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VE UGC LUONG BAYES CGd THAM &N HON HOP
TRONG MO HINH HOI QUY PHI TUYEN NHIEU CHIEU.

UNG NGOC QUANG()

Summary: The main aim of this note is to investigate Bayesian estimates of the compound
parameter in nonlinear regression models by the functional analysis method.

1. LOI MO DAU

Khao sdt cic mo hinh héi qui tuyén tinh cling nhu phi tuyén 1a moét huéng nghién
ctiu dugc nhiéu tic gia quan tam (xem /1/, /2/, /3/). Giita c4c tiéu chudn uéc luong t&i wu
diing dé khao ciu cdc mé hinh 4y, tiéu chuédn t6i wu theo nghia Bayes thudng duoc chii y.
Trong cdc bai bdo /6/, /7/, /8/ d4 ching minh su tén tai udc luong Bayes trong cdc mé hinh
héi qui phi tuyén mét chiéu va nhiéu chiéu bang ky thuat giai tich ham. Tiép theo d6, cic bai
bdo /9/, /10/ da dua ra cach x4ap xi cua cdc udc lugng dy bang da thic.

Tuy nhién cdc bai bdo dé chi khao citu udc luong Bayes cho timg trudng hop riéng
biét: tham an dinh vi va tham 4n phuong sai. Nén, c6 mot van dé dugc dit ra ti€p theo: C6 tén
tai hay khong uéc lugng Bayes dong thoi cho ca hai tham 4n dinh vi va phuong sai (ma ta s&
goi tat 1a tham an hén hop). Bai nay sé chiing minh (ciing bang k¥ thuat giai tich ham) ring,
that su ton tai mot uée luong Bayes nhu vay; hon nita trong bai ciing dua ra cach xdp xi uéc
luong ay béing da thiic.

1. VE SUTON TAI UGC LUGNG BAYES CUA THAM AN HON HOP

Ta s€ str dung cdc ky hiéu da duge dua ra trong cdc bai /6/ - /10/.

Xét mo hinh héi quy phi tuyén (g, r) - chiéu véi khong gian compac ¢6 dang sau:
X=00)+e(1)

Trong dé:

X: Phén tir quan tric ng&u nhién c6 tri trong M(n x q).

g: phan tir sai ngdu nhién co tri trong M(n x q);

0: tham 4n dinh vi, 8 € @ véi D 1a tap compac thudc M(p x ).

¢: ham phi tuyén cho truéc, ¢: @ - M(n x q)

Trong muc nay ta xét dong thoi tham 4n dinh vi 8 € ® < M(p x r) va tham 4n

phuong sai 6° € M(s x s) € M(s x s). Trudc hét xét khong gian M(p x r) x M(s x s). Dé thay
d6 1a khong gian tuyén tinh dinh chuén hitu han chiéu véi chuén

Hynzi‘yﬂwpm +;}y|“M(sxs)
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trongdoy =(y’,y"),y € M(pxr);y’ € M(sxs),y € M(px r)x M(s x s).

Ky hiéu B(p x r). B(s x s) la ¢ - dai s6 trong M(p x r)xM(s x s) sinh bdi tip chit nhat
do duoc.

Xét tap con ® x M*(s x s) < M(p x r)xM(s x s). Hién nhién d6 1a khéng gian metric
con cua khong gian metric M(p x r) x M(s x s). Ky hiéu B(®)x B(s x s) la o - dai s6 trong ®
X M?(s x s) sinh bdi céc tap chit nhét do dugc.

Xét tham an dinh vi € ® < M(p x r) va tham 4n phuong sa 6* € M*(s x s) € M(p x
r). Khi ay A = (0, 6°) € ® x M*(s x s) duoc goi 12 tham an hén hop. Nhic lai rang 1 dugc goi
1a phan phéi xac sudt tién nghiém cua 6 € ® va v dugc goi la phan phoi xdc suat tién nghiém
cua 6 € M*(s x s). Ky hiéu = 1 x v 1a d6 tich cta hai d6 do 1 va v. Khi dy 7} 12 d6 do xdc
suat trén khong gian do duoc (® x M(s x s), B(®)x B(s x s)) va duge goi la phan phéi xdc
suat tién nghiém clia tham 4n hén hop A = (0, 7).

Nhu da biét (xem /4/), v6i phan to ngdu nhién X, ton tai phan phéi xdc sudt c6 diéu
kién chinh qui P thuong duogc ky hiéu 12 Q,, L € ® x M*(s x s). Gia sir p 1a do do o - hitu
han trén khéng gian do duoc (M(n x q) B(n x q)) va Q;, << p v6i mdi A € ® x M(s x s). Liic
d6 theo dinh ly Radon - Nikoym t6n tai ham mat do:

Q A (dx)
Hy (dX)

DPinh nghia II. 1: Ham h: (M(n x q), B(n x q) = (M(p x r)xM(s x s), B(p x 1)x B(s x
s) duoc goi 1a udc lugng clia tham an A = (6, 6°) néu h 1a Borel do dugc.

fa(x) =

Ham Bo rel do dugc h goi 1a bi chidn néu:

sup - [heo]
x eM(nxq)

M(pxr)xM(sxs) < 400

Ham Borel do dugc h goi 12 bi chin hau hét néu tén tai tap B € B(nx q), u(B) =0

sup  [h(x)
xeM(nxq)\ B

M(pxr1)xM(s xs) < 400

Ky hiéu B(MM(p x r)x M(s x s) va L”(p1; M(p x r)xM(s x s)) 1a khong gian tit ca céc
ham do duoc, bi chan va do duoc; bi chan hau hét tuong tng.

Khi dy dé thdy ching 1a cdc khéng gian Banach véi cdc chudn tuong tng sau:

l!h” _Sup “h(x)nM(pxr)xM(sxs)
i B(M(pxr)xM(szs)_xeM(nxq)

B inf sup “h(x)“M(pxr)xM(W)

hil =
In]. B:u(B)=0 xeM(nxq)/B

Theo dinh nghia, chiing 1a cdc 16p uéc luong ciia tham dn hén hop A = (0; &°).
Pinh nghia I1.2: Cho H 1a ham dugc xac dinh boi

H: M(n x q)x(® x M?3(s x ) > (M(p x n)xM(s x s) x (® x Mz(s X 8)),
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H(x, ) = (h(x), )
va cho ham khong am

L: M(p x 1)xM(s x 8)) x (® x M3*(s xs)) » R* - [0, +o0]

Nguoi ta goi ham hop L(h(.), .) = L.H: M(n x q) x (® x M*(s x s)) k R* 14 ham tént
that.

Ky hiéu (B(p x r) x B(s x s) x M*(s x s)) 1a 6 - dai s6 sinh bdi cic tap chif nhat trén
M(px1)x M(s xs)) x (@x M (sxs)) va(B(nxq))x (B@O)xB*(sxs))laoc- dai s6 sinh boi
cac tap chit nhat trén p(n x q) X (O x M3(s x s)).

Ménh dé I1. 1: Gia su L 1a ham s6 (B(p x 1) x B(s x 5)) x (B(®@)x B*(s x s)): B(R")) -
do dugc. Khi 4y ham tén that L(h(.), .) 12 ham ((B(n x q) x (B(®) x B*(s x s)); B(R")) - do
duoc.

Do ménh dé nay, ta ¢6 dinh nghia sau:

Pinh nghia I1.3: Phiém ham y: BOM(p x r) xM(s x s)) &> R*

(hoac y: L(i, M(px 1) x M(s x s)) = R")
Xéc dinh boi cong thic

[ L., @@y

y(h) = OxM*(sxs)M(nxq)

(hogcwm = [ [JL(h(x),F, (0 p(dm(dn).
O xM* (sx3) M(nxq) :
duoc goi 1a ham mao hiém Bayes v6 phan phdi tién nghiém A.
Uéc lugng h e B(M(p x 1) x M(s x s)) (hodc h e L*(p, M(p x 1)x M(s x s)) duoc
goi 1a udc luong Bayes véi phan phoi tién nghién A néu:
inf y(h)
heBM(pxr)x M(s xs)

inf y(h)
Lel”(u,M(pxr)x M(s xs)

y(h)=

(Hodc y(h) =

Ménh dé I1.2: Cho ham h = (h’, h”), trong d6 h’: M(n x q) = M(p x r) va h”: M(n x
q) = M(s x s). Khi &y h 1a ham (B(n x q), B(p x r)x B(s x s)) - do dugc néu va chi néu h’ la
ham (B(n x q), B(p x 1)) - do dwoc va h” 1a ham (B(n x q), B(s x s)) - do duoc.

Theo ménh dé nay, thi h € BIM(p x r) x M(s x s) (hoac h € L”(p, M(p x r)xM(s x s))
khi va chi khi h” € B(M(p x r)) va h”> € B(M(s x s)) (hoac h’ € L™(u, M(p xr)) va h™” €
L1, M(s X 8)).

Tir cdc dinh nghia va ménh dé trén ta suy ra céc két qua chinh sau day:
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Pinh 1y I1.1: Gia st K < B(M(p x r) x M(s x s)) 1a mot 16p cua cic udc luong
clia tham 4n hén hop A = (8, 6%) € ® x M(s x s) © M(p X r) X M(s X s), thoa man cic
diéu kién sau day:

(i) h(M(n x q)) € ® x M*(s x s), Yh € K.

m
(i1) Véi moi € > 0, ton tai phan hoach hitu han {E,} 1 c M(n x q) va céc

i:

diém x, € Ei,y i=1, ..., msao cho:
sup“h(x)—h(xi)”
xeE,

M(P xr)xM(sxs) %

(iii) Ton tai ¢ > 0:

Ly ==Ly M<Cly =y o rieny s 7YY € MPX DX M(s X 5), A € © x

M3(s X s).

Khi dy K la tap compac tuong d6i trong B(IM(p x r)x M(s x s)) va trong 16p
uéc luong K t6n tai uéc luong Bayes. :

Ching minh: Bang lap luan tuong tu nhu trong chimg minh dinh 1y 2.1 cta
bai /8/, ta thay K la tap compac tuong doi trong B(M(p x r) X M(s X s)).

Con lai ta phai ching minh rang:

hM(nxq)c®xM(sxs), Vhe K.
That vay, 14y batky h € K. Khi 4y, t6n tai diy (h,) € K sao cho:

Ilhm _h“ B(M(pxr)xM(sxs) >O’ khim —

Suy ra:

hm(x)_h(x)“ B(M(pxr)xM(sxs) ;0’ khl m — +00

Theo ménh dé 11.2, ta ¢6 h, = h(h’,, h”,), h = (h’, h”), trong d6 h’
BM(pxr))vah” ,h’ € B(M(s x s)

h’ e

m?

Do dé:
x)—h'(x va X)— X
e e i it

Mt khac:
h,Minxq)c®x M(sxs),VmeN
Diéu nay c6 nghia
h(x) e @ x M(s xs), Vx € M(nx q), Vm € N.
Nén, ta c6 dong thoi:

h',.(x) € ®,Vx € M(nx q), Vm € Nvah” (x) € M*(s xs), VX € M(nx q), Ym € N

m
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Tir cdc két qua trén, ta cé trudc hét.

“h . ” m—+ 0 " o
"L (x)=h'(x) 0O vah' (x) € ®,Vx e M(nx q), Vm € N.
M v
Do dé:
h(x) € ©, Vx € M(n x q).
Tuong tu, ta c6:

m-—+ o N
Hh"m (x)—h"(x)” 0 vah” (x) e Mi(sxs), Vx € M(nx q), Vm € n.

M(sxs)

Nén, ta duoc:
h(x) € M*(s x s), Vx € M(n x q).

Nhu vay, ta cé:

h(x) € ® x M*(s x 5), Vx € M(n x q).
Diéu nay c6 nghia:

h(M(n x q)) € ® x M*(s x s)

Cuéi cung, xét phiém ham

y:BM(pxr)x M(sxs)) > R*
duoc xac dinh boi ~

yiy= [ LR, (dman)

O xM7 (sxs)M(nxq)

(hogeyhy= [ [L(h(x), MF, (0 p(dx)n(dd)

OxM (sxsyMnxq)

Béing ching minh tuong tu vhu trong dinh 1y 2.1 cha bai /8/, ta thay y la

phiém ham lién tuc trén tap compac K . Do dé trong K ton tai uéc luong Bayes h e

K va dinh ly chiing minh xong.

Pinh 1y I1.2: Cho tap K < L™(it, M(p x r) x M(s x s)) 12 mot 16p u6c luong
ctia tham 4n hén hop A = (6, 6%) € ® x M*(s X s) thoa min céc diéu kién sau:

(i) h(M(n x q)) € ® x M™(s x s)(mod p), Vh € K.

m
(ii) V6i moi € > 0, tdn tai phan hoach htu han {E,} e < M(n x q) va céic

diém x, € E,,i=1, ..., m sao cho:

h(x,)| <C,VheK,Vi=1,..,

M(pxi)xM(sxs)

(a) 3C’:

(b) Vh € K, 3 B € B(n x q), w(B) =0 sao cho

2
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sup “h(x)—h(xi)“
xeE, \B

\ r)xM(s xs g
M(pxr)xM(sxs) , ‘v/l — 1’ ., m

(ii1) Ton tai C > 0 sao cho:
HL(}",7»)~L(y",KHSC“y'~y"“M(pme(sm, Vy',y” € M(pxr1) x M(s x 5), VA € ® x
M3(s x S)

Khi 4y K 1a tap compac tuong d6i L™(u, M(p x r)xM(s x s)) va trong 16p uéc
luong K tén tai uéc luong Bayes.

Ching minh: Theo chiing minh dinh 1y 2.2 trong /7/, dé thay K la tap compac
tuong doi trong L™(i, M(p x r)XM(s x s)).
Ta s& ching minh rang
h(M(nx q)) c® x MZ3(s x s)(modp), Vh € K.
That vay, 1dy bat ky h € K. Khi 4y tén tai ddy (h,) c K sao cho
Ih,, ~h|, ——0 khim — +

Suy ra,

., () = h()| —srrmers—0 (mod p), khi m — +o0

Bang cich ching minh tuong tu nhu trong dinh 1y IL.1, ta c6

m-—»o0 . _ L m—>o0
\hm(x)—h(x)ﬂ 0 medp I, (x)=h(x)| 0 modw

Mat khdc, ta cé:
h, (M(nxq))c©® MZ3(s x s) (mod i), Vvm e N
Suy ra,

h’ (x) € ® (mod p), Vm € Nvah” (x) € Mz(s X s) (mod p), Vm € N.
Tiép theo, ta dat:

m —» 0

A’ = {x € M(n x q): “h'm(x)—h'(x)n 0}, A” = {x € M(n x q):
M(pxr) ’
m-—>o
In",, 0-h"(x) 0

B .={xeMhxq):h,(x) e ®},B’ {x e M(nxq):h” (x) € M3(s x s)}

B ={xeMhxq):h (x)e® VmeN}=n,c\B",B"={x e M(nx q):
h”m(X) € MZ(S X S), Vm € N) =Mmen B“m
Khi 4y, ta thay:
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m -—» oo
A’NB ={x e Manxq): b, (- )| 0 vah’',(x) € ®, Ym e N}

M(pxr)

m— oo

A"NB’={x € M(nxq): Hh”m (x)—h”(x)“ 0 vah” (x) e M*(sxs), Vm € N;.

M(sxs)

Ngoai ra, c6 thé thdy ring,

ANnB cixeMnxq):h(x)e®vaA”’NnB’c {x e M(nx q): h”’(x)
Mz(s XS)}.

Mat khéc:

{x e M(nx q): h(x) € ® x M3(s x 8)} = {x € M(n x q): (h’(x), h’;(x)) € Ox
M3 xs)} ={x e Mnx q):h’(x) € @} N{x € M(nx q): h”(x) € M*(s x s)}

Tu day suy ra rang.

u({s € M(n x q): h(x) € ® M(s x 5)°} < pu({x € M(n x q): h’(x) € ®}°) +
u({x € M(n x q): h”"(x) € M3(s x 8)}9) < W(A")E + u(B’) + W(A™) + w(B™) =0
Diéu nay c6 nghia,
h(M(n x q)) € ® x M*(s x s) (mod ), Vh € K

Cu6i cling, xét phi€ém ham y: L*(p, M(p x 1)xM(s x s)) > R* -
duogc dinh nghia boi:
yh= [ [L(x).0Q, (dx)n(dn)

OxM”(sxs)M(nxq)

hoeym= [ [L(h(x),MF, (xux)nn)

OxM7 (sxs)M(nxq)

Dé thdy ring, y 1a phi€m ham lién tuc trén tdp compac K Ga khong gian
L (1, M(p x 1)xM(s x s)). Tir day, ton tai uéc luong Bayes trén K va dinh 1y duoc
chiing minh.
1. VE MOT XAP Xi UGC LUGNG BAYES CUA THAM AN HON HOP.

Cho X 12 bién s6 ngiu nhiin cé gia tri trén dudng thing thuc R'. Gia si tap tri

I cia X 1a déng va bi chéan. Gia st phuong sai EX =0, 6 € © véi khong gian © 1a tap

déng va bi chin thuoc R'. Gia sl phuong sai VarX = 6% 6° € R* = [0; +). Goi A =

(6; 6%) 1a tham 4n hén hop. Ky hiéu Q;, A € ® x R* 1a phan phéi c6 diéu kién chinh
quy. Cho p 12 do do Lebegues trén R' va gai sir Q; << p. Khi 4y tén tai ham mat do

Q, (dx)

W, (dx)

fa(x) = ,A=(8, o).
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Ky hiéu B(I) la tap hop tat ca cdc udc luong bi chan ctia tham 4n hén hgp A =
(6, 67) € ® x R' va C(I) 1a tap hop tat ca cac ham lién tuc trén 1. Hién nhién B(I) va
C(I) 1a c4c khong gian Banach. Ta sé tim cach xap xi uéc luong Bayes cua tham &n
hén hop A = (0, °) bang mot thiic.

Truéc khi phdt biéu dinh ly, ta chd y ring, B(I) 1a khong gian cdc ham do
duoc, bi chin, x4c dinh trén I va ¢é tri trong R*, con C(I) 1a khong gian cdc ham lién
tuc, xdc dinh trén 1 va ¢é tri trong R'.

Dinh 1y II1.1: Cho K < B(I) 1a mot 16p uéc lugng ctia tham &n hén hop A = (6,
c°) € ® x R* < R’ thoa cdc diéu kién cta dinh ly IL.1. Gia st ham mat do f;(x) bi
chan déu. Khi ay c6 thé x4p xi udc luong Bayes K bing mot da thic.

Chiing minh: Vi K thod man cdc diéu kién cta dinh 1y II.1, nén trong K ton
tai wéc luong Bayes, cia tham 4n hén hop A = (8, ¢°). D€ tim mot da thic xdp xi,
trudc hét, ta thay, ton tai C” sao cho

If,(x) <C,¥x e L YA € ® x R,R" = [0; )

Tiép theo, 14y batky h € K. Khi dy ton tai C”* > 0 sao cho
(o) =[h ol +[ (x)

v6i h’, h” 1a cdc ham do duoc, bi chin, xdc dinh trén I va ¢6 tri trong R'. Khi
dy, v6i € > 0 cho trudc, theo dinh 1y Lusin (xem /5/, trang 56), ton tai cdc ham lién
tuc g’, g” xéc dinh trén I sao cho:

p{x e Lh’(x) £ g’ (x)} < g%c..

£
uix e LH(x) # g (X)}<m

v6i p 1a do do Lebegues trén R' va C duoc xac dinh nhu trong dinh 1y I1.1.
bat g(x) = (g°(x), g7°(x)). Ta thay h(x) # g(x) khi va chi khi h’(x) # g’(x) hoac h”(x) #
g’?(x)-

Nén, néu dat,

A={hx)#gx)}, A’ ={h’(x) = g'(x)}, A" = {h"(x) # g"(x)}
ta s€ co:
A=A"UA”
Suy ra:
>
A) <A’ A< —————.
B(A) < WA+ WA < T o aer

Bay gio, xét do do tich =1 x L v6i T va v la cdc do do xdc suat trén céc

khong gian tham @ va R*. Vi ham t8n thét 12 khong am va do duoc, nén theo dinh ly
Fubini, ta cd,
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v = | [Leo,R)-£, (Op(dx)n(dh)

OxR" I

1l

[ [Li.@.6%).f, . (0n@x)t(d8)u(ds?)
[C]

Chi y rang:
Ih(0)-g).. =0’ 0 -g (x)]~[h" (x)-g"(x)] -

ta duoc

W) -w(g) | [ILhx),0)-Ligx), M]f, Opdxndr) <

OxR* 1

< [ fdhe-gm,. £ Ordxn@r) =

OxR* 1

j j ja”h(x) g -, ¢, (OR(x) T(dO)V(do?)

=j [ Jelneo-g00] s £ g o, (OMEX) T(dO)O(do?) +

RY INA

2CC.C'.e ®
J j jcuh(x) 80gs -T2, OB T(@ON0(dE?) < ===
Mat khéc, véi € > 0 cho truéc va véi cadc ham lién tuc g’, g” nhu trén, theo
dinh 1y xdp xi Weierstrass, ton tai cdc da thic P, , va P, , 6 bac n(g) va cic hé s6
a=(a,a,,..a,)eR" Lb=(b, by, w0 b)) € R™ ' thuoc khong gian C(I) sao cho,

Hg”" an.b”c(n E 2.é.C' |

Ky hiéu cap da thic (P,e ., Pyeyb) = Poeya b ta €O

lq}(g)—w(Pn(s)‘a‘b)lj. J. IcHg'——Pn(s)‘a‘! . (x)p(dx)t(dO)v(ds?) +
& R I .

lcry (0.6%)

[ 1 Jele =Pl e om0 s@0060") < :

Suy ra,

€

€
IW(g) \V(Pn(s) a, b)\ 5 _2—
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o~

Co dinh n = n(g). Bang 1ap luan tuong tu nhu trong chimg minh dinh 1y 3. 1
cua bai /10/, ta duoc mot ham nhiéu bién

F:Rn+lan+l__)Rl,
xdc dinh boi: F((a, b)) = y(P, , ,)-
Tiép theo, v6i € > 0 cho truéec va véi h € K, ta dat,
Ac,=1(a,b) e R"'xR""": [y (h)-F((a, b)) <&
As =LUhe K- As, h

Gia st ham F thoa man cac diéu kién dat cuc ti€u trén A,. Khi dy ton tai cdc
diém (a’, b") € A, sao cho

F((a". b inf F((a, b))
LISy
Goi h 1a uéc luong Bayes thuoc K, tic Ia:
5 inf y(h)
Ry et
heF
Theo lap luan trén, s& ton tai cap da thic (P, ;,P ;)= P .. véi cdc h¢ s6

(4,b) e R"*'x R"*' thoa
[F((a-b)-y(h) <& (2)
Tu day suy ra ( a,b) € A..
Do doé.
F((a',b")) - F((4,b)) <0 (3)

Mt khdc, ta c6 dong thoi |

F((4,b)) - w(h) <

w(h") - F((a", b)) <e

w(h)-yh)<e
Nén,

F((a", b)) - F((3-b)) >-3.£ (4)
T (3) va (4), ta duoc,

[F((a",b"))-F((a-b)) <3.£(5)
Do dé, tir (2) va (5), ta suy ra.
F((a",b") - y(h)| <4

28
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Véicic h¢ s6a” € R""' tasé xay dung capdathic P . . =(P_.,P .)co

bac n va cdc hé s6 (a’, b") (ma ta s& goi la da thic cuc tiéu). Véi da thiic cuc tiéu

P.1,;."b“ nay, ta co:

w(P . .)= F(a', b").

Vay ta di xay dung duoc cép da thiic cuc tiéu P .. saocho

w(h)-y(P . ) <4de

Nghia 13, ta c6 thé lay cdp da thiic cuc tiéu P_..=(P P .) dé xap xi

luong Bayes h e K. Dinh Iy dugc chiing minh.
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