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THIET KE HE THONG DPIEU KHIEN s6 TOI U'U
BEN VONG VOI PHAN HOI DAU RA

CHU VAN HY

Abstract. This paper considers the problem of designing quadratic optimal digital con-
trol systems with uncertain parameters. For the output feedback systems a parametric
optimization technique is used. A method for computing the supremum of a quadratic
forme is proposed. The stability of the closed-loop systems is also discussed.

I. DAT VAN PE

Dé gidi quyét van de bat dinh cda hé thong, tiép theo céc Iy thuyét diéu khién
ngiu nhién, tur thich nghi... hién nay diéu khi€n bén virng (Robust Control) dang
dwoc quan tam dic biét. Trong ditu khi€n ngiu nhién, ta gid thiét biét trudc xac
xuét cia cdc théng s8 bat dinh. Trong diéu khién tw thich nghi, tinh chit théng
ké ctia cac thong s6 khong biét trwéc nhung dugce nhan dang trong qua trinh dieu
khi€n. Con trong diéu khién bén virng: ta gid thiét cic thong s6 bién déi trong
mét khodng cho truéc xung quanh gid tri danh dinh.

Trong trudng hop hé thdng dwoc mé td bang phuong trinh trang thai, bai
todn diéu khi€n t8i wu bén virng cic hé théng lién tuc da cé moét s6 phwong phip
hiru hiéu (1], [2], [3]... Nhung cho cdc hé théng thoi gian roi rac, két qud con
rat it. Trong bai niy, ching t6i trinh bdy mdt phwong phap thiét k& hé théng
diéu khi€n s6 nhiéu diu vao nhiéu dau ra chira bt dinh trong cd ma tran dong
lrc va ma tran diu vao. Cho hé théng véi phdn hoi dAu ra, mét ki thuat t8i wu
héa thong s6 thich hop da dwoc st dung. Mét phwong phép tinh gid tri 16n nhat
(Supremum) ctia dang toan phwong - vin dé c¢é tinh ddc trung cda bai todn diéu
khién t8i wu bén virng - dwgc din ra. Tinh chat 6n dinh cda hé théng kin cling
dugc ban dén. '

1. PIEU KHIEN TOI UU BEN VUNG

1. Thanh lap bai todn

Xét hé théng dieu khi€n s6 tuyén tinh
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z(k+1) = A( ) z(k) + B(q) u(k) (1)
y(k) = Cz(k (2)

Trong d6: z(k) € R™ 1 vecto trang thai, u(k) € R" 1a vecto diéu khién, y(k) € R™
13 vecto ddu mé réng: gom cédc diu ra va mdt sé trang thidi do duvgc dung lam
phdn hdi. Vécto théng s6 bt dinh ¢ € RP bién ddi trong mién khép kin bi gidi
han Q, tdc dong tuyén tinh vao ma tran dong luc va ma trin dau vao:

N:={¢g€eRP :a;<¢<b;;a<0b>01=1,2,..p} (3)
p

Al =A+AA=A+) ¢ A (4)
1=1
P

B(q=B+AB=B+) ¢B; (5)

t=1

Trong d6: A, B bi€u dién ché d6 danh dinh cda hé thdng, A;, B; la cdc ma tran
hing, mé td ciu tric cia bit dinh. Ta cin tim diéu khién phdn hdi diu ra.

u(k) = K y(k) (6)
d€ dua hé thong tir trang thai ban dau z(0) trd lai trang théi cin bing z(co0) = 0,

[ N oA
sao cho cyc ti€u héa ham muc tiéu

I —sup{Zz k) + 227 (k) S u(k) + w7 (k) Ru(k)} (7)

q€eN k=0

Trong d6é cic ma tran trong: Q = QT > 0, R = RT > 0.
2. Loi gidi t6i wru

Truéc hét, ta cin bi€u dién ham muc tiéu J theo ma tran khuéch dai K phai
tim va céc théng s6 khic cda hé thdng. Thay u(k) tir (6), (2) vao (7) ta cb

—sap{Zz (k) } (8)

q€N

Trong dé: _
Q.=Q+2SKC +CT KT RKC (9)
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Nh& (1), (6), (2) ta Iin lwot bidu dién z(k), k = 1, 2,... theo z(0) va tinh
duoc '

I=sup{z7(0)[ D (4¥(q)T Qc A¥(g)] =(0)} (10)
k=0

qeN

Trong dé A.(g) 12 ma trdn ddng luc cla hé théng kin
Ac(q) = Ag) + B(q) KC (11)

Ta c6 gid thiét: A.(¢) 1 ma tran 6n dinh (cé céc gid tri riéng ndm trong dudng
tron don vi trén mgt phing phitc). Vi chi nhw thé bai todn diéu khién t&i wu méi
c6 ¥ nghia. Sau d6 c6 thé ching minh, [4]: chudi vd tan & vé phdi cda (10) hai

oo

> (A%(9))T Q. Ak(q) = Py (12)

k=0

Trong d6 P; la nghiém duy nhit cia phwong trinh dai s
P] - AZ(Q) Pl AC(Q) 1 Qc (13)
V4ay, bai todn trén day la twong dwong véi viéc tim ma tran K d€ cuc ti€u héa

ham muc tiéu J:

J = zT(0) P z(0) (14)

véi rang budc ddng thirc

P= sxexg{AcT(q) PA.9)+Qc}, Q. =QF >0 (15)
q

Trong d6 P = PT > 0 1a gia tri 16n nhat (supremum) theo nghia
zT(0){AT (¢) P Ac(q) + Q.} z(0) < zT(0) P(0); Vg € Q, Vz(0) #0  (16)
Ta viét (15) duwéi dang chuan

F:= Sgg{Af(q) PAcg)+Q.}-P=0 (17)

Bai todn t8i wu véi rang budc ddng thire (14), (17) ¢ thé gidi theo cédc phuong
phdp bién phan, nhin ti Lagrange, gradient [4]... Trong bai nay, bdng cach dua
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vao ma tran cic.nhin t& Lagrange L d6i xtng (do F d6i xtng), ta chuyén vé gidi
bai todn cuc ti€u héa ham H khéong rang budc

H = :l:T(O) P:E(O) + i i Lij Fij = tr [P 1:(0) :BT(O)] + i i Lij Fy;

=1 j=1 =1 3=1
= tr [P £(0) 7 (0)] + tr [LF] = tr [P z(0) 7 (0) + LF) (18)
Ta xét trudng hop thudng gip: s6 dieu khién bing s6 ddu ra r = m, K 13 ma

“tradn vuong. Loi gidi t8i wu cé thé nhan dwoc tir dieu kién can: cdc dac ham riéng
cia H theo L, P, K bing 0:

sup{[4(9) + B9 KC|T P[A(q) + B(g)KC]} + Q + 25KC

+CTKTRKC—-P=0 (19)

zlelg{[A(q) + B(q) KC|L[A(q) + B(q)KC]T} + z(0)zT(0) - L =0 (20)

2sup{BT(q) PA(q) LCT} + 2sup{BT(q) PB(q) KCLCT} + 28T LCcT
LIS qEN

+2RKCLCT =0 (21)

Thay A(q), B(q) theo(4), (5) ta nhan dwoc két qua - sau khi bién déi:
P=(A+BKC)TP(A+ BKC)+Q+2SKC+CT KT RKC +U(P,K) (22)
L= (A+BKC)L(A+ BKC)T + z(0) £ (0) + V (L, K) (23)

K =—(R+BTPB) Y (BT PALCT + ST LCT + W(P,L,K)(CLCT)™!  (24)
Trong dé:
U(P,K) = sup{2(A+ BKC)T PAA+ AAT P,AA+2(A+ BKC)T PABKC

qeN
+2AAT PABKC +CT KT ABT P ABKC} (26)

W (P, K,L) = sup{ABT PA+ BT PAA+ ABT P AA) LCT}
qeN
+sup{(ABT PB+ BT PAB + ABT PAB) KCLCT}
€ (27)
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Céc gid tri 16n nhét (supremum) & diy dugc hi€u twong tuw nhu P trong (15) theo
nghia & (16). D€ gidi hé phuwong trinh (22), (23), (24) ta c6 thé dung phuong
phédp ldp twong tu trong [2], [6]. Ghi chid: (22), (23) la cdc phwong trinh Liapunov
bi bién dang do c6 thém cac s8 hang U(P, K), V (L, K).

3. Céach tinh cac gid tri 16n nhat

Phuong phép tinh gid tri 16n nhit cda dang toan phuong zT(0)Mz(0) cda
ma trdn M & diy dua vao dwong chéo héa ma trin déi xtrng M* cé cung dang
toan phwong: zT(0)M*z(0) = zT(0)Mz(0). Ta chia cic ma tran trong dau { }
ra 2 loai:
a) Loai don gidn: chi chtra tich cia mdt ma tran khodng, nhu (A+BKC)T P AA,
(A+BKC)T PABKC,(A+BKC)LAAT, ABKCL(A+KBC)T, ABT PALCT,
BTPAALCT ..

b) Loai phtrc tap: chia tich cda ma tran khodng, nhw AAT P AA, AAT PABKC,
AALAAT, ABKCLAAT, ABT PAALCT, ABTPABKCLCT ...

Truong hop a: Vi du ta phdi tinh

U=sup{(A+BKC)T PAA} (28)
qeN
Thay A A theo (4) ta cé:
P P
U=sup{(A+BKC)"P Y qAi} =) U (29)
€8 i=1 i=1
Trong d6:
U; = sup{g:(A + BKC)T P A;} (30)
q€Eq]

Tirc 13 can tim cdc ma tran U; sao cho
z7(0)g:(A + BKC)T P A; z(0) < zT(0) U; z(0), a; < ¢; < b;, Vz(0) (31)

Ki hiéu:
M; =(A+ BKC)" P A; (32)

Ta thanh 18p ma trén d8i xtrng M} cé dang toan phwong
=T (0) M} z(0) = =T (0) M; z(0) (33)
bang cach 18y cic phin tir

(M)kj = (M )k = [(Mi)ky + (Mi)jk]/2 (34)
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Ta x4c dinh ma trdn modal N; cda M. Trong truéng hop M} 13 ma tran thuc,
déi xtng thi N 14 ma trin truc giao, dudng chéo héa M;:

N7'M}N; = A; (35)

N7'=NT

t T )

N;NT =1 (36)

Trong d6 A; 13 ma trdn dudng chéo chira céc gid tri rieng (A\;)k, kK =1, 2..., n cda
M. nén cé thé viét

zT(0) ¢:(A + BKC)T P A; z(0) = zT(0) N; ¢; A; NF z(0) = (z*)7T ¢; A, z*

= Zqz'(/\i)k (zx)? (37)

Dé dang nhin thiy: trong khodng a; < ¢; < b;, dang binh phwong (37) cé gi4 ri

nhit khi: S (M)
a;... néeu (A <0
w={ (38)
bi ... Ineu (A;)k >0
Tir d6 suy ra cich tinh
p
U=Y N;E:NT (39)
1=1
Trong dé E; la ma trin dudng chéo véi cic phin tir
a; ()‘i)k .. néu (Ai)k <0
Bl = 40
( )kk { b; (.X,')k ... néu (}\i)k >0 ( 2)
(Ei)kh = 0; Vk # h; k, B = 1, 2,..., n (40b)
Truong hop b: Vidu
V =sup{ABKCLAAT} (41)

qeq
Thay AA, AB theo (4), (5) ta cé:

: p P P
-sup{ Zq, KCL quAJT)} = Z Zvij (42)
7=1

9€0 i=1 j=1

Trong dé:
Vij = Sllp{q,‘ q; B,; KCL Af}
q€0
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Nghia la:
z7(0) ¢ ¢; B; KCL AT z(0) < z7(0) V;; z(0)

a; < q; < b;, a; < g; < b;, Vz(0) (43)

Twong tu nhu trén, ta tinh
M;; = B; KCL AT (44)
Sau dé tim ma trin d8i xtng M - c6 dang toan phuwong xT(O)Mi*j:c(O) =

zT(0) M;;z(0); tinh cdc gid tri riéng (Aij)k, k = 1, 2...n va ma trdn modal N;; cda
M;;. Ta c6 cong thirc:

P
V=Y > N;E;N} (45)
1=1 9=1
Trong dé:
my (As;)k ... néu (A;)k <0, véi m; = min(a;b;, a;b;
(Eij)kk—{ 1 ( tJ)k ) ( J)k i 1 ( 19 % ) (462)
mz (Aij)k ... néu (Ai;)x >0, v&i me = max(a;a;, b;b;)
(Bei)in =03 Yok b bih=1; 2., % (46b)

111. ON DINH CUA HE THONG KiN

Ta xét diéu kién d€ hé thdng t8i wu sé 8n dinh theo dinh nghia cia Liapunov.
Chon ham Liapunov c¢é dang

V(z(k)) = =" (k) Pp z(k) (47)

Trong d6: P, = PF > 0. Theo (47), (1), (6), (2) ta tinh duoc

AV =V (z(k + 1)) - V(z(k))
— o7 (k) [(A(q) + B(q)KC)T PL(A(q) + B(g)KC) — Pr]z(k)  (48)

Hé thdng kin sé 8n dinh tiém cin (z(oco) = 0), néu tim dwgc ma trdn Pr sao cho:

7 (k) [(A(q) + B(a) KC)T Pr(Alg) + B(q)KC) - Py] (k) <0, ¥q € 0, Va(k) 0

(49)
Béi vi (15), (16), (17), (19), (22) la twong dwong, nén so sénh (49) véi (16) suy ra:
dieu kién (49) sé thda méin néu ta chon P, = P cho Q. = QT > 0. Néu Q. > 0,
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hé théng 6n dinh - nhung khong nhat thi€t 6n dinh tiém cin. Nhu vay, sau khi
tinh ma trdn khuéch dai K ta xdc dinh ddu eda Q. theo (9) va két ludn dugc tinh
8n dinh cda hé thdng. Trong truwdong hop Q. khéng xac dinh dwong, cin chon lai
cic ma tran Q, S, R. Ta thiy: tim diéu kién cho cic ma tran trong dé hé thdng
t6i wu dong thoi 6n dinh & day phirc tap hon trong cic hé théng phén hoi trang
. thdi. Cho trudng hop dic biét S = 0, tir (9) dé dang nhin thdy: Q@ = QT > 0,
R = RT > 01 didu kién cn v dd d& QT > 0 va hé théng t8i wu 1 8n dinh tiém
can.

IV. KET LUAN

Ta c6 thé 4p dung phuong phép trén cho truomg hop téng quat nhit - khi
tdt cd cdc ma trdn cda hé théng chda bit dinh: A(g), B(g), C(g). Tinh céc gid
tri 16n nhat U(P,K), V(L,K), W(P, L, K) sé phitc tap hon. Bé&i vi cdc phuong
trinh (19), (20), (21) chi 12 diéu kién can, nén cé thé cé mot6 s nghiém khong
phdi 14 t8i wu. Ltc dé, dé x4c dinh nghiém t8i wu can so sdnh gia tri cda ham
muc tiéu trong tit cd cic trudmg hop.
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