg minh r~ng
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'" {Xk** 2 x« , (Xk** - t~p xac dinh trang thai dfeu khi~n diroc hoan toan, xv
- t~p xac dinh trang thai dat t&i diroc hoan toan].

Gia str h~ Sxkxk la hoan toan dat t&i diroc \lxk* E X tu :3x~ E X (th) tu (9)
ton tai :3xk* E X va gk* E X sac cho gk* (x~(t), u(t), to) = xk' (t)) thl hoan toan
dfeu khi~n diroc t&i \lxk*' E X (thl tu dinh If 2 vrri moi \lx~" E X se tlm diroc It
nhat m<)tham gk'* (xf* (t), u(t), to) = xk'* (t)). Nghia la hoan toan c6 th~ ton tai
it nhat m<)t dao d9ng rieng [chira duce kich d<)ng) e;" diro'c kich d<)ngbo-i v: lam
cho {gk" (xf* (t), u(t), to) = xk'* (tn. Theo nguyen If xep chong (supperposition)
khi d6 ta c6 (Xk** 2 Xk*) trai voi gia thiet ban dau (X" = X" = X) -+ (rnenh
de thu- hail la phil dinh.

Djnh ly 1. Gho r/ing m6i h4 con SxjXj : xj E X (fiu ilieu khitn du oc hoar» toan.
tui xj thi h~ giao ctla chung Sxx : x = nxj ilq,t tai du o:c hoan. toari tai xj. Nqu oc
Iq,ineu mot h~ la giao ctla cdc h~ con Sxx : x = nxj ilq,t tai du o:c hoiui toan thi
m6i h~ con SxjXj : xj E X cung ilq,t tai ilu oc hoiu: toan.

Ghtmg minh. Gia thiet rKng m6i h~ con SxjXj la dieu khi~n diroc hoan toan
t&i xj thl ton tai gj (ma 0- d6 moi dao d<)ng rieng deu diroc kich d<)ng) sac cho
gi : gi(xo(t), u(t), t) = xi(t). Theo b5 de 1, SxjXi cling dat t&i diroc hoan toan.
Khi d6 doi v&i h~ giao Sxx, bo-i VI x = nxj ta eo- {[::Ix" : !\[(x· E xi !\ (x" E
xj)], i i- i) {:} (x" : \Ix" EX)]). Nghia la theo dinh nghia 1, h~ giao Sxx cling dat
t&i diroc hoan toan. Menh de thir nhfit da diroc chimg minh.

Menh de thtr hai chirng minh nhir sau: Gia s11-h~ giao Sxx : nxj dat t&i diro'c
hoan toan thl theo Dinh nghia 1, ton tai moi \Ix E X dat t&i diro'c hoan toan. G9i
Xi - t~p xac dinh cac trang thai dat t&i diroc hoan toan cua cac h~ con SxjXj va
Vxi E xs. Bdi tu x n xj suy ra xj C X. Khi d6 vi Sxx dat t&i diro'c hoan toan
t&i x, suy ra SxjXj cling dat t&i diroc hoan toan t&i xj.

Dinh ly 2. Gho r/ing moi h4 con SxjXj : xj E X la ilq,t tai ilu oc hoan. toan tai
Xi thi h4 hop ctla chung Sxx : x = Uxj cung dot tai ilu o:c hoati to an tai x E X.
Ngttf.(c loi neu h~ hqp Sxx : x = Uxj dot tai ilu oc hocn ioari tai \Ix : x E X thi
ton tq,i it nhat mqt h~ con :3SxjXj khong ilq,t tai du oc hoer: ioari tai xj.

Ghung minh. M9i h~ con SxjXj dat toi diro'c hoan toan t&i xj E xj thl Ct h~ hop
(Sxx : x = Uxj, x E X) ton tai moi \Ix" E Xi ma xj C X thoa man quan h~
{[::Ix*: V[(x* E xj) v (x* E xj)], i i- in. Nghia la ton tai \lx* E X, suy ra h~ hop
Sxx: x = Uxj dat t&i diroc hoan toan. Ngmrc lai, cho rKng h~ hop Sxx : x = Uxj

dat t&i dl!<?'choan toan t&i x, thl boi VI xj c X va x* : v[(x* E xi) V (x* E xi)]
nen c6 th~ ton tai it nhat mdt h~ con SxjXj khong dat toi diroc hoan toan t&i x":

Dinh ly 3. Gho h~ Sxx xac il!'nh bd-i mo hinh (3), trong il6 cac h~ con s.,«,
SxkXk la ilieu khitn ilu oc hoan toan tai Xi, xk thi SxX : ilq,t tai ilu o c hoiui toiin



52 NGUYEN VAN CHAU

tui x. NgtU!C Il!-neu SxX al!-t tUi ilu o c hoan toan tUi x, thi co the ton tl!-i it nhiit
mot h~ con Sxixi khong al!-t tUi du oe hoiu» toan tUi xi'

Chung minh. Tir (3) ta eo Sxx = (nxi) U (Uxi) = u[(nxi) U xi] = u[nxii, i t- j)].
D~t x* = xi U xi, x** = nx* ta eo x = Ux**. Theo gia thiet cac h~ Sxixi, Sxixi
di'eu khien dtroc hoan toan t&i xi va xi. Do do tu cac dinh ly 2 va 3 ta eo h~
Sxx** dat t6'i diroc hoan toan t&i x**. Suy ra h~ Sxx cling dat t&i diroc hoan
toan t&i x.

M~nh d~ tlnr hai chirng minh nhir sau. Di~n dat lai h~ Sxx = (Sxio xio) U
(SxioXr) d day Sxioxio, SXioxi*) = USxi"oxi. Theo dinh ly 2, ton tai it nhat m9t
h~ con 3Sxixi" khong hoan toan dat t&i diroc xi". Suy ra ton tai it nhfit mot h~
con 3Sxixi khong hoan toan dat t&i diroc xi .Dinh ly da diroc chirng minh.

3. NH~N XET

Tren eo sd mo hlnh (3) va cac dinh ly 1, 2, 3 cling voi cac ket qua cua ly
thuyet kinh dign ve di'eu khign diroc cho phep l~p cac thuat toan danh gia nhanh
tfnh chat dieu khidn diro'c cac h~ thong l&n qua vi~c danh gia dieu khien diro'c cac
h~ con don gian hon. Vi~c xac djnh dang h~ (3) doi vo'i h~ thong cac loai tuyen
tfnh ho~c phi tuyen tinh eo th~ d~ dang tlurc hien tren eo sir l~p cac mien xac
dinh trang thai cua h~ va theo cac dinh nghia (2a, b). Dieu do cho phep nhanh
ch6ng hrc chon cau hlnh hop ly cac h~ phan cap. M9t trong cac img dung quan
trong la danh gia tfnh dieu khidn diroc cac h~ tv- d9ng dieu khi~n cac phirc hop
cong nghe linh hoat [3].
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