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Abstract. In this work we consider two models of seismic waves. We use projection
method and Ray - methods for solving the problems:

a2u
p2 -2- = (,x + JL)gradO+ JLllU + Px .at

1. Dat VaD de.
Cac bai toan CCf hoc chat long, chat khi, trtrong di~n tti-, Ian truyen song dia

chan trong moi trtrong dan hoi diroc d~c trtrng boi phirong trinh di?ng hrc hoc
sau:

(1)

Phirong trlnh (1) diroc goi la phirong trlnh Lame trong do p la m~t dQ moi trirong,
..\, J.L ia cac h~ng so dan hoi Lame, ~ la toan tti- Laplas, con U la vecto chuydn
dich, xac dinh s,! chuyen dich cua cac phan tti- moi trtro'ng trong khong gian ba
chieu theo bien thai gian t diroi tac di?ng cua ngoai lire x.

Nhieu lap bai toan khac nhau voi cac dieu kien bien khac nhau cila phtrrrng
trlnh (1) diroc trng dung rQng rai trong thirc ti~n da diro'c cac nha cCf hoc, toan
hoc nghien CUu d. dinh tinh va phirong phap giai.

Trong bai bao nay cluing ta chi xet 2 trirong hop rieng cua phirong trlnh (1)
diro'c irng dung cho viec nghien ciru str Ian truyen song dia chan.

2. BAi toan 1

Xet phirong trlnh truyen song

(2.1)

vci cac dieu ki~n
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00

P(t, t) = ~ J q(r) dt , (2.2)
t

lim P(t, s) = 0, (2.3)
8-+00

P (t, s) = 0 v&i t > s . (2.4)

Djnh If 1. Phu anq trinh (2.1) vai cac itieu ki~n (2.2), (2.3), (2.•0 co tht chuytn
ve dq,ng phttung trinh. tich phiin. sau:

00 !(t+8) 8+r-t

P(t, s) = ~ J q(r) dr + ~ J q(r) dr J P(r, u) du
!(t+8) t t+8-r

00 8+r-t-~ J q(r)dr J P(r, u)du.
~(t+8) r

(2.5)

Chung minh. Dau tien ta xet phirrrng trlnh

a2z a2z =F(t,s).- 2at2 as (2.6)

Gici s& V(t, s, r) la nghiem cua phtrrrng trlnh thuan nhat:

a2v a2v
---=0at2 as2

tho a man dieu kien: av
Vlt=o = 0, at It=o = F(r, s),

00

khi d6 de dang thay r~ng ham Z(t, s) = J V(r - t, s, r) dr thoa man (2.6).
t

8+t

VI V(t, s, r) = ~ J F(r, u) du nen
8-t s+r-t

. 1 JZ(t, s, r) = - F(r, u) du.. 2
8+t-r

(2.7)
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Bay gier cluing ta viet phirong trlnh (2.1) diroi dang.

va coi nhir ve phai Ia ham da biet. Stt dung cong thirc (2.7) va cac di'eu kien (2.2),
(2.4) ta co:

00 00 s+r-t

P(t, s) = i J q(r) dr - i J dr J d(r) p(r, u) du. (2.8)
~(t+s) t s+t-r

Bay gier m9t Ian nira stt dung dfeu ki~n (2.4). Neu s + t - r > r co nghia
r < !(t + s) thl u > r va P [r, u) =1= 0 con neu s + t - r < r co nghia r < !(t + s)
thl u < r va Pir, u) = O. Tit do plnrong trlnh (2.8) co dang (2.6). Dinh Iy dircc
chirng minh.

Dinh ly 2. ss« q(t) khd vi va thc3a man ilieu ki~n:

00J rla(r)1 dr = 8I(t) < 00

t

(2.9)

thi phtrung trinh (2.6) co nghi~m duy nh6t ilong thai ilo la nghi~m ctia bdi todti
(2.1) - (2.4).

Truce het ta xap xi nghiep ciia phirong trlnh (2.6) b~ng qua trlnh I~p sau:

00

Po(t, s) = i J q(r) dr
~(t+s)

}(Hs) s+r-t·

Pm(t, s) = i J q(r) dr ! Pm-I(r, u) du+
t t+s-r
00 s+r-t! q(r) dt ! Pm-I(r,u) du (m = 1, 2, ...) .

1+-
2

t(Hs) r (2.10)

Chung ta co cac danh gia sau:
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CXl

1 / 1 (S + t)IPo(t, s)1 :S 2 Iq(r)1 dr = 26 -2- ,

~ (t+s)

~ (t+s) S+T-t

1 / / 1 (r + U)IPdt, s)1 :S 2 Iq(r)1 26 -2- du
t t+S-T
CXl

+~ /
J (t+s)

8+T-t

/
1 (r+U)Iq(r)1 dr 26 -2- du

T

CXl

1 (t+S)/ 1 (t+S):S 26 -2- rlq(r)1 dr = 26 -2- 6(t).
t

Theo cong thirc truy hoi cluing ta se nhan dircc:

1 (r + U) 6iIPm(t, s)1 :S -6 - -, (m = 0,1,2, ... ).
22m.

Tit do suy ra
CXl

P(t, s) = 2: Pm(t, s)
m=O

(2.11)

la h9i tu tuyet doi trong khoang 0 :S a :S t < s, va

P(t, s) :S ~ eBdt) 6(t: S) tho a man phirorig trlnh (2.6). (2.12)

Bay gio- cluing ta chirng minh P(t, s) thoa man bai toan (2.1) - (2.4). D~
chirng minh dieu do ta chi can chtrng minh:

CXl

(i) J 1 P (t, s) 1 ds < 00 .
t

(ii) ilapJ!,8)lds<00.
t

(iii) 71~2S(t,s)lds < 00.
(iv) lim P(t, s) ~ lim aaP (t, s] = o.

8-+CXl . 8-+CXl S

Thirc v~y, triroc het ta co danh gia:
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00 00 00 00 X

/ 6(r) dr = / dr / Iq(X)1 dx = / Iq(X)1 dx / dr
t t t t t

00

=!(X - t) Iq(X) 1 dx < 6t{t) ,
t

do v~y

00 00 00

/ IP(t, s)1 < ~ eOdt) / 6C; S) ds = e01(t) / 6(u) du = eodt) 6dt). (2.13)
t t t

Bay gia ta lay dao ham hai ve cua (2.6)

t+.
-2

er 1 (t + S) 1 J-=--q -- -- q(r)P(r st-r)drat 4 2 2 '
t

00- ~J q(r) P(r, s + r - t) dr (0 < t < ~). (2.14)
t

D"· ,. ap - , d' h ., (2 14)01 vor as cung co an gra tirong tir . .

Tu- danh gia (2.12) va (2.14) ta c6:

00

+leodt) J Iq(r)16(2rs2- t) dr
t

< ~q(lt;SI) + ~eodt)8(t)8C;S).

'I'ir cac danh gia tren c6 th~ chirng minh (i) -7 (iii) va tu- phirong trlnh (2.6)
chirng minh lim P(t, s) = O.

(Hs)-oo
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Nhir v~y qua trlnh l~p Pm(t, s) da cho chiing ta thuat toan giai gan dung bai
toan (2.1) - (2.4). Chu5i (2.11) h<)i tv tuy~t doi v&i toc d<)cao cho phep chung ta
tlm P(t, s)d~ dang.

3. BAi toan 2
~

Giai gan dung phirong trlnh truyen song dia' chan trong moi trirong dong
nhat.

Bay gio- chting ta xet moi trirong truyen song sau:

(A + J..L)Uj,ij + J..LUj,j + A, iUj,j + J..L,i (Ui,j + Uj,i) = P Ui,tt (3.1)

va tlm nghiem phirong trlnh (3.1) diroi dang

Ui(Xm, t) = Ui(Xm) F(t - T(Xm)) , (3.2)

trong do Ui(xm)f la h~ so tan so va T(Xm) ham chuydn dich pha se diro'c xac dinh
sau con F la ham giai tfch Hilbert thoa man di'eu kien:

dF(n)(O)/dO = F(n-l)(o) ,

Fn(o) = gn(o) + ihn(o) ,

(3.3)

(3.4)

v&i s" (0) va h n (0) thoa man: 00

h(O) = f :~)O dh.
-00

Vi du: neu lay FO(O) = H(O) (ham Heaviside)

H(O) = {O 0:::; 0
1 0> 0

thl F(n) = { 0on
n!

0:::;0
0>0

Chu y r~ng voi F thoa man.(3.3), (3.4) thl F(n) ~ F(n-l)
Tjr (3.2) la:y dC;10ham cluing ta thu diroc:

(3.5)

F" Ni(Um) - F' Mi(Um) + F Li(Um) = 0, (3.6)

trong do Ni(Um) == (A + J..L)Uj Ti Tj + J..LVi' t; Tj - P U, ,

Mi(Um) = (A + J..L)[Uj,i Tij + Uj,j Ti + o, Tij] + J..L[2Ui,j Tij + U Tij]

+Ai u, Tij + J..Lij(Ui Tij + o, Ti) ,
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Li(Um) = (A + 11) Uj,i + 11 Ui,h' + Ilij (Ui,J' + Uj,i) .

Theo (3.5) F" ~ F' ~ F thl co th~ coi

(3.7)

(Ar:: 1', i1',j + ~1" kr, kai,j - ai,j) u, = 0

hay
(1\j - aij )Uj = 0

"r >'+JL" i!:. k kI:Va'I ij = P 1', zr,) + p r, 1', Vij·

Tit thirc te 1', j = Nj / C, trong do Nj la phap tuyen ciia pha song d5i huxrng cua
Uj con pha cua v~n t5c C co th~ xac dinh, nghiern bai toan tlm Uj co th~ d~n ve
vi~c tlm vectrr rieng cua ma tr~n I'ij sau

(3.8)

trong do G la ma tr~n rieng tho a man G = 1, con gi la vecto rieng tirong irng ma
tr~n G. Toe d9 pha co th~ tlm tit di'eu ki~n G = 1 con cac tan sO' Uj ty 1~ voi
vecto rieng gi. Cac gia tr] rieng co th~ tlm tit dieu kien:

(3.9)

V&imoi trirong dong nhat cluing ta co th~ tlm vecto dirrri dang:

- A+;.t. 11
D9i = rij9i = --1',z(rijgi) + -r,kr,kgi,p p

(3.10)

v&i (rj 9i) i= o. Cac vecto rieng khac tlm trong di'eu kien vuong goc v&i 1', i va
song song gi

gi II r, i va 1..1', i

Dau tien ta chon gi = N, va phirong trlnh:

(3.11)

voi a(xm) = J >'~2JL. Sau do xac dinh

(3.12)



(AA* pa2r,i),i = 0,

2pa2 B . r . + pa2 r .. + (pa2) . r .B = 0fJ ,l, l fJ ,) ) fJ, l ,l ,

2pa2c .r, + pa2 r .. + (pa2) . r .C = O.fJ ,l) fJ ,JJ fJ ,l ,t

(3.14)
(3.15)
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Cac gia tri A(xm) diroc xac dinh sau.
Tiep tuc cho giJ..r, i ta lai co plnrong trlnh:

G = (3; k t, k = 1,, (3.13)

voi (3(Xm) = If,
va Ui(xm) = B(xm) gfl) (Xm) + C(xm) gfl) (Xm), v&i B(xm) va C(xm) se diroc xac
dinh sau.

Bay gio- chiing ta di xac dinh cac h~ so A(xm), B(xm) va C(xm) tir di'eu ki~n
Mi(Um) = O. Qua m9t vai phep bien do'i va sli- dung di'eu kien:

rig~l)=O, )

g~l) /1) = 0
l,} )

r .. gel) - r .. gel)
,t) i - - },t i,j .

Ta co phirong trlnh xac dinh A(xm), B(xm) va (C(xm) nhir sau:

Nhir v~y chiing ta da co so do d~ tfnh toan nghiem cua bai toan 2. Van de
danh gia d9 xap xi cua nghiem con la van de can phai nghien ciru them.
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