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PHEP KEO THEO TREN DAN CON X2 CUA DAN PHAN PHOI RHA
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Abstract. Implication operators on lattices play a considerable role in studying reasoning methods
and hence they have been examined extensively by many authors (see [4]). It is shown in [51 that
refined hedge algebras are an algebras foundation to investigate linguistic - valued logic and reasoning
methods. So, the main aim of the paper is to examine implication operators in a ristricted class of
refined hedge algebras and to establish some formulas to compute these operators.

ChUng ta da biet m9t cau true min hoa cua dai so gia tt (viet tltt la RHA) v&i tfnh PN-
homogeneous va t~p cac ph~n tt sinh nguyen thtiy diroc s~p thu- tl]" tuyen tfnh, la m9t dan phfin
phoi [3]. Vi~c nghien cjru tiep theo, xa hen v'e l~p lu~n ngon ngfr, dira tren cau true RHA cii a cac
bien ngdn ngfr khOng th~ thieu vai tro quan trong cda phep keo theo tren dan,

Ngtro-i ta goi la phep keo theo tren dan (d~y dli) L, anh xa tp : Lx L -> L xac dinh bd'i

tp(a,b)=sup{dEL: a"d~b}.

Cluing ta xet m9t ca:u true min hoa cda d~i so gia tt RHA:

AX = (X, C, LH, ~), & do C la t~p hiru han sl{p thtr tl]"b9 phan, LH = LH+ uLH-.
N+

LH+ = U LH/ la dan phan phoi hiru han sinh tit H+ + I.
•=1
N-

LH- = U LH.- b la dan phfin phoi hiru han sinh tit H- + I.
i=l

. LHF + I thoa man dieu ki~n (Co) nhir sau:

(Co) x> y ho~c x < y v&i moi x E LHF, yE LHf (i ¥ j).
LHF la dan pharr phdi tl]" do sinh b6i cac ph'an tt khOng sanh dlrgc cua HF. (Ky hi~u "C"

dlrqc higu la "+" ho~c "-"). Them nira (H( C), C, H, ~) l3. m9t dai so gia tt PN - homogeneous.

Kf hi~u Xn la t~p nhirng phan tt a = hm ...hlx E X, trong do: x E C, hi E LH (i = 1, ... , m)
va m ~ n. Ta eo nh~n xet rhg t~p Xn hoan toan khOng thay d5i khi noi Xn la t~p nhirng phan
tli- a = hn ... hlx E X, trong do: x E C, va h. E LH + I va neu 3j E {1, ... , n} sao cho hi = I thl
hi' = I v&i moi j' : j ~ j' ~ n. Khi do Xn la dan con phsn phoi hiru han cua dan phan pnoi X.

Trong bai nay clning toi trlnh bay vi~c xac dinh phep keo theo tpl tren dan con Xl, tpz tren
dan con Xz cua dan RHA. Toan bai diroc chia lam 4 phan:

I. M9t vai tfnh chat cooban cila RHA.
n. Phep keo theo tp trong dan LHG + I va moi lien h~ gifra thrr tl]" trong LHG + I va thrr tl]"

trong Xz.
Ill. Thiet l~p cong thirc ttnh tp(a, b) qua tpl va tp2(a, b) qua tpl v&i a E Xl.
IV. Thiet l~p cong thtrc tfnh tp2(a, b) v&i a, bE X2 va a f/. Xl.

Cong trlnh na.ydtro'c thu'c hi~n v&i slf giup dO- cila ChU'O"Ilgtrlnh Qu~c gia v'e nghien cU'Ueo-ban
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I. MQT VAI TtNH CHAT CO' BAN CUA RHA

Sau day chiing ta se nh~c lai m9t vai tfnh chat eo ban nhat cii a eau triic RHA.

Dinh Iy 1 [3]. Gid s"; x = hn " . hI U vd Y = km ... kl u Id hai us« diln chu£n t~c csla x vd y ilOi
veri u. Khi ila ton tq,i chi s~ i :::;min{m, n} + 1 suo cho hi' = ki' va'i moi j' < J' vd

(1) x < y ntu vd chi ntu mqt trong cac ili'iu ki~n sau ilay ilung
(i) hixi < kixi vd likixi < Ii'kixi ho~c lihixi < Ii'hixi ntu 3i E SIc suo cho hi, ki E

LHF, cf ilay: xi = hi-i ... hI U, Ii = hn ... hi+I, Ii' = kn ... ki+I'
(ii) hixi < kixi trong cac tnto-ng herp con lq,i.

(2) x = y ntu vd cM ntu m = n = j vd hixi = kixi'
(3) z vd y Id khOng sanh ilv:erc ntu vd chi ntu 3i E SIc sco cho hi, ki E LHF vd mqt trong

edc ili'iu ki~n sau ilay ilung
(i) hixi vd kixi Id khong sanh duo:«.
(ii) hixi < kixi vd likixi 1:. Ii'kixi'
(iii) hixi > kixi vd Ii'hi xi 1:. lihixi'

Dmh Iy 2 [5]. Gid sJ: AX = (X, G, LH, :::;) Id mqt RHA. Ntu G Id mot t4p sdp thv: t1f tuyen
tinh thi AX Id mqt dan, Hem nii:«, v6'i hai phan td- khOng sanh duo:« bat ki x vd y trong X, ton tq,i
hai iotin. ttf tltO'ng thich h vd k trong LHF, v6'i i E SIc vd phan tJ: w E LH (a)' a E G, suo cho
x = Shs», y = S'kxu, S, Ii' E LH* vd

{ } {
sup{li(hVk)w,Ii'(hVk)w}

sup z , y =
sup{li(h 1\ k)w, Ii'(h 1\ k)w}

. { } {inf{li(hl\k)w,Ii'(hl\k)W}
mf x y =

, inf{li(h V k)w,Ii'(h V k)w}

neu hw> w
neu hw < w

neu hw > w
neu hw < w

H~ qua sau la m9t trirong hop d~c bi~t cua Djnh ly 2 (khi llil = 0).

H~ qua. Gid sd- a = hIx, b = kkIx Id nhu-ng bii'u diln chu£n t~c cda a vd b ilOi vV'i x E X vd
hI, kl E LHF. Ta ca:

{
inf{(hll\ kdx, k(hl 1\ kdx}

al\b=
inf{(hl V kdx, k(hl V kdx}

{
s.Up{(hl V kdx, k(hl V k1)x}

avb=
SUp{(hl 1\ kdx, k(hl 1\ kdx}

neu hIx > x
neu hIx < x

neu hIx > x,
neu hIx < x

11.PREP KEO THEO TRONG nA.N cAc ToAN TU- LHF + I VA. MQT SO
MOl LIEN H~ GIU A THU TV TRONG LHF + I V A. TRONG X2

Tru'cYc tien clning ta nhltc lai dinh nghia v'e phep keo theo tren mi?t dim - mi?t khai ni~m quan
trong va quen bi~t.

Dinh nghia. Gill. st L la mi?t dan day dd. Phep toan hai ngdi <p tren L xac dinh bo'i <p(a, b) =
sup{ dEL : al\d:::; b} dircc goi la phep keo theo tren L. V&i a, b tuy y thudc L, phan tti- <p(a, b) E L
diroc goi la a keo theo b.

Bay gia, clning ta xet ca:u tr tic min h6a cua dai s~ gia tti- (RHA) AX = (X, G, LH, s). trong
do. t~p cac phan tt sinh nguyen thuy G la t~p hiru han, du'o'c sltp thu- tlJ tuygn tfnh, ChUng ta se
tlm each xac l~p phep Ho theo <P2 tren dan X2, nghia la xac dinh <P2 (a, b) (a keo theo b) v&i a tuy
y thuoc X2•
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Gi! sd- 'P la phep keo theo tren dim L. TU- dinh nghia ta co ngay !p(a, b) ~ b (do a 1\ b ::; b) va
<p(a,b) = 1 neu a::; b (vai a, b tuy y thudc L va 11a phan td- dun vi cua dan].

Chiing ta dii biet r~ng vai moi i E S IG, LHP la mc?t dan hiru han. Ta goi 'Pi la. phep keo theo
tren dan LHP va 'P la phep keo theo tren dan hiru han LHG + I. Ta eo menh de sau:

Menh de 1. Gid stl: h vd k Id hai phan ttl: tuy 11 trong LHC + I.

(1) Neu h ::; k thi 'P(h, k) = U E UOS.

(E) »s« h 1= k thi:
(i) 'P(h, k) = k neu ,ai E SIG : h, k E LHP,
(ii) 'P(h, k) = 'Pi(h, k) E LHP neu h, k E LHp.

CMng minh: (1): Ri) rang.

(2): Gi! sd- h 1= k. Ta co nh~n xet: Vci k' la phan td- tuy y trong LHG + I va k < k' thl tU-
k' < h suy ra h 1\ k' = k' 1= k va tU- h < k' suy ra h 1\ k' = h 1= k. Do do neu k < k' va h 1\ k' ::; k
thl h va. k' la. khOng sanh dircc, f)~t k = 'P(h, k).

(i) Gi~ sd- rhg ,ai E SIG : h, k E LHP va gi~ sd- 'P(h, k) i= k. Khi do ta eo k < k va h 1\ k ::;k.
Theo nh~n xet tren ta co h va k khong sanh diroc, do do 3i E S IG : h, k E LHP. Theo gia thiet,
k E LHf (j i= i) va k < h. Ta co h 1\ k E LHP cho nen k < h 1\ k, dieu nay trai gi! thiet.

(ii) Gi~ sd- 3i E SIc: h, k E LHP. Ta eo k ~ k nen theo nh~n xet tren k E LHP, nghia la. ta
co k = 'P(h, k) = 'Pi(h, k) E LHP. 0

Chung ta dii eo LHG + I la mc?t dan phan phdi hiru han vai 1\, v, va quan h~ ::;. Tren t~p hop
LHG + I, xac djnh 0, y va ::; nhir sau:.

h 1\ k = h v k, h v k = h 1\ k va h ::; k <=> k ::; h.. . .
Khi do (LHG + I, 0, y) cling la me?t dan phfin phai hfru han va eo quan h~ thrr t\].· be? phan :?
G9i 'P•. la phep lien ho'p cua 'P. Gifra 'P va 'P•. co moi quan h~ "dai ngh". Chhg han ta eo:
<p.(h, k) = sup{k : h 1\ k ::;k} = inf{k : h v k ~ k}.. .

Do k ::; 'P.(h, k), ta eo: 'P.(h, k) ::; k. Bhg "dai ngh" chiing ta thu diroc menh de sau.
M~nh de 1'. Gid stl: h vd k Id hai ph an ttl: tuy 11 thuqc LHG + I. Khi i16:

(1) Neu h ~ k thi 'P•.(h, k) = I.
(E) ns« h 'i. k thi

(i) 'P*(h, k) = k neu ,ai E SIG : h, k E LHf,
(ii) 'P.(h, k) = 'P~(h, k) E LHP neu 3i E SIG: h, k E LHP.

f)~ xac dinh phep keo theo 'Pz tren dan Xz, chUng ta din mc?t sa b6 de sau:

Bf5 de 1. Gid stl: a = hhlx, b = kk1x Id hai phan ttl: tuy y thuqc X2 thda man a 1= b vd
{hI, kl} S?; LHP v6-iVi E SIG• Khi il6 ilOi veri moi a' = h'hix, b' = k' kix th6a man hI, hi E LHP'

'k k' ut": t " b'va 1, I E i a co a > .

Ch,cng minh: Triro'c tien cluing ta gilt su- r~ng: hI E LHP', kl E LHll v&i Cl i= Cz. Do d6
chUng ta suy ra a, b la sanh diro'c, Do a 1= b nen ta co a = hhlx > X > kklx = b. Theo gi!
thiet hI, hi E LHi

G
, , kl' ki E LH1\ ap dung tinh ttrong thfch cua cac gia td- trong LHG, tU- b3:t

dhg thtrc tren ta eo: a' = h' h~x > z > k' k~x. Bay gia chUng ta gia thiet: Cl = Cz = c, trrc
111.hI E LHP, kl E LHf. Do a 1:. b nen i > j neu h1x > x va i < j neu h1x < x. Ta gi! sd-
hlx > x, khi do ta eo i ~>j va b, > kl. Theo gi! thiet, hI, h' E LHP va klJ ki E LHf, do d6
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h~x > x, kix > z , VI i > j ta suy ra hix > k~x. Theo Dinh ly 1 ta c6 a' = h'hix > k'~ix = b',
Doi v&i tnrong hop h1x < x, chirng minh hoan toan ttrong ttr. 0

Tit B5 d'e 1 clning ta c6 ngay h~ qua sau:

H~ qua 1. Cid sd- cde phlin ttf a = hh1x, b = kk1x, a' = h'h~x, b' = k'k~x iho a man cac aieu
ki4n a 1: b, l-3i E SIc: hI, kl E LHf vd ngodi ra hI, h~ E LH[l, kl' k~ E LH;'. Khi iI6 a' > b
vd a > b',

Bc5 de 2. Cid stf a = hhlx, b = kkly, d = gglZ Id nhiing phan ttf thU/?c X2 th6a man 'iIieu ki~n:
a 1: b, b < d va a 1\ d S b. Khi a6: x = y = Z vd 3i E SIc sco cho hb kb gl E LHf.

Ch6:ng minh: Clning ta di co C la t~p s1p thu t1]' tuyen tinh va z , y, Z la nhfrng phan tU- thudc
C. Ttrong t1]' nhtr nh~n xet di diro'c chirng minh trong B5 de 1, ta eo a, d khOng sanh diro'c,
do do x = Z va 3i E SIc: hI, gl E LHf. Gi! su- y =1= z, do b < d ta c6 y < z = x. Khi do
b = kkl Y < a 1\ d E LH[x]. Dieu nay tnl.i vOi gi! thiet. V~y ta eo z = y = z.

Theo chirng minh tren ta eo: gl, hI E LHf, khi do a 1\ d = h' h~x trong do h~ E LHf' Ta
gii su- kl .;. LHf, ap dung H~ qui 1 vOi gii thiet b = kklx < d = gglx va gl, hI E LHf, ta eo:
a 1\ d > b = kklx. Dieu nay trai gii thiet. Do do ta eo hI, kl' gl E LHP. 0

Ill. THIET L~P CONG THUC TINH tpda, b) QUA tp
VA tp2(a, b) QUA tpl v61 a E Xl

Sau day cluing ta se xac dinh phep keo theo tpl tren dan Xl, trong do nhir dii trlnh bay,
Xl = {hx I x E G, n e LH + I} la mc;>tdan con phan phdi hiru han cua dan X. Phep keo theo tpl
diro'c xac dinh nho menh d'e sau:

M~nh de 2. Cid stf a = hx, b = ky la hai phan ttf My y thu~c Xl' Khi ao

(1) Vai a S b ta c6 tpda, b) = lx1•

(2) Veri a 1: b, ta co:
(i) Neu x =1= y, ho~c x = y vd ,lli E SIc: h, k E LHf thi tpda, b) = b.
(ii) Neu x = y vd 3i E SIc: h, k E LHf thi

tpda, b) = { tp(h, k)x
tp*(h, k)x

khi hx > x ho~c kx > x
khi hx < x hoq,c kx < z

Ch6:ng minh: (1) la hign nhien. Ta chrrng minh (2) v&i gi! thiet a 1: b:

(i) Gi! thiet ho~c x =1= y ho~c x = y va jli E SIc: h, k E LHf. D~t d = tpda, b) E Xl va gi!
su- phan chirng la d =1= b. Theo dinh nghia ciia phep keo theo ta co b < d va a 1\ d S b. Di'eu nay
mau thuh v&i khltng dinh ctla B5 de 2. V~y d = b, nghia la: tpda, b) = b.

(ii) Xet trirong hop a = hx, b = kx va 3i E SIc: h, k E LHf. Gi! sd- rhg hx > x, khi do
ta cling co kx > x. D~t k = tp(h, k) E LHc + I va d = kx E Xl. Theo M~nh dE; 1, k E LHf va
d = kx 2: kx = b > x. Ap dung Dinh ly 2 ta eo: a 1\ d = (h 1\ k)x. Theo giA thiet va dinh nghia phep
keo theo, kx > x va h I\k s k, do do a 1\ d = (h 1\ k)x s kx = b. Bay gio- d~t dl = tpda, b) E Xb
theo chtrng minh tren ta co d SdI. Gii SU-d =1= dl, khi do b S d < dl, tit do a 1: b va a 1\dl S b. Ap
dung B5 de 2 ta eo: d1 = gx v&i g E LHf. Ho'n nira, a red = (hl\g)x S kx = b. VI hl\g E LHf va
(h 1\ g)x > x nen h 1\ g S k. Tit dinh nghia ciia phep keo theo suy ra g S k = tp(h, k). Do g(x) > x
nen dl = gx s kx = d, dieu nay trai voi gi! thiet tren. V~y d = d1, nghia la tpda, b) = tp(h, k)x.
Trtrong hqp hx < z ho~c k» < x clurng minh hoan toan tirong t1]'. 0

M~nh de 3. ea sd- a = hhlX, b = kk1y la nhiing phan td- thv.~c X2. Khi ilo
(1) Vai a S b ta c6 tp2(a, b) = Ix,.
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(2) V6-i a 1:. b aong thiti ho~c x =1=s. ho~c x = y vd /-li E SIc sad cho b-: kl E ~HP. Khi ss
<P2(a,b) = b.

CMng minh: Khhg dinh (1) la hi~n nhien do dinh nghia ctia phep keo theo. Dg chtmg minh (2)
chung ta d~t d = tp2(a, b) E X2 va gia. sti"rhg d =1=b, khi do tir dinh nghia ciia phep keo theo ta co
b < d va a /\ d :::;b. Tir do ap dung B5 dE; 2 ta rut ra dih mau thuin v&i giA thigt. Do do d = b,
nghia la tp2(a, b) = b. M~nh dE;diro'c clnmg minh. 0

Tru'&c khi phat bigu M~nh de 4, chting ta nho lai d.ng LHP la m9t dan hiru han v&i m~i
i E SIc, va tpi la phep keo theo tren dan LHP, <p~la phep keo theo "doi ngh" v&i tpi tren dan
LHP·
M~nh de 4. Gid sti a = hIx, b = kkIx la nhiing phan tti thuqc X2, th6a man aieu ki~n a t b va
3i E SIc sao cho hI, kl E LHP. Khi a6:

{
tu,

<P2(a,b) =
kdl

neu kkIx 2: kIx

neu kkIx < kIx

neu hIx > x ho~c kIx > x
neu hIx < x ho~c kIx < X

CMng minh: Theo gia. thiet hI' kl E LHP v&i i E SIC, nen hI =1=I va kl =1=I. M~t khac, theo
gii thiet a 1:. b nen hIx =1=x va kIx =1=x. D~t h = tpi(hl' kd E LHP. Ta gia. thiet hIx > x, khi do
kIx > x va hx > x, VI cac toan tU-dE;u ntm trong lap LHP. D~t d = khx, v&i

k = {U neu kkIx 2: kIx
k ngu kkIx < kIx

ChUng ta se chimg minh rhg tp2(a, b) = d. Trurrc tien ta chirng minh a /\ d :::;b. Theo tren, ta eo
hIx> x, kIx > x, hx > x. Ap dung Dinh ly 2, ta thu dtroc dhg thtrc a r. d = inf{(hl /\h)x, k(hl /\
h)x}. Do h = tpi(hl' kl), ta eo b, /\ h :::;kl va x < (hI /\ h)x :::;kIx.

Trong trircng hop kkIx 2: kIx ta eo k = U E UOS va. Ule,» > kIx. Khi do k(hl /\ h)x =
U(hl /\ h)x > (hI /\ h)x, do do a /\ d = (hI /\ h)x :::;kIx :::;kkIx = b.

Trong truong hop kkIx < kIx ta eo k = k va (hI /\ h)x > k(hl /\ h)x = k(hl /\ h)x, do do
a /\ d = k(hl /\ h)x = k(hl /\ h)x. Tir do ta eo a /\ d = k(hl /\ h)x :::;kkIx = b.

Nhu v~y ta da chirng minh diro'c rhg a /\ d :::;b. M~t kh ac, ta nhan thily r~ng d 2: b. Th~t
v~y, tir each xac dinh tren, hx 2: k1x > x. Ran nira, neu kkIx 2: k1x thl k = U E UOS, k 2: k va
d = khx 2: kk1x 2: kk1x = b va neu kk1x < k1x thl k = k. VI v~y: d = khx = khx 2: kk1x = b.
NhU"v~y ta di chimg minh dircc d 2: b.

D: chirng minh tp2(a, b) = d, d~t d2 = <P2(a, b) E X2• Theo chimg minh tren a /\ d :::;b cho nen
d ~ d2• Ta gia. su- rhg d =1=d2, khi do b :::;d < d2• Ap dung B5 dE;2 ta co d2 = ggl x vo'i gl E LHP
va. do do glX > X. Do d = khx < gglX = d2 suy ra hx :::;gIX. VI hx > x nen h :::;gl. M~t khac, do
a /\ d2 = inf{(hl /\ gdx, g(hl /\ gdx} :::;b nen (hI /\ gdx :::;kIx. Do hI' gl E LHP va glx > x ta c6
(hl/\ gdx > x va hI /\ gl :::;kl. Theo gia. thiet h = <pi(hl' kd E LHP, suy ra gl ::; h. Ket hop v&i
chtmg minh tren, rut ra gl = h, tir do d2 = ghx.

Trong trtro'ng hop kkIx 2: kIx ta eo k = U E UOS va UkIx > kIx. Do klJ h E LHP nen
Uhx > hx. Tir do d = khx = Uhx 2: ghx = d2, di'eu nay trai v&i gia. thiet.

Trong triro'ng ho'p kkIx < kIx ta co k = k. Theo chirng minh tren ta eo: a /\ d2 = inf{(hl /\
h)x, g(hl /\ h)~} va a /\ d2 :::; b = kk,». Do (hI /\ h)x :::;kIx va kkIx < kIx, nen ap dung Dinh ly 1
ta co (hI /\ h)x 1:. kkIx. Tir do: a /\ d2 = g(hl /\ h)x :::;kkIx = b. Vi hI /\ h va kl cimg thuoc LHP,
ap sung Dinh ly 1 ta diro'c: gkIx :::;kkIx < kIx.
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Vl. kl' h E LHP nen d2 = ghx ~ khx = khx = d, dieu nay trai gia. thi~t.

Nhu v~y gia. thi4!t d =1= ~ d~n Mn mau thu~n. Nghia III ta e6 d = d2 hay lP2(a, b) = khx. M~nh
d'e 4 dllqe chirng' minh. 0

IV. THIET L~P CONG THtrC TiNH IP2(a, b) v61 a, bE X2 VA a rf. x.
M~nh de 5. Gid sd a = hhlx va b = kklx (h =1= I) Id hai phlin td cda X2 sao cho a 1:. b va
3i E SIc: hll kl E LHf. Khi il6:

( ) {
~(h, k)dl ntu hh1x > h1x

IP2 a, b = "
~*(h, k)d1 neu hh1x < h1x

Trong il6
d
1

= { IP~(hl' kl)X
IP~(hb kl)X

ntu h1x > x ho~c klx > x
ntu hlx < x hoq,c k1x < X

vd
~o(h, k) = { :o(h, k) ntu h, k tllqng thlch

ntu h, k khong tllqng thlch

vtfi «a., il'lt'C{chitu hoq.c la bland, tile Id ~o = ~ va IPo = IP hoq.c la " * ", hrc la ~o = ~* va
<po = IP.

Cktrng mink: Theo gia. thi~t hlkl E LHP nen hI =1= I va kl =1= I. Do a 1:. b nen h1x =1= x va k1x =1= x.
D~t h = IPi(hl' k1) E LHP va d1 = hx. Chiing ta gii thie't rlng h1x > x, khi d6 k1x > z , hx > x
va. x < (hI 1\ h)x ~ k1x. Vl. clnmg minh cho tru'Ong hop hh1x < h1x hoan toan tmmg tq-, ta
se chi trlnh bay chtrng minh m~nh d'e cho tnrOng hop hh1x > hlx, nghia la din chirng t6 rlng
IP2(a, b) = ~(h, k)dl = ~(h, k)hx. D~t k = ~(h, k) va d = khx. D~ clnmg minh IP2(a, b) = d,
tnr6-c tien ta chrmg minh rlng a 1\ d ~ b. Th~t v~y, ta c6:

a 1\ d = hhlx 1\ khx = inf{h(h1 1\ h)x, R(hl 1\ h)x} (1)

cu s11-h, le tllO'ng thich. Do hh1x > h1x nen kh1x > h1x va theo gii thi~t cda m~nh d'e ta c6
k = ~(h, k) = IP(h, k) 2: k, VI v~y kh1x 2: h1x. Nghia la ta cling c6 h, k la nhimg hk t11-tirong
th£ch. Ap dung Djnh Iy 2 va sau d6 la Dinh Iy 1 vao (1) ta thu dtrq'c a 1\ d = (h 1\ k)(hl 1\ h)x ~
kk1x = b. Nhir v~y chUng ta da chirng t6 diroc a 1\ d ~ b trong trirong hop h, k tirong thich.

Bay gio-, gia. s11-h, k khOng tirong thlch, ta cling se chirng minh rlng a 1\ d ~ 'b. Do h, k
khong ttrong th£ch va da c6 hhlx > hlx nen ta c6 hhlx > h1x > kh1x. Trong tru'o-ng hop
nay k = k, Theo gia. thigt h = IPi(hi' k1) E LHf, cho nen hI' hI 1\ h E LHf, tU- d6 suy ra:
h(htl\h)x> (h1I\h)x > k(h1I\h)x = k(hll\h)x. K~thqpv6i(1) tac6,al\d= k(htl\h)x ~ kklX~ b.
Nghia la v6i moi h, k ta den c6 a 1\ d ~ b.

Chting ta th~y rlng b ~ d. Th~t v~y, do h = IPi(hl' kt} 2: kl va k1x > x, nen klx ~ hx. Theo
gia thi~t ta c6 hh1x > h1x. D~ chrrng minh b ~ d chUng ta se I~n hrqt xet tu-ng trtrcng hop h, k
ttrong thich va h, k khOng ttrong th£Ch.

N~u h, k ttrong thlch thl tU- gia. thi~t hh1x > h1x ta ding c6 khl x > hI x. Do hi' h E LHf
cho nen khx > hx. TrU'Ong h<!p nay k = cp(h, k) ~ k, nen d = khx 2: khx 2: kh1x = b.

Ngu h, k khong ttrong th£Chthl k = k, va ta c6 d = khx = khx ~ kk1x = b.

Bay gio- d~ ch..rng minh IP2(a, b) = d = khx, ta d~t ~ = IP2(a, b) E X2. Theo chimg minh
tren a 1\ d ~ b ~ d suy ra b ~ d ~ d2. m ehli'ng minh d = d2, gia. S11-phan chimg d =1= d2, khi d6
d < d2 do d6 b < d2. Do a 1\ d2 s b va a 1:. b, ap dung B5 d'e 2 ta c6: d2 = 991X v6i 91 E LHf. Vi
h1x> x va hI, 91 E LHf cho nen glx > x. ChUng ta da gii thigt d = khx < 991X = d2 nen suy ra
hx ~ glX. Vl. hx > x ta e6 h ~ 91. M~t khac, a 1\ ~ = inf{h(h11\ 91)X, 9{h1 1\ 9t}X} ~ b = kktx.
Ta suy ra: x < (hI 1\ 9dx ~ k1x. TU- d6 c6 hi 1\ 91 ~ k1.
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Clning ta bie't rlng hI, kl' gl E LHf va h = <pi(hlJ kt} E LHf .: Cho nen tit hI /I. gl $ k1
ta ~691 $ h. Ke't h<tJ>v6i ke't qui da chUng minh tren: h $ g1, ta thu dmrc: gl = h. Nhu v~y:
d2 = ghx. Thay dz = ghx vao bi~u thu-c ciia a /I. dz, ta thu dmrc

a /I. dz = inf{h(h1 /I. h)x, g{hl /I. h)x} $ kk1x = b (2)

. - c - -Do hh1x > h1x va hI, hI /I. hE LHi , suy ra h(hl /I. h)x > (hI /I. h)x.
f)g chirng t& gi! thie't d ::f d2 la khOng th~ xay ra, ta IlLnhrqt xet tirng trirong hop h, 9 tirong

thfch ,va h, 9 khOng tuong thfch.
'Gi! sd- h, 9 tmrng thich, tM thl tit h(hl /I. h)x > (hI /I. h)x ta c6 g(hl /I. h)x > (hI /I. h)x. Khi

d6 ap dung Djnh It 2 vao (2) ta c6 a /I. d2 = (h /I. g)(hl /I. h)x $ kk1x = b. VI klJ hI /I. h E LHf,
tren CCl seYDjnh It 1 ta suy ra k1x < (h /I. g)klX $ kk1x. Do d6 h /I. 9 $ k, Ta nh~· tUy
r~ng hh1x > h1x, kk1x > k1x va hI, kl E LHP cho nen h, k nrong thfch, theo gi! thie't ta c6
k = <p(h, k). Do h /I. 9 $ k suy ra 9 ~ k. VI h, 9 tmmg th£Ch nen gh1x > h1x, do d6 ghx > hx. Khi
d6 d2' = ghx ~ khx = d, di'eu nay trai v6i gi! thie't.

Ta chuydn sang gi! thie't rlng h, 9 khOng tll"O"llgth£Ch. Khi d6 h(hl /I. h)x > (hI /I. h).x >
g(hl /l.h)x. Tit (2) ta co a/l.d2 = g(hl /l.h)x ~ kk1x = b. Lai ap dung Dinh It 1: gk1x $ kk1x. Khi
d6 ghx ~ khx.

Ne'u k = k thl khx = khx. Neu k = <p(h, k) thl h, k tUO"llgth£Ch nghia la. ta cling c6 khx > hx.
Do d6 khx $ khx. Bm v~y, tit ghx ~ khx ta ludn ludn c6 d2 = ghx ~ khx ~ khx = d, di'eu nay
trai v6i gi! thiet.

Nhir v~y, chiing ta da chtmg minh dU"l!crlng d::f d2 la. dieu khong thg xay ra, Nghia la ta co
d= d2, tu-c la. <pz(a, b) = kh,x, trong do h = <pi(hI, kt} E LHf, k = k ho~c k = <p(h, k) tuy thu9C
nrong Ung vao h, k khOng tirong th£Ch hay tirong th£Ch. 0

V6i nhirng Ht qui diroc trlnh bay tren, cluing ta aa co thg hoan toan xac dinh dtroc phep keo
theo <pz tren dan phii.n pMi hiru han X2, neu xac dinh diroc phep keo theo <pi,<p~tren dan hii"u
han LHf + I.

Bay gier chiing ta se HlY m9t vi du cu thg ve cau true min h6a cua dai so gia td- va xac dinh
phep keo theo <P2 tren dan X2 cila cau true mjn h6a nay.

Xet d~i so gia td- AX = (X, G, H, ~), eYday G = {true,false}, H+ = {V,M}, H- =
{L, A, P, ML}. Trong d6 V; M, L, A, P, ML la viet t1t tmrng u-ng cda Very, More, Little,
Approximately, Possibly, More o~ Less. Cac d~m H+ + I,H- + I duqc bi~u di~n nhir sau:

v L
•

•M

.1
H-t+ I

H+ + I, Ir- + I.1a nhfmg dan modula hiru han, thOa man dieu ki~n (Co). Khi d6 ca.c dan
LH+ + I va LH- + I sinh tU- H+ + I va H- + I (tll"O"llgu-ng) dll"<?,cbi~u di~n sau day, la nhirng
db phan phgi h,ii"uhan cling thoa man dIeu ki~n (~o).
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LH++ I

• L

I
/.~X3 lX2. Xi

IXXIU1i~i2<·~
A i/iX.,/.ML
V1ix·2.<jV3
Y3·~i/·Y1

·z
I
• I
LH-+I

v.

IM.
I

I •

Thong d6:
Xl = PvML
1.£1= X2 /\ Xs

Yl = P/\ML
Ul = Y2 VYs

X2 = MLvA
1.£2= Xs /\ Xl

Y2 = ML/\A
U2 = Ys VYl

Xs = AvP
Us = Xl /\ X,2

ys = A/\P
Us = yi VY2'

E = (A V P) /\ (P V ML) /\ (ML V A) = (A /\ P) V (P /\ ML) v(ML AA),
Z = Yl /\ Y2 /\ Ys, Y = Xl V X2 V Xs.

Thong vi dl}.nay cac phep keo theo I{> va I{>. tren ca.c dan LHG + I trrong u-ng dU'qc bi~u thj
blng cac cong thu-c sau:

- V6i h, k la hai gia tU-thudc LH+ + I thl:

( ) {

U ngu h:$ k
I{> h, k = "

k neu h> k

- V6i h, k la hai gia tU-thu{ic LH- + I thl

{

L neu h:$ k

I{>(h, k) = k ngu h = L va k r6 L
I ngu k = I va h r6 I
IPi (h, k) E LHi- dgi v6i ca.c tnrO'ng hop con l~

{

I neu h 2: k'

()
k neu h = I va k r6 I

11'. h, k = ,.
L neu k = L va h r6 L

. IP~(h, k) E LHi- dgi v6i cac trU'Cmghop khac

trong d6 LHi- la dan.diroc sinh bOi {A,P,ML}, IPi(h, k) va IP~(h, k) diroc xa.c dinh trong bAng I
va bang II sau diy.

IP.(h, k) = {; ngu h < k

neu h 2: k
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Bdng 1. Gia tr] cila cp(h, k) v6-ih, k E LH,- [dan sinh b&-i{A, P, ML})

Z YI Y2 Y3 VI V2 V3 A E P ML UI U2 U3 Xl X2 X3 Y

Z 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

YI A 1 A A A Xl 1 A 1 1 1 1 1 1 1 1 1 1

Y2 P P 1 P 1 P 1 1 1 P 1 1 1 1 1 1 1 1

Y3 ML ML ML 1 1 1 ML 1 1 1 ML 1 1 1 1 1 1 1

VI YI YI V3 V2 1 V2 ML 1 1 P ML 1 1 1 1 1 1 1

V2 Y2 ML Y2 A A 1 ML A 1 1 ML 1 1 1 1 1 1 1

V3 Y3 P A Y3 A. P 1 A 1 P 1 1 1 1 1 1 1 1

A YI YI ML P Xl P ML 1 Xl P ML 1 x2 Xl Xl 1 1 1

E Z YI V3 V2 A P ML A 1 P ML 1 1 . 1 1 1 1 1

P Y2 ML Y2 A A U3 ML A U3 1 ML U3 1 U3 1 X2 1 1

ML Y3 P VI Y3 VI P ,X3 A X3 P 1 X3 X3 1 1 1 X3 1

UI Z YI Y2 Y3 VI P ML A Xl P ML 1 Xl Xl Xl 1 1 1

U2 Z YI Y2 Y3 A V2 ML A Xz P ML X2 1 U3 1 X2 1 1

Z A P A P ML • 1 1 1 1U3 YI Y2 Y3 V3 X3 X3 X3 X3

Xl Z YI Y2 Y3 A V2 tl3 A UI P ML UI X3 X2 1 X2 X3 1

X2 Z YI Y2 Y3 VI P V3 A U2 P ML X3 U2 Xl Xl 1 X3 1

X3 Z YI Y2 Y3 VI V2 ML A U3 P ML X2 Xl U3 Xl x2 1 1

Y Z YI Y2 Y3 VI V2 tl3" A E P ML UI U2 U3 Xl X2 X3 1

Nhtr v~y tU-16'pd~ s5 gia td- [1] v6i. tfnh PN - homogeneous, cluing ta da. co cau true min hoa
cua dai Sel gia td- (RHA) ma t~p cac ph'an td- sinh nguyen tHy duq'c s1p thu.-tlf tuygn tinh 13.m9t
dim phan phdi [5]. Ngu nhir t~p cac ph'an tU-sinh nguyen tHy la hfru han va sltp thu.-tlf tuygn tfnh
thl phep keo theo CP2 tren dan con X2 cda RHA la hoan toan xac dinh qua cp va Cp* tren dan hiru
han LHc + I. Hon tM nira, CP2 dm;rc hoan toan xac dinh qua cp', cp~ tren cac dan hiru han LHf.
Vi~cxac dinh cp' va cp~ tren dan LHf nhln chung la don gian do d~c digm va Sel ph'an td- han chg
cda LHf. M~t khac, trong thirc te ciia ngon ngfr tlf nhien noi chung thi m5i bien ngon ngfr cling
chi tac d9ng bo-i hai gia td- la cung, Vi v~y chung toi cho rhg vi~c xac dinh phep keo theo CP2 tren
dan con X2, chu- khOng phai vi~c xac dinh phep keo theo tren toan b9 dan RHA, cling se cho ta
nhirng dfeu b5 Ich nhat dinh trong vi~c nghien cu-u tiep theo.
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Bdng II. Gia tri cda cp.(h, k) v6i h, k E LH.- [dan sinh bOi {A, P, ML})

Z Y1 !12 Ys VI V2 Vs A E P ML U1 U2 Us Xl X2 Xs y,

Z 0 Y1 Y2 Y3 VI V2 V3 A E P ML U1 U2 Us Xl X2 X3 Y

Y1 0 0 !12 Y3 VI Y3 Y2 A VI P ML A U2 Us Xl X2 X3 Y

Y2 0 Y1 0 Y3 Y3 V2 Y1 A V2 P ML U1 P ML Xl X2 X3 Y

Y3 0 Y1 Y2 0 Y2 Y1 V3 A V3 P ML Ut U2 ML Xl X2 X3 Y

VI 0 Y1 0 0 0 Yt Y1 A Y1 P ML P P ML Xl X2 X3 Y

V2 0 0 Y2 0 Y2 0 Y2 A Y2 P ML A U2 ML Xl X2 X3 Y

V3 0 0 0 Y3 Y3 Y3 0 A E P ML A P U3 Xl X2 X3 Y

A 0 Yt 0 0 0 Y1 Y1 0 Y1 P ML Y1 P ML Xl ML P Y

E 0 0 0 0 0 0 0 A 0 P ML A P ML Xl X2 X3 Y

P 0 0 Y2 0 Y2 0 Y2 A Y2 0 ML A Y2 ML ML X2 A X2

ML 0 0
.

A P P P0 Y3 Y3 Y3 0 Y3 0 U1 Y3 U1 X3 X3

U1 0 0 0 0 0 0 0 0 0 P ML 0 P ML Xl ML P Xl

U2 0 0 0 0 0 0 0 A 0 0 ML A 0 ML ML X2 A X2

U3 0 o· 0 0 0 0 0 A 0 P 0 A P 0 P A X3 X3

Xl 0 0 0 0 0 0 0 A 0 0 0 A 0 0 0 A A A

X2 0 0 0 0 0 0 0 0 0 P 0 0 P 0 P 0 P P

X3 0 0 0 0 0 0 0 0 0 0 ML 0 0 0 ML ML 0 ML

Y 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0
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