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PO PHUC TAP OTOMAT HU'U HAN DOAN NHAN
SIEU NGON NGU CHINH QuY

DANG HUY RUAN(Y), PHUNG VAN ON(2)

Abstract. We shall call the small possible number of states of a hyper-finite deterministic automaton,
which recorgnizes the set of word L in the alphabet ¥, a complexity of a finite automaton of L, and
denote by P(L). We have the following result:

For any hyper-generating schemar G, the complexity of a finite automaton of L(G) is:
2lGl

- d(G) +11lan
P(L(C)) < 22 +1

I. DAT VAN DE

Két qud vé 16p siéu ngdn ngir chinh quy cho ta thidy véi mdi siéu ngdn ngir chinh quy L, luén
ton tai mét siéu ngudn G ma L(G) = L, ddng thoi ton tai sidu otomat don dinh véi trang théi t8i
thi€u khéng qué 2!/S! doén nhin L(G) (goi 13 d8 phitrc tap otomat hiru han do4n nhan G, ky hidu
la P(L)) [1]. Mit khac 1&p siéu ngdn ngir chinh quy déng véi phép hop, tich ghép, sidu 1ip, giao va
phép 14y phin bu. Diéu dé ¢é nghia 13 ¢6 thé nhin dwgc mét siéu ngdén ngir chinh quy bing mot
$8 hiru han lin c4c phép tinh: phép hop, tich ghép, siéu lip, giao va phép 1dy phin bu trén mot s6
hiru han céc siéu ngdn nglr chinh quy, va né duwgc goi la siéu ngén ngr chinh quy suy réng. Vin
dé dit ra 1a v&i mot siéu ngdn ngir chinh quy suy rong tiy y thi dd phirc tap dodn nhin né sé nhuw
thé ndo. Bai nay nhim gidi quyét van dé dé.

II. SIEU NGUON

M5t d6 thi dinh huéng hiru han G trén bang chir c4i £, ¢c6 mét dinh khéi dau v, mét tap cac
dinh két {v,, va, ..., v} va trén mdi canh dwoc ghi mét tir réng (ky hiéu l1a e, goi la cung réng)
hodc mét chir cai a cda badng chir c4i ¥ (goi 13 cung c8t yéu) dwoc goi 14 siéu nguodn trén bing chir
cdi ¥. Dinh cé it nhit mdt cung c8t yéu di té1 goi 1a dinh c8t yéu. S8 dinh c8t y&u cda G duoc ki
hiéu 13 |G [4].

Siéu dwérng trong mot siéu ngudn G 1A mot diy v6 han 7 : wy. p;, wa, pa, ..., trong dé w;, 7 =
1,2, 3,... 13 cac dinh cda siéu ngudn G, con p; 1a cung cda G a&f ¢&r dinh w; dén dinh w;,,. Siéu
dwdng 7 1ip nén siéu t& [n] = a;,, ai, ... v6i a;; 1a chir cii thude bing chir cdi ¥, dwoc ghi trén
cung p;, trong d6 j = 1, 2, ... Dinh w; goi 1a @iém khd1 ddu cia siéu dwdng .

Dinh w dwgc goi la dinh gidt han cla siéu dudng m néu véi tip vé han cac chi sd ¢ théa man
w = w;. T4p c4c dinh giéi han cda siéu dudng m duwge ky higu 13 lim(x). Hai siéu tir dwgc goi la
tring nhau néu moi doan dau cda ching 13 nhw nhau va céc siéu dudng sinh ra ching cé cling tip
gid1 han.

M3i siéu ngudn G déu xic dinh mot siéu ngén ngir (ky hiéu 1la L(G)) gom tdt cd cac siéu tir
a € £ d¢€ véi siéu duong 7 nao d6 véi dinh khéi ddu v (1a dinh khéi diu cda G) théa man (7] = o
va cé it nhat moét dinh két cda siéu nguon G thudc tip lim(x).

Siéu ngudn G dwoc goi la don dinh néu né khéng chira cung réng va trén hai cung khéc nhau
xuit phat tir cing mét dinh phai dwoc ghi bdi hai chir khic nhau.
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Siéu ngudn G dwgc goi 1a ddy dd néu véi bat ky chir cii a ndo thudc T, tir m8i dinh cda G
phdi cé it nhit mdt cung xuit phéat tir d6 c6 ghi chir céi a.

Siéu ngudn dwgc goi 13 don dink diy dd néu t¥ mdi dinh cda G cé ding n cung xudt phét tir
d6 va chiing dwoc ghi cdc chir cdi khic nhau cda bing chir c4i I.

Cho hai siéu ngudén G; va G2 khéng c6 dinh chung. Ta xét mét s3 cac phép tinh sau:

1. Phép hop hai siéu ngudn: Cho hai siéu nguén G; vd G,. Ta xiy dung siéu ngudn G nhw
sau: Tap dinh cda G bao gém tip dinh cia G; va G3. Ta thém mét dinh I, 14y 1am dinh vio cda
G, tir I ta ndi hai cung rong téi hai dinh vao cda G; va G,. Tap dinh két cda G bao gom tit cd
cic dinh két cda G; va G,. Siéu ngudn G dwoc goi 13 hop cia siéu ngudn G; vi G, va k¥ hiéu 13
G UQGs. :

B8 dé 1. Hop cda Gy va Gy ld mét siéu ngudn G mad siéu ngon ngi# sinh bd+i G ld hop cda cde
stéu ngon ng# sinh bdi Gy va Gy dong this s6 dfnh c6t yéu cda G bdng té'ng s6 dinh cét yéu cda
G, va Ga, tic la: L(G) = L(Gl) U L(Gz) vd |G| = IGII + IGQI.

2. Tich ghép cda mét ngudn véi mot siéu ngudn: Cho ngudn G; vi siéu ngudn G,. Ta xiy
dung siéu ngudn G nhv sau: Tap dinh cia G bao gom tip dinh cda G; va G;. Dinh vao cda G,
dwoc 1dy 1am dinh vdo cda G. T3p dinh két cda G, dwgc 1dy 1am tip dinh két cda G. Tir tdt cd
céc dinh két cda G; ta ndi cic cung réng t&i dinh vio cia G,. Siéu ngudn G dwoc goi 1 tich ghép
cda ngudn G; va siéu ngudn G, (ky hiéu 12 G,.G3).

B8 de 2. Tich ghép cda nguon G vd siéu ngudn Gy ld mét siéu nguon G mad siéu ngon ngi sinh
bd1 G tich ghép cda ngon ng# t& hitu han sinkh bdi G1 vd siéu ngon ngi sinh bd+ siéu nguon G dong
thos 56 dinh 6t yéu cda G bdng ting sé dinh ¢6t yéu cda Gy vd Ga, tdc ld L(G) = L(G1).L(G2)
vd |G| = |G| + |G2].

3. Siéu 13p cda mdt ngudn: Cho ngudn G;. Ta xiy dung siéu ngudn G nhw sau: Tip dinh cda
G chinh 1a tip dinh cda G;. Dinh vio cda G; dwgc 14y 1am dinh vio cda G va tip dinh két cda
G, duoc ldy lam tap dinh két cda G. Tir tat cd cic dinh két cda G ta néi cdc cung rong téi dinh
vao cda né. Siéu ngudn G dwgc goi 13 siéu 13p cda ngudn G, (ky hiéu 1a G$°).

B8 de 8. Siéu ldp cda ngudn G, ld mét siéu nguén G ma siéu ngon ng# sinh bdi G ld siéu ldp
cda ngén ng# sinh bd1i G, dong thot sé dinh c6t yéu cda G bdng sé dinh c6t yéu cda Gy, tiéc ld
L(G) = L(G1)®™ va |G| = |G4].

Nhin zét: Néu ngudn G 1a diy dd trén T va moi s8 dinh cda né déu 13 dinh k&t thi siéu lip cda G
s€ sinh ra X,

4. Giao cda hai siéu ngudn: Cho hai siéu ngudén G; vd G2. Ta xay dung siéu ngudn G nhv sau:
Tép dinh cda G 14 tich Dé-céc tip dinh cda G; vd G,. Cip dinh (Ig,, Ig,) dwoc 18y 1am dinh vio
cda G. Tich D&-c4c tip dinh két cda G; va G dwgce 1dy 1am tap dinh két cda G. Céc cung cda G
dwogc xdc dinh nhw sau:

; Ta ky hiéu dinh d3u cia cung ¢ 13 D(t), dinh cudi cia cung ¢ 1a C(t).

a) Véi mdi bd cung t; € G; vd t; € G, ma trén d6 déu ghi cung chit cdi a € I, ta xiy
dung cung t twong tng trén siéu ngudn G di tir D(t) dén C(t) ma trén d6 ghi chit cii a, cdn
D(t) = (D(t1), D(ta)), C(t) = (1), Clt)).

b) Véi moi D(t;), C(t;) cda siéu ngudn G; (i = 1, 2), trong G cé cung rong t&r D(t) =
((D(t1), D(tz)) sang C(t) = (C(t1), C(tz)) khi va chi khi trong G; (i = 1, 2), c6 cung réng di
tr D(t;) sang C(t;).

Siéu ngudn G dwgc goi 1A giao cda G; va G (ky hiéu 13 G; N Gy).

B&6 dé 4. Giao cda hai siéu ngudn Gy vd G2 ld mét siéu ngudn G mad siéu ngén ngé sinh bdi G ld
giao cda cdc siéu ngén ngi sinh bdi Gy vd Gy ddng thoi sé dink cét yéu cda G bdng tich cde s6
dinh cét yéu cda Gy va Go, tic lé L(G) = L(G,) N L(G2) vd |G| = |G41].|G2|.
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5. Nguon bu: Ta xiy dung siéu ngudn G 1 bl cda siéu ngudn don dinh, diy di G, (ky hiéu l1a
C(G;) nhu sau: Trén siéu ngudn G, ta ddi tit cd cic dinh két thanh khéng két va ngwoc lai. Sidu
ngudn nhin dwgc chinh 1a G.

Bé6 dé 5. Phép ldy phin bi cda siéu nguon don dinh, diy dd G; ld mét siéu nguén G mad siéu
ngon ngw sinh bdi G ld phin b cda siéu ngon ngw sink bdi Gy, dong thot s6 dinh cét yéu cia G
bdng sé dinh cét yéu cda G, téc la L(G) = CL(G,) va |G| = |G,|.

II1. SIEU SO PO SINH

1. Sjéu d6 thj sinh: Cho bdng chir cii hiru han ¥ = {ay, as,..., a,}. Mot dd thi dinh huéng
hitu han G véi tip cic dinh Pg, ¢6 mét dinh viao I, mdt tip khong réng cic dinh két Fp =
{v1, va, ..., vk} va trén mdi cung ¢t dwgc ghi mét tip cac tir hiru han ndo dé6 My (t) C B*, dwoc goi
13 siéu d6 thy sinh trén bdng chir cdi E.

Diay v6 han m = wy, t;, wa, ta,... trong dé w;, 1 = 1, 2,... 1 céc dinh cda G, ¢; 1 cung di
tr dinh w; dén dinh w;;; dwoc goi la siéu dudng trong siéu d6 thi sinh G. Siéu dudmg 7 lip nén
siéu tir (7] = xi; Xi,-.. VO1 x4; 12 cdc tir thude Mg(t;;) dwoc ghi trén cung t; trong d6 j =1, 2,...
Dinh w; goi 1a d@iém khdi diu cda siéu dwdng 7. Pinh w dwoc goi 1A dink gidi han cla siéu dudng
7 néu véi tdp vo6 han cdc chi s8 ¢ thda man w = w;. Tap cidc dinh giéi han cda siéu duwomg =
dugc ky hiéu 1a lim(x). Siéu t¥r 7] = xi, Xi, - .- € X goi la dwoc sinh bdi siéu d6 thi sinh G néu
lim(7) N Fg # @ va di€m khéi d3u cida siéu duwdng 7 chinh 13 dinh vao I; cda d6 thi G. Tip hop
tdt cd cdc siéu tir [r] dwoc sinh bdi G goi 1 siéu ngdn ngir dwoce sinh ra bdi G va ky hiéu la L(G)
(ta k¢ hidu L*(G) 13 t3p céc tir hitu han dwoc sinh béi d5 thj sinh G).

Nhin zét: Néu moi cung t cda G ma Mg (t) = {} hodc M,(t) = {a}, a € Z, thi siéu d6 thi sinh G
12 mdt sidu ngudn.

Gid st G, G, 13 hai siéu d0 thi sinh khéng c¢é dinh chung va ¢ 13 mdt cung nao dé cia G, ndi
tir dinh w; téi w,;. Ta xiy dung siéu do thi sinh G tir G, G2 bing cich cdt bd cung ¢t khdi G tir
dinh w; ta vé mot cung réng t&i dinh vao cda Gy; tir méi dinh két cia G, ta vé cac cung rong t&i
dinh w;. DPinh vio cia G; dwoc nhan lam dinh vio cda G, tip dinh két cda G2 dwoc nhéin lam tap
dinh két cda G. Siéu d5 thi sinh G nhw vay dwoc goi la thé siéu dd thi G, cho cung t cda siéu do
thi sinh G, va dwoc kg higu 1a G = [G1 ;..

B3 de 6. Gid st G, Gy, Gz, ..., G, ld cdc siéu d thi sinh ting déi mét khong cd dinh chung;
t1, t2, .oy tn ld cde cung cda G mad véi méii, i = 1,2,...,n, c6 Mg(t;) = L*(G;). Ta zdy dung
s16u do thy sinh G' bdng cdch thé cdc cung t; cda G bdi cde G;. Khi @6 ta cé L(G') = L(G) va

n
¢1<161+ 5 (6.

2. Siéu so d6 sinh: Mot siéu so d6 sinh G trén bang chit cdi ¥ 1a mét ddy céic siéu d6 thi sinh
Gy, Ga,...,Gp, trén I, ky hiéu 12 G = (G4, Ga, ..., G,,) thda min 3 di€u kién sau:
a) Céc siéu d6 thi sinh Gy, Gy, ..., G, tirng d6i mdt khong cé dinh chung.
b) Véi méi cung t cda siéu do thi sinh Gy, ¢ = 1, 2,... mdt trong cdc hé thirc sau dwoc thda
man:
1/ Mg, (t) = {€}, trong trwong hop nay cung t dwgc goi 13 cung réng.
2/ Mg, (t) = {a}, a € ; trudmg hop ndy cung t dwogc goi 1a c6t yéu.
]
3/ Mg, (t) = () L*(Gi,), trudng hop ndy cung t dwgce goi 1 cung giao va phu thude vao cdc
y=1
siéu do thl G,’l, Gizi ssy Gis) trong dé1< 1; < ’1:2 L <2, <1
4/ Mg, (t) = CL*(Gy), 1 < j < ; trudng hop ndy cung t duoc goi 1a cung ba va phu thude
vao siéu db thi G,.

¢) D3i véi mbi siéu do6 thi sinh G, G, ..., G, ludn ¢6 mdt vivchi mét cung phu thudc né.
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T4p sidu d5 thj L(G,) dwgc goi l1a siéu ngdn ng# zdc djnh bds siéu so* A0 sinh G va ky hiéu 13
L(G) : L(G) = L(G,) [3].

Hai siéu so d6 sinh dwgc goi 13 twong dwong néu ching cing x4c dinh mot siéu ngdn ngit.

DPinh w cda siéu 45 thi sinh G; dwoc goi 1a dinh c8t yéu néu cé {t nhit mot cung cSt yéu di téi
né. S8 céc dinh c8t yéu cda siéu d6 thi sinh G; dwgce ky higu béi |G;|. S8 tit cid cic dinh ¢St y&u
cda céc siéu dd thi sinh trong siéu so' d6 sinh G, ky hi¢u 13 |G| va: |G| = |G1| + |G2| + - + |Grl.

Siéu d6 thi sinh G; dwoc goi 13 phu thudc vao siéu dd thi sinh G; néu chira mdt cung nao dé
phu thudc G; hodc né phu thudc vio siéu dd thi khic chira cung phu thuéc G;.

Né€u siéu so' d6 sinh G chi c6 mét d5 thi sinh, téc G = (G;) thi G dwoc goi 13 siéu so 5 sinhdon
gian.
Nhin zét: Néu G 1a mét siéu so' d6 sinh don gidn thi trén mdi cung ¢ cia né, chi c6 thé chira mét
chir cdi cda & hojc mét tir réng, titc Mg (t) = {a} hodc Mg(t) = {e}.

3. D6 sdu cda phép d¥t ddu ldy phin bu d(G) cda siéu so' d6 sinh G, dinh nghia nhu sau:

a. Gid st t 12 mot cung cda siéu d5 thi sinh G; nao dé; ta dinh nghia dai llro’ng d(t):
- Néu t 13 cung réng hodc cung c8t y&u thi d(t) = 0.
- Néu t 13 cung b phu thudc vao G, va d(G,) di xic dinh thi d(t) = d(G,-) +1.
- Néu ¢t 13 cung giao phu thudc vao G’,-l, Giyyeoy Gy, trong d6 1 <27 <25 < ... <2, <2, thi
d(t) = max (d(G;,), d(Gi,), .-, d(G4,))-
Khi d6 d(G;) = max(d(t)),t € G;.
b. d(G) = maxd(G;),1=1,2,.., n

Pinh ly 1. Véi mot siéu so d6 sink tiy § G, ta ludn zdy dung dwoc mét siéu so d6 sinh don gidn
G' twong dwong vé1 nd sao cho:
2lGl

o~ d(G)+11n
@< 2
Chi#ng minh: Ta chitng minh quy nap theo s8 cic siéu dd thi sinh trong G.

D€ thuin tién, ta ky hiéu:

2lGl
,- d(G)+11an

h(d(G), |G]) = 2

e Gid st n = 1, khi d6 G 14 siéu so d5 sinh dom gi4n, téc G 13 mdt siéu ngudn. G’ nhan duwoc
bing cich dom dinh héa G, vi nhv viy |G'| = |G| < 2I€I, dong thei L(G') = L(G).

e Gid st ditu khing dinh ding véi moi siéu so dd sinh c6 s3 siéu d6 thi sinh nhé hon hoic
bing n — 1, ta chimg minh diéu kh&ng dinh ding véi n.

Gid st G = (G4, G2, ..., Gy), n > 2 va gid s& trong G,, ¢6 p cung giao: g1, g2, ..., gp VA q cung
bu by, b, ..., bg (p, qg< n)

1. V61 mdi ¢ (1< z < p), 9 13 cung giao phu thudc vao cédc siéu dd thi G;,, G;,,..., G;,
(zml > 2) va MGn(g‘) = n L*(G‘J)

J_

Pivéimdij(1<j<m):

- Ta 1ay céc 0 thi sinh trong G mi G;; phu thudc, ké cd chinh né. Lip siéu so d5 sinh twong
img G1,. Nhr viy L(G1.,) = L(Gi,).

- Do s8 siéu db thi sinh trong siéu so' d% sinh Gy ;, nhd hon hojc bing p nén thda min gid
thiét quy nap, va ta c6 thé xiy dumg dwgc mét siéu so d6 sinh don gidn G}, twong dwong:
L(G'l,.-j) = L(G1,4,) = L(G;,) va:

|G, < h(d(G1s,), Gis,)) (1<i<pval<j<my).
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Tir céc so' 46 sinh don gidn vira x3y dung Gy ; , G} ;,,-.., G\, (15 nhirng siéu ngudn), ta xiy

dung siéu so' 45 sinh don gidn W ; 13 giao cda ching va theo bd dé 4 ta cé:

LWy = ﬂ L*(Gy,) = () L*(G1s)) = Ma, (9:)
J=1

Wasl < T1 G, < TLAE(Gs,), [Gas, ) < TL AA(G), (G, 1)

Jj=1 Jj=1 J=1

2. Véimdis (1 <1< gq), b; 13 cung bu phu thudc vio siéu d5 thi G; vd Mg, (b;) = CL(G;).

L&y céc siéu d5 thi sinh trong G ma G; phu thudc, ké cd chinh né. Lip siéu so' d5 sinh twong
tng Ga; = (Gi,, Giyy e G’,-m'_), n > m; > 1. Nhu viy L(G;) = L(G;). Do s& siéu d6 thi trong
siéu so' d6 G2 ; nhé hon hoic bing (n — 1) nén thda min gid thi€t quy nap, va ta c6 thé xiy dung
dwgc mdt sieu so' dd sinh dom gidn G, twong dwong: L(G} ;) = L(G2,;:) = L(G;) va

G2 i| < h(d(Gz,), [Gal)-

Véi sidu so' d5 sinh don gidn G} ;, theo b8 dé 5, ta luén xay dung dwgc siéu so d5 sinh don

gidn W5 ; sao cho:

L(W2;) = CL(GY) = CL(G2;) = Mg, (b:) v6i [Way| < 20
Két hop véi két qud trén, ta cé: |Wa ;| < h(d(G2;) + 1, |G2.l).

Vi b; 13 cung bl phu thudc G; nén d(b;) = d(G:) +1 = d(G2,;) +1, dan t&i d(G2 ;) = d(b;) —1 <
d(G) — 1. Thay vao bi€u thic trén ta dwoc:

W24l < h(d(G), |Gzl) - ‘ (2)

3. Thé céc siéu so d5 sinh don gidn Wy ;, Wo j véii = 1,.., p, 7 = 1, ..., ¢ vdo siéu d6 thi sinh
G, thay cho cic cung twong dng g;, b;. Khi d6 ta nhin dwoc siéu d6 thi sinh don gidn G’ ma
L(G") = L(G,) = L(G). Theo b3 dg 6 ta cé:

p q
|G = Gl + Y Wigl + D [Wal.
=1 =1

Thé céc két qud (1) va (2) vao ta duoge:
p my

IG'| < Gnl+ D [ 2(d(G), 1G] )+Zh(d ), 1G2.4l). (3)

t1=13=1

Khéng mit tinh t8ng quit, ta cé thé gii thiét cAc siéu so' db sinh Gy Gy d8u cé {t nhat mot
dinh ¢t y&u (vi trong trudng hop ngugc lai cic tip tir twong dng cda ching Mg, (9:,), Mg, (b:)
8¢ 13 tap rong hodc chi gdbm mét tir trong, khi d6 ta c6 thé don gidn siéu so d6 sinh G bing cich
bd di cic cung twong &ng hoic thay ching bing cic cung réng). Khi dé ta cé:

G121 (E=1,2,.,p, 7=1,2,...,m); |Go5|21(¢=1,2,...,9). (4)

o Trudng hop trong G cé it nhit mét cung ba, khi d6 d(G) > 1 nén tir (4) ta cé:

> I Ha(6), 1614, < h(d(6), X T 161s1)-

el i=15=1
‘. .
Twong tu ta cé: Z h(d(G), |Ga.]) < h(d(G'), Z |G2,i|).
=1 =

Tt (3) va céc két qud trén ta cé: .
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1G] < Gal + h(4(G), S0 G14,1) +h((G), Zj: ()

t=15=1
P my q
< h(d(G), 1Gal + Y- [[ 1Grs; + 3 1G24) < A(d(G), [G)
i=17=1 =1
e Trudng hop trong G khéng cé cung bu, khi dé d(G) = 0; ta cé:
P m; P my
16 < Gl + h(d(G), 3 TT 1614,1) < A(d(G), 1Gal + 3 I 161.4,1) < 2160,
i=17=1 i=1j5=1
Dinh 1y dwgc chimg minh.

IV. PO PHUC TAP OTOMAT HU'U HAN DOAN NHAN
SIEU NGON NGU CHINH QUY

Dinh 1y 2. Vé1i méi siéu d6 sinh G, d6 phic tap otomat hiru han dodn nhdn siéu ngén ngi chinh
quy sinh b1 G thda man:

P(L(G)) < h(d(G) + 1, |G]) + 1.

Chitng minh: V&i mdi siéu so do sinh G. theo dinh Iy 1 ta ludn xdy dung dwgc mdt siéu so dd sinh
don gidn G' thda mir L(G) = L(G') va |G'| < h(d(G),|G|). Pon dinh héa G’ ta nhén dwgc siéu
ngudn G” twong dwong ma L(G") = L(G') va

IG"| < 211 +1=h(d(G) +1, |G]) +1.
Do G" don dinh nén tdn tai siéu otomat hitu han dom dinh, c6 s8 trang thii bing |G"|, tuwong
dwong vé1 G”, va do d6 né doan nhan L(G"), téc dodn nhan L(G). Ta cé diéu phdi chirng minh.

V. KET LUAN

Céac két qud trén cho ta danh gid can trén cda dd phitc tap doan nhin siéu ngdn ngit chinh quy.
Né cho mét khd ning hiru han héa khi lam viéc véi nhitng ngén ngir tir v6 han. Tuy nhién gid tri
can trén la rt 16mn, ching tbi sé tién hanh xem xét nhirng trwdmg hop riéng véi nhitng han ché nao
dé6 d& c6 thé c6 nhitng két qua tSt hon.
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