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PHUONG PHAP XAY DUNG MIEN ON DINH. .
ROBUST

LE HUNG LAN

Abstract. The problem of construting a robust stability domain in paramater space
is considered. The proposed technique is based on genelizating a classical D-partition
method [1] for control system with uncertain parameters.

v " '"'1. BAT VAN BE

Ghi. str phirong trinh d~c trtrng h~ thdng tuyen tfnh:

H{s, t, q, ) = 0 (I)

phu thuoc vao 2 nhom tham sO' t va q, trong do t la cac tham sO' diroc chon dg
xem xet, con ve q ta chi biet la no n~m trong h<)p Q nao do. H~ thdng 5n dinh
neu nghiern cua phurmg trlnh (I) n~m ben trai m~t phcing phtrc s.

Mien 5n dinh robust theo cac tham sO't diroc coi la mien Y (Q) trong khong
gian cac tham sO' t, chira cac digm ma irng voi no tinh <in dinh h~ thdng diroc
dam bao v&i moi gia tr] q E Q. Neu Q thu gon thanh m<)t digm thl mien 5n dinh
robust tro- thanh mien 5n dinh thong thuong.

Gi&i han 5n dinh theo cac tham sO't voi gia tri cO'dinh q E Q diro'c tao nen
tir cac dirong gici han Nw ho~c cac dirong gi&i han kl di N w [2]. Phuong trinh
dirong gi&i han mien <in dinh nay co thg mo ta qua dang khong tirong minh sau:

H(jw, t, q) = o. (2)

Cac dirong gioi han Nw va Nw tao nen mien 5n dinh Y{Q). Khi eo bat dinh
tham so' q E Q cac duong gioi han Nw, N w tren dircc ma- thanh cac bang thu hep
mien 5n dinh Y(q) thanh Y(Q).

Bg xac dinh mien 5n dinh robust Y (Q) co thg dira tren viec xay dtrng m6i
gia tr] w mien cac gia tri t cho tat ca q E Q [3]. Mien cac gia tri t nay se diroc ky
hieu la T(Q). Thirc te vi~c xac dinh T(Q) khong don gian. B<) phirc tap ciia no
phu thuoc vao tinh phi tuyen da dang cua cac tham so' t va q eo trong da thirc d~c
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trirng H(s, t, q). Trong [3] co de c~p den trirong hop don gian nhat khi phirong
trlnh d~c trirng c6 dang

H(s, q) t + R(s, q) = 0, (3)

R(s, q) - da thirc khoang.
Trong [2], s6 hang thir hai dtroc md r9ng cho dang tuyen tinh te>ng quat hon:

(4)

Truong hop t la cac tham s6 b9 di'eu chlnh PID diroc xet den trong [4] cling
~ t h" tf h t " tf h " "h d" v di , 't d" t' h hinam rong n om co m uyen m cua so ~ng au, mac u co xe en m p 1

tuydn bat'ky cua s6 hang thir hai.
Trong bao cao nay giA thiet trong trtrorig hop te>ng quat tit phirong trlnh (1)

nhan dtroc:
t=f(w,q), (5)

f : Rm --+ R2 la phi tuyen bat kY.
Van de d~t ra la xac dinh diroc mien gia tr] T(Q) := {t, v« E Q}. Bieu nay

co th~ dat diroc tren co sd dinh If sau.

, ",' , """" , , If'( ,.(

II. DJNH LY TONG QUAT VE ANH CUA PHEP CHIEU PHI TUYEN

f = Q --+ R2, (6)

trong do Q la h9P cila Rm

Q = {q = (ql, ... , qm) : ai ::; qi ::; b, , i = 1, ... , m} . (7)

,
Anh hirong cila Q diro'c dinh nghia nhir f(Q):

f(Q) = {t E R2 : t = f(q) , q E Q}

va gi&i han cila no la 8f(Q).
Ta noi r~ng t~p K c Q la t~p ki~m tra neu Anh cua no phii 8 f( Q):

f(K) -:J 8f(Q) .
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Ky hieu gi la cac dao ham rieng cua f:

8f(q) .
gi(q) = -8-' ~= 1,...,m,q EQ.

qi
(8)

Ta noi r~ng di~m q E Q la di~m chinh (principal point), neu ton tai g f 0,
g E R2 sao cho

{

> 0, qi = ai

(gi' g) = = 0, ai < qi < bi

< 0, qi = b;

Di'eu do co nghia la voi cac bien "'! do" (ai < qi < bi) tat d. cac dao ham
rieng la song tuyen [va vuong goc voi g), cac dao rieng gi voi cac bien "dmri"
(gi = ail n~m trong mra ben kia, hai .mra phan each b~ng dirong trirc giao voi g.

T~p cac di~m chfnh nhtr tren diroc ky hi~u la P.

(9)

Djnh ly 1. T~p cdc adm chinh La t~p kitm tra:

8f(Q) C f(P). (10)

Chung minh, Gia su- f(q) E 8( Q). Khi do co th~ rut ra cac ket luan sau.

a. Tat ca. cac toa de;, tlf do phai co cac dao ham rieng song song voi nhau.
Giel thiet ngiro'c lai, ttrc ai < qi < bi, ak < qk < bk vo'i i, k nao do va gi = agk,
a E R. Khi do voi CI, C2 du nho: ICil < 6, 6 > 0, i = 1, 2 cac di~m

q = (ql, ... , qm), qi = qi + CI

qk = qk + Ci, qi = ql 1 f k, i

thuoc vao Q.
Ham R2 -+ R2, <p(c) = f(q) , C = (cI' c2) co dao ham rieng a;}~) = gi(q),

a'tl~)= gk(q), do do Jacobian J(c) = det ~ khong b~ng 0 tai o. Dieu nay co
nghia la <p(0) la di~m trong ciia <P(Qc5), Qc5 = {s E R2 : ICII < 6, IC21 < 6}.

Do d6 f(q) la di~m trong cila f(Q) va f(q) fj. 8f(Q).

b. Tat cel cac dao ham rieng khac khong img v&i cac toa de;, "tren", "diroi"
phai diroc phan tach ra b&-i cac dao ham rieng irng v&i bien tlf do, tire neu
gi(q) f 0, a; < qi < bi, thl dau cua tich (gk(q), gi(q).ej90) la gidng nhau voi moi
k co qk = ak, va ngiroc lai v&i moi k : qk = bk. Gia thiet dfeu do la khong dung,
tire (gk(q), gi(q).ej90) > 0, qk = ak va (gl(q), gi(q).ej90) > 0, ql = bi vo'i i nao do:
ai < qi < bi. Xet di~m:

q = (ql,"" qm), qi = qi + CI, qk = qk + C2, ql = ql - C3 •
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Khi do ton tai 0 > 0 sao cho:

acp(o) _ .() acp(O) _ () acp(O) = _g/(q)
aCI - gt q, aC2 - gk q, aC3

va

1/1( e )

Theo gi<lthiet cac vecto gk(q) va -g/(q) n~m & hai mra m~t phang khac nhau
(do gk(q) va g/(q) <rcimg trong m<}tmra m~t ph~ng), phan chia b<ri vecto' gi(q).
Vi v~y 0 rt a1/J(Qo) (vi hlnh non tao ra bd-i 4 vectrr gi(q), -gi(q), gk(q), -g/(q)
phu toan b<}m~t phc1ng). Di'eu nay cling dung cho ham cp(c). N6i each khac f(q)
khong phai la di~m gi&i han cua f(Q).

c. Neu khong co toa d<}t'! do nao, cac dao ham rieng irng voi cac toa d<}tren,
diroi phai n~m & cac mra m~t phc1ng khac nhau. Dfeu nay c6 thg diroc chirng
minh tirong t'! nhir chirng minh tren.

Ket hop cac khc1ng dinh tren ta diro'c dieu phai chirng minh.

V&i dinh Iy nay thu tuc tlm cac di~m chinh P tao nen mien gia tr] T(Q) ~
f(Q) nhir sau:

- TIm cac dao ham rieng gi = af /aqi, i = 1, ..., m, gi E R2.
- TIm trong so cac gi tren nhom gom k phan ttl-, k = 2, ... , m, la cac vectrr

song tuyen v&i nhau:

Cac gia tri qi tlm dircc la m<}ttrong hai nhom gia tr] toa d<}d~ xac dinh digm
chfnh.

- Nhom gia tri thir hai la cac toa d<}dinh a; ho~c b; con lai (co tfnh Ian hrot
cac dinh trong khi cac bien con lai thay d5i). .

- Ket hop cac nhom gia tri tham so tlm diroc tren ta dtroc t~p cac digm chinh
P can xac dinh.

Thirc te co thg nhan diroc rihirng cac ket qua don gian hem trong so trirong
hop d~c biet, thirong g~p cua ham f.
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1. Cac ham co tinh chat D

- Gici.su vai moi q E Q va moi k = 1, "" m, i =f. k co:

9k(q) =f. 0, 9i(q) =f. agk(q), a E R, (11)

Nhirng ham co cac huang dao ham rieng khac nhau nlnr v~y diroc goi 130 ham
co tfnh chat D (distinct directions of derivatives),

Gici.s11'chiing diroc s~p xep theo thtr tv tang dan cila argument

arggl < argg2 < '" < arggm, (12)

Dinh nghia 2m canh cua Q sau la cac canh chfnh (principal edge) (PE):

Et = {q : qk = ak, k < i; ai ~ qi ~ bi, qk = bk, k > i}

E-:- = {q , qk = bk k < i : a' < q' < b· qk = ak k > i}I ' , ,I_I_I' ,

m

PE= U(EtUEi)'
i=1

(13)

H~ qua 1. Ctie cqnh. chinh ia tg,p kitm tra cho cdc ham co tinh. chat D:

Vi di): Gici.S11'm = 3, qi ~ a; ~ bi, i = 1, 2, 3, arg gl < arg g2 < arg g3' Khi do
cac canh chinh cua h<}pQ nhir sau: £,i"

A ~

Bf(Q) c f(P E),

s; = {ql :s: ql ~ ql; q2 = q2; q3 = q3}

e; = {ql ~ ql ~ ql; q2 = q2; q3 = q3}

Et = {ql = ql; q2 ~ q2 ~ q2; q3 = q3}

E:; = {ql = Q1; q2 ~ qz ~ q2; q3 = q3}

Et = {ql = ql; q2 = q2; ~3 ~ q3 ~ q3}

E3 = {ql = ql; q2 = q2 ; .~3 ~ q3 ~ q3}

tb t l

Et
J

'£1

£3-

'12

~ v n£,_ •. 7/

Hinh 1



PHlrO'NG PHAP XAY DlrNG MIEN ON DJNH ROBUST 41

2. Cac ham hiru ti v6'i cau true phan 16'p

xa ham:
n

No + L:: Ni(qi)
f(q) = i:l

Do + L:: Di(qi)
i=l

(14)

q = (ql, ... , qn) E u», qi E tr»,
qi E Bi = {qi : ai::; q~::; bL k = 1, ... , mi},
B = Bl X ••• X B" ,

trong do N; : R'": -+ C, D; : H'": -+ C la cac ham da tuyen [tuyen tinh veri
tung tham s5 neu cac tham s5 khac e5 dinh].

Ta noi r~ng q = (ql, ... , qn) E B n~m trong canh m& rc}ng cua B neu nhieu
nhfit eo mc}t qi khong phai la dinh ciia Bi:

(Vk la t~p hop cac dinh ctia Bk).

H~ qua 2. Cach cqnh. mer rqng ctla B La t4p kitm tra cho ha~ (14).

3. Cac ham hiru ty v6'i cac bien d<}cl~p

Neu cac bien (y ttt so va m[u so cila ham (14) la dc}e l~p veri nhau thl h~ qua
2 eo thg diro'c phat bigu cv thg hon.

Gia stt:

t

No + L:: Ii(qi)
f(q) = i:l , q = (ql,..., qn) E R'", qi E Rm., (15)

Do + L:: Ii(qi)
i=t+l

n2.: m; = m, qi E e', B = Bl X •.. x B" ,
i=l

n
trong do: Ii : Rm• -+ C la cac da tuyen va Do + L:: Ii(q) #- 0 veri qi E s'.

i=t+l

Ta noi r~ng q = (ql, ... , qn) E B n~m trong cqnh. chinh. mer rqng cua B neu
veri 1 ::; i ::;n nao do qi la di~m chfnh ciia Ii tren Bi va cac qk khac la cac dinh
chinh cua fk tren Bk:
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(P - t~p cac di~m chinh, PV - t~p cac dinh dong thai la di~m ehfnh).

H~ qua 3. Otie canli chinh mcJ rqng ct1a B La tgp kiim tra cho ham (15).

~ ~ ~ ~
III. MIEN ON D~NH ROBUST M~CH NOI TIEP

M~e dli co th~ eoi dinh Ij tren la phirong phap t5ng d~ mien 5n dinh robust,
thirc te vi~e tfnh toan cling khong dun gian, chu yeu do tinh phirc tap cua ham
f(w, q) trong (5). Tuy nhien neu trong cau true mach h6-i h~ thong co th«i phan
thanh hai phan noi tiep nhau, m9t phan chira cac tham so t can quan tam, phan
con lai chira cac tham so bat dinh q [hinh 2):

Z(·), (q(.) - cac ham phi tuyen,
thl vi~e tinh toan dtroc dun gian di nhieu nho' dinh lj 2 sau [5].

l z{t) I I hr9} U •

Hirdi 2. Mach h6- h~ thong

Dinh I}' 2. Tgp kiim tra ctla ham h(w, q) ciing chinh 10, tgp kiim tra ctla ham
t=(w,q).

Neu chii j ta se thay thirc te cau true h~ thong nhtr tren rat hay g~p, ch~ng
han khi cac tham so t n~m trong b9 dieu chlnh, con cac tham so bat dinh co chira
trong mo hlnh doi ttro'ng (hlnh 3):

C (S,t) Gy
Hinh 3

elf th«i hie nay co th«i xay ra 3 trtnrng hop:
+ t = (t 1, t2) n~m 6- ttr So ham truyen h9 dfeu chinh (ch~ng han trtrong hop

PID da diroc de c~p trong [4]). Phuong trlnh d~c trtrng co dang:

tlAlUW) + t2A2(jW) = -A3(jW)p-l(jw, q) + A4(jw) ,
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A (. ) . 1 4 ' h~ "h 'i JW , t = , ..., - cac ang so P- lrC.

+ t = (tl, t2) n~m (y m~u so. Khi d6:

BiUW), i = 1, ... ,4 - cac h~ng so phirc.

+ tl (y tu- so, t2 (y m~u so (ho~c ngtro'c lai]. Liic nay:

tlAlUW) + A2UW) __ P(' )
B (.) B (. ) - JW, q .t2 1 JW + 2 JW

Tjr cac dang phirong trlnh d~c trtrng tren c6 tht1 rut ra ham t = f(w, q).
N9i dung dinh ly 2 tht1 hien (y ch6 cac dit1m chinh q* E Q tao nen gi&i han mien
apuw, q) cling chinh la cac dit1m tao nen gi&i han mien afUw, q). Ham truyen
PUw, q) n6i chung don gian hon fUw, q) va quen thuoc hon - d6 la mien gia tr]
ma hinh bat dinh, Cong cu tlm cac dit1m chfnh q* m9t each t5ng quat la dinh ly
tirong tv nhir dinh ly 1 cho phep chieu phi tuyen f : R" ~ c.

" AIV. KET LU~N

Trong cac bai toan ve dieu khit1n robust m9t trong nhirng van de kh6 khan
nhat, chira diroc de c~p nhieu la tlm ra cac b9 di'eu chinh robust cho mot doi
tirong bat dinh cho trurrc. Phuong phap phan chia D la m9t phtro'ng phap t5ng
quat cho phep giai quyet bai toan d~t ra.

Ngoai ra khai niern 5n dinh robust (y day c6 tht1 diroc me r9ng hon khi dira
ra cac khai niem ve 5n dinh tuyet doi, ttro'ng doi voi cac de?dir trfr d, a can thiet
[4]. Cac ket luan trong bai khi d6 vKn gilt nguyen gia trio
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