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THIET KE HE THONG DIED KHIEN SO TOI UD.
BEN VUNG VOl PHAN HOI DAD RA

CHU VAN HY

Abstract. This paper considers the problem of designing quadratic optimal digital con-
trol systems with uncertain parameters. For the output feedback systems a parametric
optimization technique is used. A method for computing the supremum of a quadratic
forme is proposed. The stability of the closed-loop systems is also discussed.
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I. D~T VAN DE

D~ giai quyet van de bat dinh cila h~ thong, tiep theo cac If thuydt dieu khien
ngc1unhien, tv- thich nghi ... hien nay dieu khi~n ben virng (Robust Control) dang
diroc quan tam d~c bi~t. Trong di'eu khi~n ngc1u nhien, ta gia thiet biet trurrc xac
xuat cua cac thong so bat dinh. Trong dieu khidn tv- thich nghi, tfnh chat thong
ke cua cac thong so khong biet trmrc nhirng dircc nhan dang trong qua trlnh dieu
khi~n. Con trong dieu khi~n ben virng: ta gia thidt cac thong so bien doi trong
m<}tkhoang cho trtrrrc xung quanh gia tr] danh dinh.

Trong trirong hop h~ thong dtro'c md ta b~ng plnro'ng trlnh trang thai, bai
toan dieu khi~n toi iru ben virng cac h~ thong lien tuc dii c6 mot so phirong phap
hiru hieu [1], [2], [3]... Nh irng cho cac h~ thong thai gian roi r~c, ket qua con
rat ft. Trong bai nay, cluing toi trlnh bay mQt phirong phap thidt ke h~ thong
dieu khi~n so nhieu dau vao nhieu dau ra chira bat dinh trong ca ma tr~n dQng
hrc va ma tr~n dau vao. Cho h~ thong v&i phan hoi dau ra, mQt ki thuat toi iru
h6a thong so thich hop dii diroc su dung. M<}tphirong phap tfnh gia tri l&n nhat
(Supremum) cua dang toan phirong - van de c6 tfnh d~c trirng cua bai toan dieu
khi~n toi 1!U ben virng - diroc dc1n ra. Tinh chat an dinh cila h~ thong kin cling
diroc ban den.
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II. DIEU KHIEN TOI UU BEN VUNG

1. Thanh l~p bai toan

Xet h~ thong dieu khien so tuyen tinh
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x(k + 1) = A(q) x(k) + B(q) u(k)
y(k) = C x(k)

(1)
(2)

Trong do: x(k) E R" la vecto trang thai, u(k) E Rr la vecto' di'eu khieri, y(k) E Rm

la vecto dau mef f<}ng: gom cac dau ra va m9t s5 trang thai do diroc dung lam
phan hoi. Vecto' thong s5 bat dinh q E RP bien d5i trong mien khep kin b] gi&i
han n, tac d~mg tuyen tinh vao ma tr~n d<}nglire va ma tf~n dau vao:

n := {q E RP : ai ~ qi ~ bi; ai ~ 0, b; ~ 0, i = 1, 2, ..., p} (3)
P

A(q)=A+~A=A+LqiAi (4)
i=l

P

B(q) = B + ~B = B + LqiBi (5)
i=l

Trong do: A, B bi~u di~n che d<}danh dinh cila h~ thong, Ai, B, la cac ma tr~n
h~ng, mf ta cau true cua bat dinh. Ta can tlrn di'eu khien phan hoi dau ra.

u(k) = K y(k) (6)

d~ dira h~ thdng tit trang thai ban dau x(O) tro Iai trang thai can b~ng x( 00) = 0,
sao cho C\!C ti~u hoa ham muc tieu

00

1:= sup {L xT(k) Q x(k) + 2xT(k) S u(k) + uT(k) R u(k)} (7)
qEO k=O

Trong do cac ma tr~n trong: Q = QT ~ 0, R = RT > 0.

2. Lai giai t6i iru

Truce het, ta can bi~u di~n ham m\lc tieu J theo ma tr~n khuech dai K phai
tim va cac thong s5 khac ciia h~ thdng. Thay u(k) tit (6), (2) vao (7) ta co

00

J = sup {L xT(k) a, x(k)}
qEO k=O

(8)

Trong do:
Qc = Q + 2SKC + CT KT RKC (9)
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Nho' (1), (6), (2) ta Hin hrot bi~u di~n x(k), k =1,2, ... theo x(O) va tfnh
dtroc

00

(10)

Trong d6 Ac (q) la ma tr~n d<}nghrc cua h~ thong kin

Ac(q) = A(q) + B(q) KG (11)

Ta c6 gia thiet: Ac(q) la ma tr~n 5n dinh (c6 cac gia tr] rieng n~m trong dirong
tron don vi tren m~t ph.ing phtrc}. VI chi nhir the bai toan di'eu khi~n toi tru moi
co y nghia. Sau d6 c6 th~ chirng minh, [4]: chu~i vo t~n (y ve phai ctia (10) h<}i
tv t&i PI

00

L)A~(q))T a.A~(q) = PI
k=O

(12)

Trong d6 PI la nghiem duy nhdt cua phtrong trinh dai so

(13)

V~y, bai toan tren day la ttrong dirong voi viec tlm ma tr~n K d~ circ ti~u h6a
ham muc tieu J:

(14)

,., b A d~ h'V<YI rang u9c ang t ire

p = sup{A~(q) P Ac(q) + Qc}, Qc = Q~ > 0
qEfl

(15)

Trong d6 P = pT > 0 la gia tri krn nhat (supremum) theo nghia

F:= sup{A~(q) P Ac{q) + Qc} - P = 0
qEfl

(17)

Bai toan toi iru v&i rang buoc dAng thirc (14), (17) c6 th~ gi,ii theo cac phirong
phap bien phan, nhan tu- Lagrange, gradient [4] ... Trong bai nay, b~ng each dira
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vao ma tr~n cac.nhan tu- Lagrange L doi xirng (do F doi xirng] , ta chuyen ve-gi<ii
bai toan C'FC ti~u hoa ham H khong rang budc

n n n n

H := xT(O) P z [O) + L L u,Fij = tr [P x(O) xT(O)] +L L Lij Fji
i=l j=l i=l j=l

= tr [P x(O) xT(O)] + tr [LF] = tr [P x(O) xT(O) + LF] (18)

Ta xet trirong hop thtrong g~p: so dieu khi~n b~ng so dau ra r = m, K la ma
. tr~n vuong. Lei giai toi tru co th~ nhan diroc tir di'eu ki~n can: cac dao ham rieng
cua H theo L, P, K b~ng 0:

sup{[A(q) + B(q) KC]T P[A(q) + B(q)KC]} + Q + 2SKC
qEO

+ CT KT RKC - P = 0 (19)

sup{[A(q) + B(q) KC] L [A(q) + B(q)KC]T} + x(O) xT(O) - L = 0 (20)
qEO

2 sup{BT(q) PA(q) LCT} + 2sup{BT(q) P B(q) KCLCT} + 2ST LCT
qEO qEO

+ 2RKCLCT = 0 (21)

Thay A(q), B(q) theo(4), (5) ta nhan dtroc ket qua - sau khi bien d5i:

P = (A + BKC)T P(A + BKC) + Q + 2SKC + c" KT RKC + U(P, K) (22)

L = (A + BKC) L (A + BKC)T + x(O) xT(O) + V(L, K) (23)

K = -(R + BTpB)-l(BT PALCT + ST LCT + W(P,L,K)(CLCT)-l (24)

Trong do:

U(P, K) = sup{2(A + BKC)T P D.A + D.AT P, D.A + 2(A + BKC)T P D.B KC
qEO

+ 2D.AT P D.BKC + CT KT D.BT P D.BKC} (26)

W(P, K, L) = sup{D.BT PA + BT P D.A + D.BT P D.A) LCT}
qEO

+ sup{(D.BTp B + BT P D.B + D.BT P D.B) KCLCT}
qEO (27)
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Cac gia tr] Ian nhat (supremum) Ct day dtroc hi~u tirong tl{ nhir P trong (15) theo
nghia Ct (16). D~ giai h~ phirong trlnh (22), (23), (24) ta co th~ dung phirong
phap l~p tirong tl{ trong [2], [6]. Ghi chii: (22), (23) la cac phirong trlnh Liapunov
b] bien dang do co them cac so hang U(P,K), V (L, K).

3. Cach tinh cac gia tr] IOn nhdt

Phuong phap tinh gia tri km nhat ciia dang toan phirong xT (O)M x(O) ciia
IDa tr~n M Ct d~y dira vao dtrong cheo hoa ma tr~n doi xirng M* co cimg dang
toan phirong: xT(O)M*x(O) = xT(O)Mx(O). Ta chia cac ma tr~n trong dau { }
ra 2 loai:

a) Loai don gian: chi chira tfch ciia ID<}tma tr~n khoang, nhir (A +BKC)T P ~A,
(A+BKC)T P ~B KC, (A+BKC) L~AT, ~B KCL(A+KBC)T, ~BT PALCT,
BT P ~ALCT ...
b) Loai phirc tap: chtra tich cua ma tr~n khoang, nhir ~AT P ~A, ~AT P ~B KC,
~AL~AT, ~BKCL~AT, ~BT P~ALCT, ~BT P~BKCLCT ...

Truaru; hqp a: Vi du ta phai tfnh

U = sup {(A + BKCf P ~A}
qEO

(28)

Thay ~A theo (4) ta co:

p p

U = sup {(A + BKC)T P L.:qiAd = I:o,
.. qEO i=l i=l

(29)

Trong do:
Ui = sup{qi(A + BKC)T P Ai}

qEO
(30)

T' l' "t" A U htrc a can im cae ma tran i sao c 0

Kf hieu:
M; = (A + BKC)T P Ai

Ta thanh l~p ma tr~n doi xirng M] co dang toan phirong

(32)

(33)

b~ , h 1" , h" t'ang cae ay cac p an tr

(34)
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Ta xac dinh ma tr~n modal N, cila Mt. Trong tnrong hop Mt la ma tr~n thirc,
doi xirng thl N la ma tr~n trirc giao, dirong cheo hoa Mt:

Ni-
1 Mt n, = s. (35)

Ni-
1= NT, NiNT = I (36)

Trong do Ai la ma tr~n duong cheo chtra cac gia tr] rieng (>'ih, k = 1, 2... , n cila
M* A , h'" '''ti . nen co t e VIe

XT(O) qi(A + BKGf P Ai x(O) = xT(O) Ni qi Ai NT x(O) = (x*)T qi Ai z"
n

=L qi().dk (Xk)2
i=l

(37)

D~ dang nhln thay: trong khoang a; ::; qi ::; bi, dang blnh phirong (37) co gia ri
nhfit khi:

{
ai ..·

qi = b; ...
neu ().ih < 0

neu ().ih ~ 0
(38)

Tit do suy ra each tinh
p

U = LNiEiNT
i=l

(39)

Trong do E; la ma tr~n dirong cheo voi cac phan ttr

(Ei)kk = { a, ().ih ..· n~u ().ih < 0
b; ().ih ... neu ().ih ~ 0

(40a)

(Eihh = 0; Vk ¥ h; k, h = 1, 2, ... , n (40b)

Truang ho p b: Vi du
v = sup{~B KGL~AT}

qEO
(41)

Thay ~A, ~B theo (4), (5) ta co:
p p p p

V = sup {( L qi Bi) KGL( L qj AT)} = L L Vij (42)
qEO i=l j=1 i=l j=1

Trong do:
Vij = sup{ qi qj e,KG L A ~'}

qEO J
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Nghia la:
XT (0) qi qj s,KG L AJ x(O) < xT(O) Vij z[O]

ai ~ qi ~ bi, aj ~ qj ~ bj, Vx(O)

Tirong tv- nhir tren, ta tinh

(43)

(44)

Sau do tlm ma tr~n doi xirng Mi~' - co dang toan phiro'ng xT (O)Mi~'X(O) =
xT(O)MijX(O); tfnh cac gia tr] rieng (~ij)k, k = 1, 2 ...n va ma tr~n modal Nij cila
Mi]. Ta co cong thirc:

p p

V = L LNijEijNi~
i=l j=l

(45)

Trong do:

(46a)

(Eij)kh = 0; Vk =1= h; k, h = 1, 2, ... , n (46b)

,.,' ,,, '" ,
III. ON DJNH CUA H~ THONG KIN

Ta xet di'eu ki~n d~ h~ thdng t6i lIU se 5n dinh theo dinh nghia cua Liapunov.
Chon ham Liapunov co dang

(47)

Trong do: PL = pI > o. Theo (47), (1), (6), (2) ta tfnh durrc

L\V = V(x(k + 1)) - V(x(k))
= xT(k) [(A(q) + B(q)KG)T PdA(q) + B(q)KG) - PL] x(k) (48)

H~ thdng kin se 5n dinh ti~m c~n (x(oo) = 0), neu tim dtro'c ma tr~n PL sao cho:

xT(k) [(A(q) +B(q)KG)T PdA(q) +B(q)KG) - PL] x(k) < 0, Vq E 0, Vx(k) =1= 0
(49)

Bo-iVI (15), (16), (17), (19), (22) la tirong dirong, nen so sanh (49) vai (16) suy ra:
di'eu ki~n (49) se thoa man neu ta chon PL = P cho Qc = Q~ > O. Neu o, ~ 0,
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h~ thong 5n dinh - nhirng khong nhat thiet 5n dinh ti~m c~n. Nhir v~y, sau khi
tfnh ma tr~n khuech dai K ta xac dinh dau cua Qc theo (9) va ket lu~n dtroc tfnh
5n dinh cila h~ thong. Trong trirong hop Qc khong xac dinh dtrorig, can chon lai
cac ma tr~n Q, S, R. Ta thay: tlm dieu ki~n cho cac ma tr~n trong d~ h~ thong
toi U"U dong thoi 5n dinh & day phirc tap hon trong cac h~ thong phan hoi trang
thai. Cho trirong hop d~c biet S = 0, tit (9) d~ dang nhln thay: Q = QT ~ 0,
R = RT > 0 la dieu kien can va du d~ Qr > 0 va h~ thong toi iru la 5n dinh ti~m
c~n.

~ A

IV. KET LU~N

Ta co th~ ap dung phtro'ng phap tren cho trtrong hop t5ng quat nhat - khi
tat ca cac ma tr~n cua h~ thong chira bat dinh: A(q), B(q), C(q). Tfnh cac gia
tr] IOn nhat U(P,K), V(L,K), W(P,L,K) se phirc tap hon. B&i vi cac phiro'ng
trlnh (19), (20), (21) chl la dieu kien can, nen co th~ co mQt6 so nghiem khong
phai la toi U"U. Luc do, de xac dinh nghiem toi U"U can so sanh gia tr] cua ham
muc tieu trong tat ca cac trirong hop.
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