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PHUONG PHAP GAN PUNG GIAI BAI TOAN
TRUYEN SONG UNG DUNG TRONG
THAM DO DIA CHAN

LE XUAN QUANG

Abstract. In this work we consider two models of seismic waves. We use projection
method and Ray - methods for solving the problems:

=g = (A + p)gradd + pAU + Py .

1. bit van deé

Céc bai todn co hoc chit 18ng, chdt khi, truomg dién ti, lan truyén séng dia
chén trong méi trudmg dan hdi dugce dic trung béi phuong trinh dong luc hoc
sau:

, 02U

Py = (A + u)gradd + uAU + Py . (1)

Phuong trinh (1) dwoc goi la phuong trinh Lame trong d6 p 1a mit dé moi trudng,
A, 1 13 cdc hing s8 dan hoi Lame, A 13 toan tir Laplas, con U 13 vecto chuyén
dich, x4c dinh st chuyén dich cda cic phan tr méi truong trong khong gian ba
chiéu theo bién thoi gian ¢ duéi tdc dong cda ngoai luc x.

Nhiéu 16p bai todn khéc nhau véi cac diéu kién bién khac nhau cia phuwong
trinh (1) dwgc ng dung rong rai trong thtc tién da dwgc cac nha co hoc, toan
hoc nghién ctru cd dinh tinh va phwong phép gidi.

Trong bai bdo nay ching ta chi xét 2 truémg hop riéng cia phwong trinh (1)
duoc ing dung cho viéc nghién ciru sy lan truyén séng dia chan.

2. Bai toan 1
Xét phuong trinh truyén séng

2P _ p_ PP
ot? i ~ 9s? -

véi céc diéu kién
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oo

P(t1) = 5 [ ), (22
Jim P(t,s) =0, (2.3)
- P(t,s) =0véit>s. (2.4)

Dinh 1y 1. Phuong trinh (2.1) véi cde diu kién (2.2), (2.3), (2.4) c6 thé chuyén
vé dang phwong trinh tich phén sau:

1 oo %(t+8) str—t
P(t, s) = > / q(7) dr + % / q(r) dr / P(r, u)du
1(t+s) t t+s—1
i oo s+1—1
. / q(r)dr P(r, u)du (2.5)
L(t+s) T

Chitng minh. Dau tién ta xét phwong trinh

0*Z 9*Z
e , 2.6
22 =F(t9) (26)

Gid st V (¢, s, 7) 1a nghiém cia phwong trinh thuin nhat:

oV 9V
=0

ot2 9s2

thda man diéu kién:
oV
Vl]i=0 =0, Eltzo = F(r, s),

o0
khi d6 dé dang thdy rdng hdm Z(t, s) = [ V(7 —t, s, 7) d7 thda man (2.6).
:
s+t
1
ViVvi(t,s, 1) = = / F(7, u) du nén

s—t

s+7—t
1

_Z(t; &, )= 5 / F(r,u)du. (2.7)

8+t—r1
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Bay gi¢ ching ta viét phuong trinh (2.1) duéi dang:’

o?P 9P

ot? 0s?

q(t) P

va coi nhu v€ phai 12 ham da biét. S dung cong thirc (2.7) va cic dieu kién (2.2),
(2.4) ta cé:

oo oo s+1—t
P(t, o) = 7 / ofr) dr — / dr / d(r) p(r, u) du.. (2.8)
%(t+8) t s+t—r1

Biy gio mét lan nira st dung diéu kién (2.4). Néu s+t — 7 > 7 c6 nghia
7<3(t+s)thiu>7va P(r,u) #0cdnnéus+t—7 <7 cénghiar < J(t+s)
thi v < 7 va P(r, u) = 0. Tir d6 phuong trinh (2.8) c6 dang (2.6). Pinh ly duoc
chirng minh.

Dinh ly 2. Néu ¢(t) khd vi va thda man diéu kién:
/'r|a('r)| dr = 6,(t) < o0 (2.9)
t

thi phwong trinh (2.6) cé nghiém duy nhdt dong thot d6 la nghiém cia bdi todn
(2.1) - (2.4).
Truéc hét ta xap xi nghiép cda phuong trinh (2.6) bang qué trinh 13p sau:

oo

Py(t, s) = % / q(r) dr
1(t+s)
3 (t+s) s+T—t-
Pult, 8) = % / g(r) dr / Pr—i(r, %) du+
t t+s—r
oo s+T—t
+ % / q(r) dr / Poiliyu)da {m =1, 2; ).
Lo J (2.10)

Ching ta c6 cac danh gid sau:
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1 s+t
ool <g [ laelar=36(45F),
L(E+9)
3 (t+9) s+r—t1
1 T+u
| i i
P <; [ 0l [ Fo(50)
t t4+s—71
1 o s+‘r——tl
T+ u
v [ e [ g6(5)
%(t-{—s) T

Theo cong thitc truy héi ching ta sé nhan duoc:

1 o
|Pm(t, 5)| < 5zs('””‘) G

) (m=o0,1, 2,...).

Tiur 46 suy ra
(o ]
P(t,s) = Y Pnlt, )
m=0
13 hoi tu tuyét d6i trong khodng 0 < a <t < s, va

t+s

1
P(t, s) < = e (M g( ) thda man phwong trinh (2.6).

Bay gi& ching ta chirng minh P(t, s) thda man bai todn (2.1) - (2.4). Deé

chitng minh diéu dé ta chi cin chirng minh:

(Q) jf°|p(t, o) dhes gos

(i) [ |2Efed|ds < co.
t

(oo}

(iii) tf

(iv) 811’1{.10 P(t, s) = sllvrgo gb(t,s)=o0.

%Zf(t, s)\ds < 00.

Thuc vay, truéc hét ta cé ddnh gia:

(2.11)

(2.12)

~
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/dfflq /Iq(z)ldz]df

/z—t lg(z)| dz < 6;(¢),
t

oo
[ st s
t

do vay
/fP(t, s)| < %e&(t)/a(‘;s)d ~e6‘(t)/ Jdu =B g (). (2.13)
t t

Bay gi ta 14y dao ham hai vé cia (2.6)

2
oP 1 t+s 1
____Zq( )—E/q(T)P(T,st—T)dT
t

g(r) P(r,s+7—t)dr (0<t<s). (2.14)

I
B | =

Mo . a ~ Ve Ve L 4
béi véi éﬁ cing c6 danh gid twong tu (2.14).
s

Tir dénh gid (2.12) va (2.14) ta cé:

< lq(lt—f-s

115 )+%e5‘(t)§(t)6(t+s).

2

T céc dénh gid trén c6 thé ching minh (i) — (iii) va ti phuong trinh (2.6)
ching minh lim P(¢, s) =0.

(t+8)—o0
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Nhu véy qud trinh 1dp P, (¢, s) da cho chiing ta thuit todn gidi gan ding bai
toan (2.1) - (2.4). Chudi (2.11) hoi tu tuyét d8i véi téc dd cao cho phép ching ta
tim P(t, s) dé dang.

3. Bai toan 2

Gidi gan ding phuong trinh truyén séng dia chidn trong méi truwdomng déng
nhit.

Bay gio chiing ta xét méi trwong truyén séng sau:

(A + ) Ujij + wUjj + AiUj 5 + 4,5 (Uij + Uj) = PUiue (3.1)
va tim nghiém phuong trinh (3.1) duéi dang

il Tms t) = Uilem) Fit — r(2:m)) ; (2.2)

trong 46 U;(z,,)f 13 hé s6 tin s6 va 7(z,,) ham chuyén dich pha sé dugc x4c dinh
sau cdn F' 13 ham gidi tich Hilbert thda man diéu kién:

dF™(6)/do = F("~1)(6), (3.3)
F™(0) =g¢™(0) ++h™(9), (3.4)
véi 6) va h™(6) thda man: .
&i g™ () (9) h(o / _6‘2(_“_ 5.

Vi du: néu 18y F°(f) = H(6) (ham Heaviside)

0 6<0 0 6<0
H(0) = { - thh  F(®) = { o
1 >0 = 9>0
Cht ¥ ring véi F théa man (3.3), (3.4) thi F(*) » F(r—1) (3.5)
T (3.2) 14y dao ham ching ta thu dwogc:
F" Ni(Upw) — F' Mi(Um) + F Li(Um) =0, | (3.6)
trong dé Ni(Um) == (A +w)Ujritj + uUpri7; — PU;,

M;(Un) = (A ‘*‘“) (Ui mij + Ujj i + Us | + e [2U5 5 mij + U 4]

+Xi Uj rij + pij (Ui i + Uj 1)
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Li({Un) = (At ) Uj; + u Ui 50 + pi (Us 5 + Uy i) .
Theo (3.5) F"” > F' > F thi cé thé coi '

N,'(Um) =0, Mi(Um) =i0. (3.7)
T N;(U,,) = 0 cho ta
(—w‘r T j+ﬁr kr,ko; ; — 05 -)U~:0
rho p ’ ’ 1y 7 J

hay _
(Tij — 845)U; =0

v6i Ty = A—j;’ir,ir,j + 1 kr, kéi;.
Tir thuc té 7,7 = N, /C, trong d6 N; 13 phép tuyén cda pha séng ddi huéng cia
U;j con pha cda van t8c C cé thé xac dinh, nghiém bai toan tim U; c6 thé din vé
viéc tim vecto riéng cia ma trén I';; sau

(f,’j - G&ij)g; =0, (3.8)
trong dé6 G la ma tran riéng thda man G = 1, con g; la vecto riéng twong &ng ma

trin G. T8c d pha c6 thé tim tir didu kién G = 1 cdn céc tan s6 U; ty 1é véi
vecto riéng g;. Céc gié tri riéng c6 thé tim tir diéu kién:
det(f,‘j == G&ij)gi =0. (3.9)

Véi moéi truong dong nhit ching ta cé thé tim vecto duéi dang:

A+

_ wo 7
Dgz == I‘i]' g; = T,l('r‘[j gz) + ;T? kT: kg‘L 9 (3'10)

v6i (75 9;) # 0. Céc vecto riéng khéc tim trong diéu kién vudng géc véi 7, ¢ va
song song g;
gi || Tyeva Lrye

Déu tién ta chon g; = N; va phuong trinh:

G=a’rkrk=1, (3.11)
v6i o(zy,) = A—J;—%‘i. Sau dé6 xac dinh

Ui(zm) = A(Zm) Ni(zm) - (3.12)
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Céc gid tri A(z,,) duvoc xac dinh sau.
Tiép tuc cho g; L7,7 ta lai c6 phwong trinh:

G=p r k=1, (3.13)

véi B(zm) = \/E

va Ui(zm) = B(zw) gz(l)(:r:m) + C(zm) gfl)(zm), véi B(z,,) va C(z,,) sé duoc xic
dinh sau.

Bay gio chiing ta di xac dinh cdc hé s8 A(zm), B(zm) va C(znm) tir diéu kién

M;(U,,) = 0. Qua mét vai phép bién ddi va st dung dieu kién:
T gj(-l) =10

9.} gV =0

1 1
ri g = —1j95; -

Ta c6 phuong trinh xac dinh A(z,,), B(zm) va (C(zm,) nhu sau:

(AA* pa®1,7) ; =0,
2pB8°B i1+ pB*7;5 + (pB%) i B=0, (3.14)
20B°C i1 + pB 155 + (p8?),i7:C =0. (3.15)

Nhu vay ching ta di cé so d6 d€ tinh todn nghiém cia bai todn 2. Van dé
ddnh gid d6 xap xi cda nghiém con 1a vin dé cin phdi nghién ctu thém.
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